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CHAPTER 1

INTRODUCTION

§1. Historical Remarks

Convex Integration theory, first introduced by M. Gromov [17], is one of three
general methods in immersion-theoretic topology for solving a broad range of
problems in geometry and topology. The other methods are: (i) Removal of
Singularities, introduced by M. Gromov and Y. Eliashberg [8]; (ii) the covering
homotopy method which, following M. Gromov’s thesis [16], is also referred to
as the method of sheaves. The covering homotopy method is due originally to
S. Smale [36] who proved a crucial covering homotopy result in order to solve the
classification problem for immersions of spheres in Euclidean space.

These general methods are not linearly related in the sense that succes-
sive methods subsumed the previous methods. Each method has its own distinct
foundation, based on an independent geometrical or analytical insight. Conse-
quently, each method has a range of applications to problems in topology that
are best suited to its particular insight. For example, a distinguishing feature of
Convex Integration theory is that it applies to solve closed relations in jet spaces,
including certain general classes of underdetermined non-linear systems of par-
tial differential equations. As a case of interest, the Nash-Kuiper C!-isometric
immersion theorem can be reformulated and proved using Convex Integration
theory (cf. Gromov [18]). No such results on closed relations in jet spaces can be
proved by means of the other two methods. On the other hand, many classical
results in immersion-theoretic topology, such as the classification of immersions,
are provable by all three methods.

In this context it would of interest to have an historical account of im-
mersion-theoretic topology as it has developed during the past several decades.
The history of immersion theory is rich and complex, with contributions from
many leading topologists in different countries. To date, the literature contains
no general overview of the history of immersion theory. For a brief account of
Convex Integration theory and its relation to the early history of immersion
theory, cf. Spring [39].

Gromov’s treatise [18] serves as a milestone in immersion-theoretic topol-
ogy. In this book, Gromov reformulates and reflects on the basic methods and
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2 I. INTRODUCTION

results of immersion theory. In particular, the above three methods have been
rewritten and generalized, with special attention to open problems and to re-
search areas of contemporary interest such as symplectic topology. The book
contains an enormous amount of material, expressed throughout in a very con-
cise fashion (cf. McDuff [29], for a review of Gromov’s book). Gromov’s refor-
mulation of Convex Integration theory [18, Chapter 2.4] generalizes considerably
his original paper, Gromov [17], where only open and closed relations in spaces
of 1-jets are treated. Convex Integration theory is decidedly more sophisticated
than the other two theories. The theory of iterated convex hull extensions over
higher order jet spaces is quite subtle, involving both the topology and geometry
of jet spaces (Chapters VI, VII) and the C*-approximation theorem in analysis
(cf. Chapter IIT). However, Gromov’s presentation of the basic results of Con-
vex Integration theory is difficult to follow since important details of the proofs
are not provided explicitly in his text; these details are left to the reader, of-
ten without accompanying hints. For example, iterated convex hull extensions in
the case of non-ample relations are not discussed although they are required in
the proof of the Nash-Kuiper C'-isometric immersion theorem. The technique
for constructing global parametrized families of strictly surrounding paths (cf.
C-structures in Chapter II) is not mentioned.

For these and other reasons, it is useful to have an independent exposition of
Convex Integration theory which, because it concentrates on this one topic, can
proceed at a measured pace, with detailed attention to the special techniques
and proof procedures that pertain to the theory. Furthermore, for those who
might wish to learn enough of the theory in order to understand how it works
in the case of relations in spaces of 1-jets, an important case both historically
and in practice, a separate proof of the h-principle in the 1-jet case is desirable.
This is accomplished in Chapter IV. The aims of this book may be summarized
as follows:

e To provide a detailed exposition of the basic theorems of Convex Integra-
tion theory for relations over jet spaces which are both open and ample
(Chapters I-VIII).

e To generalize the theory to relations over jet spaces which are open but not
necessarily ample (Chapters VII, VIII).

e To provide a detailed exposition of the applications of Convex Integration
theory to the complementary case of closed relations in jet spaces, in par-
ticular to underdetermined non-linear systems of PDEs (Chapter IX).

e To introduce the connection between Convex Integration theory and Filip-
pov’s Relaxation Theorem in classical Optimal Control theory (Chapter X).

The book is divided into two parts: Part I, Chapters I to IV, contains all the
background constructions to the general theory including the C'*-approximation
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theorem in Chapter III. Chapter IV applies this theory to the prove the C°-dense
h-principle for open ample relations in spaces of 1-jets. Part II, Chapters V to
X, provides the general theory of convex hull extensions for open relations over
higher order jet spaces, with applications to PDE theory (Chapter IX), and to
proving the C"~!-dense h-principle (Chapter VIII). In Chapter V the background
analytic and topological constructions that appear in Part I are generalized to
the microfibration case. The book is self-contained as possible. Part I may be
read independently for the basic underlying theory; applications involving higher
order jet spaces and PDE theory require the theory in Part II.

Chapter IX on PDEs contributes to the topological literature on non-linear
PDE theory. Other topological approaches in the literature, based on the co-
homology of exterior differential systems, include the work of Bryant et al. [6].
The distinctive feature of the convex integration approach to solving PDEs is
the large scale topological and analytic displacement of higher order jets, based
on the C*-Approximation Theorem, III 3.8. Chapter X on the Relaxation The-
orem is included in part for historical reasons. For the past 20 years leading
researchers in the separate fields of differential topology and of control theory
were unaware that the fundamental analytical approximation problem treated in
the Relaxation Theorem is essentially the same analytic approximation problem
treated in Convex Integration theory, even though the contexts and motivations
for studying this analytic problem are different in these respective fields. Filip-
pov’s Relaxation Theorem first came to this author’s attention during a survey
of the literature in preparation for an earlier manuscript of this book. In Chapter
X we prove a type of C"-Relaxation Theorem for partial differential inclusions
of order » > 1.

Gromov’s book [18] records over 15 years of his research in immersion-
theoretic topology. His beautiful theory of convex hull extensions, with applica-
tions to solving non-linear systems of PDEs, is presented in his book mainly as
a series of concisely stated theorems with some proof sketches. Many interpreta-
tions of the theory are therefore possible. Our approach, which generalizes the
theory to the case of non-ample relations, with applications to non-ample sys-
tems of PDEs, is based on a detailed analysis of convex hull extensions (Chapter
VII). With some exceptions, the detailed proofs of the main theorems appear
here for the first time. Nevertheless not all of the topics in Gromov’s treatment
of Convex Integration theory appear in these pages.

Gromov’s presentation of Convex Integration theory in his treatise has been
a principal source of inspiration for this book. We have profited much from his
formulation of the theory, and also from the clarifications received from him
through personal communications over a period of many years concerning these
and related topics.



4 I. INTRODUCTION

§2. Background Material

The background material for this book consists mainly of basic topics in dif-
ferential topology at the graduate school level: the theory of smooth manifolds
and smooth fiber bundles; the theory of jet spaces, and the theory of smooth
approximations of maps between manifolds, including smooth approximations of
sections of smooth bundles. Convenient references for this material include Bre-
don [5], Hirsch [22], and also Steenrod [38]. Algebraic topology and homotopy
theory are employed only secondarily in the theory in order to identify obstruc-
tions to the construction of sections of specific relations over jet spaces, just as
in the case of classical immersion-theoretic topology.

1.2.1. We review some basic facts about jet spaces and we introduce some nota-
tion that is used throughout this book. Let H,.(n, q¢) denote the real vector space
of homogeneous polynomial maps of total degree r from R™ to RY. Hi(n,q) =
L(R™ R7), the vector space of linear maps from R™ to R%; Hy(n,q) = RY. For
each r > 1,

nn+1)---(n+r—1)

r! )
Let f € C™(U,W); U Cc R", W C R? are open. Then the rth order derivative
D'f e C°(U, L, (R™,R?)), where L, (R",R?) is the space of symmetric r-
linear maps form R™ to R?. In what follows we consider (same notation) D" f €
Co%(U, Hy(n,q)): for all (x,h) € U x R", D" f(z)(h) = D" f(z)(h,...,h) € R
Let v = (v1,v2,...,v,) be a basis of R™. With respect to coordinates (u1, ..., uy)
in the basis v (9; = 9/0u;; 0 = O 0 9% o --- 0 OP) then explicitly, for all
(x,h) e U xR" (r > 1),

D" f(@)(h) = (h18y + habs + -+ hndy) ()

!
=Y D ogf(a) € Heln.g). (12)

o
where h = (h1,ha,...,h,) in the basis v of R™; h® = hy'hE?* .- hPr; |o| =
P1+peHpu;al =pilooopp! I p € Hie(n,q) then D™p = rlp. We adopt the
convention that the vector space coordinates of a polynomial g € H,.(n, q) is the
sequence obtained by weighting the R-coefficients of the polynomial g with the
corresponding factor ol in (1.2): g(h) = >_,,—, h%ca (ca € R?) has coordinates
(alcy) € R where d, = dimH,(n,1). In these weighted coordinates, for all

x e U,

Hr(na Q) = @({Hr(na 1); dier(n7 1) = (11)

D" () = (D5 F)ar
' (1.3)

<%($)1SZ1SSZTSH> Equ".
(7 i
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Let JY(U, W) =UxW x[[._, Hs(n,q), r > 1; JO(U,W) =UxW. J (U W) is
a manifold of dimension n+q+q (3.._, ds). Employing the product J" (U, W) =
J5(U, W) x H;:s+1 H;(n,q), there is a natural projection map pi: J" (U, W) —
JUW),0<s<r—1.

There is a continuous map, w,.: C"(U,W) — C°(U, J"(U,W)), f + j"f,
the r-jet extension of f, such that for all x € U,

J (@) = (2, (@), DI ), g D2 H(@), o, 5D (@))s °F(@) = (@, (@),

For h = x — g, j" f(xq)(h) is the Taylor expansion of f of order r at . From
(1.3), the coordinates of j" f(z) are given by the coordinates of the successive

1
homogeneous polynomials —'Dsf(:v) € Hs(n,q) (f = (f1,...,fy): U—RI):
s!

9 o o
J7 F (@) = (%fu(x)’ O <>ﬁ”> (14)

I<p<qg 1<iuu<ig---<ip<nl<p<r.

There are projection maps s: J"(U,W) — U (source map); 7: J" (U, W) — W
(target map) for which soj” f(z) =z € U; toj" f(z) = f(z) e W.s: J(U W) —
U is a product bundle, fiber W x []._, Hs(n,q). Let 0 < s < r be integers. The
natural projection map p%: J"(U, W) — J*(U, W) satisfies p’, o j" f(z) = j* f(z),
forall z e U, 0<s<r—1.

Employing homogeneity, if p € Hs(n, q) then for all j # s,
DPp(x — x0)(x0) = 0;  D*p(a — 0)(x0) = slp, s > 1.

The projection map, pi_;: J"(U,W) — J"=YU,W), is a product vector bun-
dle, fiber ‘H,.(n,q), whose fiber over j"~!f(xq), o € U, consists of all the r-jet
extensions j"(f + p(z — xg))(zo), p € H,(n,q).

Note that the map, U x C"(U,W) — J"(U,W), (z, f) — j" f(x), is surjec-
tive. Indeed, let z = (zo,y0,ps) € J"(U, W), where ps € Hs(n,q), 1 < s < r.
Thus j" f(z0) = 2, where f(z) =yo + > ., Ps(T — x0).

Let ~ be the relation on U x C"(U,W): (z, f) ~ (y,¢) if and only if x =y
and j"f(x) = j"g(x) i.e. f,g have the same derivatives up to order r at z
(a relation on germs of functions at € U). (z, f) ~ (y,9) is an equivalence
relation, whose equivalence classes are denoted [f],(x), and for which the map
[f]-(x) — j"f(x) is well-defined, injective, hence a bijection from the set of
equivalence classes to J" (U, W). Thus J"(U, W) is naturally identified as the
space of r-jets of germs of C"-maps from U to W.
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The Manifold X®). Let p: X — V be a smooth fiber bundle, dimV = n,
with fiber F, dim F' = ¢. T"(X) denotes the space of C"-sections of the bundle
p: X — V in the compact-open C"-topology; I'(X) = I'°(X). For each x € V
sections f,g € T"(Xy), U a neighbourhood of z in V, have the same r-jet at
x € V if in some (hence all) local coordinates f, g have the same derivatives up to
order r at x. This r-jet relation at x is an equivalence relation, for which the set
of all equivalence classes [f],(z), x € V, is denoted by X ("); X(©) = X There are
natural projection maps s: X" — V' [f],(z) = z (source map); 7: X(") — X
[f]-(z) — f(z) (target map). Clearly the r-jet relation on I'"(X) is compatible
with the s-jet relation on I'*(X) for all s, 0 < s < r. Hence there is a natural
projection map, p: X — X&) [f].(x) — [f]s(z), 0 < s <7 (the case s = 0
is the target map).

Suppose the base manifold V' and the fiber F' are manifolds without bound-
ary. Locally the bundle X is a product bundle: p: Xy = U x FF — U where
U = R" is a chart on V. We identify I'"(Xy) = C"(U, F). If f € I'"(X) and
f(U) Cc W, W = R4 is a chart on F, then f|y € C"(U, W), and [f],(z) € X
is represented locally by j"(f|v)(z) € J"(U, W) in the coordinates (1.4).

The bundle p: X — V comes equipped with transition maps g = gag: AN
B — Diff(F) that are associated to overlapping open charts A, B in the base
manifold V. Let f € I'"(X). In the above local coordinates (charts on V,F

are identified to the corresponding open sets respectively in R, RY), let f|4 €
C"(A,Wh), flg € C"(B,Ws). For all x € AN B:

flB(x) = g(x) o fla(z);  g(x) € DE(Wy, W3).

Consequently, the coordinates (1.4) for the r-jet extensions j"f|a, j"f|p are
related by the following change of coordinates formula: for all z € AN B (we
identify g =evg: (AN B) x W — Wh),

7" fle(x) = j"g o (id, fla)(x) € J"(B, W2). (1.5)

Employing the Chain Rule, D* f| is a sum of terms involving all of the deriva-
tives D7 f|4, Dig, 0 < j <k, 1 <k <r. For example, in the case k = 1,

D flp(x) = D1g(x, fla(x)) + D2 g(z, fla(z)) o D fla(x) (1.5a)

where Dy, Dy are derivatives respectively in the R™- and R9%-variables.

Thus X () is naturally topologized as a smooth manifold, the manifold of r-
jets of germs of C"-sections of the bundle p: X — V', whose charts are equivalent
to J"(U,W) above, where U C R™, W C R are open sets. [f].(z) € X is
represented in these chart coordinates by the coordinates (1.4) for j7(f|v)(z) €
J"(U,W). The change of coordinates map for overlapping charts J"(A, W7),
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J7(B,W5) on X is induced by the Chain Rule calculation in formula (1.5) for
[f]r(z) € J"(A,W1) N J"(B, Wa).

The source map s: X" — V', [f],(2) — =, is smooth, and is equivalent in

local coordinates to the projection source map s: J" (U, W) — U defined above
in the Euclidean space case. Similarly the projection map p}: X " = X6 i
smooth, 0 < s < r, and is equivalent in local coordinates to the corresponding
natural projection map p%: J"(U, W) — J*(U,W).
Also s: X(") — V is a smooth fiber bundle, fiber G = F x [1._, Hs(n,q), that is
associated to the smooth bundle p: X — V as follows: Let A, B be overlapping
open charts in V. The transition map hap: A N B — Diff(G) for the bundle
s: X" — V is the function of the derivatives Digag, 0 < j <r, that is induced
from the change of coordinates formula (1.5). For example in case r = 1, the
fiber of s: X(V) — V is G = F x L(R™,RY). Let (y,A) € F x L(R™,RY) be a
point in the fiber over x € V. In local coordinates, employing (1.5a),

hap(y,A) = D1gap(x,y) + D2 gap(x,y) o A.

In case r > 1, hap is obtained by successive differentiations in local coordi-
nates for j” f|p in formula (1.5). Similar considerations show that the projection
pr_1: X — X(=1) is a smooth bundle (discussed below), and hence by com-
position of projections that the projection p7 : X — X() is a smooth bundle.

(X (T)) denotes the space of continuous sections, in the compact-open
topology, of the bundle s: X" — V. Let a € T'(X () and let f = pjoa € I'(X)
be the 0-jet component of «. Explicitly, employing the equivalence in local coor-
dinates of the source map to the projection s: J"(U, W) — U, where U = R" is
a chart on V and f(U) C W, for all x € U,

a(z) = (z, f(z), (ps(x))p1<r) € T (U W),

where the functions g € C°(U,RY) are continuous for all multi-indices £3,
1 < B8] < r (for each x € U, the coordinates (pz(z) € R7)5—, represent

the polynomial Z|5|:p(hﬁ/5!>¢6(x> in Hy(n,q), 1 <p<r).

For each f € T"(X) there is a continuous map j"f € T'(X"), z + [f]. (),
the r-jet extension of the section f, such that in local coordinates in X (") over a
chart U in V, for all x € U, [f].(x) = 7" (f|v)(x) € J"(U, W) where f(U) C W
i.e. locally, (7 f)|u € F(X((JT)) has coordinates (1.4). The smooth projection map
Pl X — X ) satisfies pl o j"f = j5f € (X)), 0< s < 7.

The affine bundle p}_,: X® — X1 For each r > 1 the projection map
ph_ 1 X — XD g an affine bundle, fiber H,(n,q). Explicitly, employing
local coordinates in a chart J7 (U, R?) on X ("), the fiber over j"~'h(zg) € X("=1),
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h € T™(X), o € U, consists of all the r-jet extensions, j"(h + p(z — x¢))(z0),
p € Hy(n,q) i.e. the fibers are equivalent to H,(n,q). Applying the change of
coordinates formula (1.5) to f = gap o (h + p(z — x0)) it follows from the
homogeneity of polynomials in H,.(n, ¢) that,

7" f(@o) = 57 (gas o h)(wo);
D" f(xz0) = D"gag o (h+ p(x — o)) (o)

for all p € H,(n, q). Thus, employing the Chain Rule, a change of coordinates on
charts of X (") induces an affine transformation of the H,.(n, ¢)-fiber over the base
point j" " h(zg) of the bundle p7_;: X — X~ The “translation” term of
the affine transformation is induced by the derivatives Dih(xg), 0 < j <7 —1
(included in the base point j"~1h(x¢)) in the Chain Rule calculation for D f(z).
For example in case r = 1, employing (1.5a), the transformation on the fiber in
X over the base point (z,y) € U x F = Xy is given in local coordinates as
follows,

T(A) = D1 gap(z,y) + Dagap(z,y)o A for all A€ L(R",RY),

which includes the translation term Dy gap(z,y). Hence pl._;: X — x(r=1) g
an affine bundle, fiber H,.(n,¢). In case r = 1, p}: XM — X0 = X is an affine
bundle, fiber Hi(n,q) = L(R™,R?). A similar analysis, employing the Chain
Rule, shows that the projection map p? : X — X) is a smooth affine bundle,
fiber H;:S“ Hj(n,q), for all s, 0 < s <r—1.

A special case of interest is the product F-bundle, X = V x FF — V.
We identify T7(X) = C"(V,F). In this case the jet space X(") is commonly
denoted by J"(V, F') in the literature. Local representatives of f € C"(V, F') on
overlapping charts A, B of the base manifold V' are (gap = id):

fle=v¢""oflacpe C"(URY,

where U C R™ is open and v, ¢ are corresponding chart maps. Thus the change
of coordinates map (1.5) for charts on J"(V, F') simplifies to the formula,

3" fle(@) =377 o flaop)(2).

In case r = 1 note that Df|g = Dy~ o Df|4 o Dy, from which it follows
that the bundle pf: X(!) — X specializes to a vector bundle, fiber £L(R", RY).
Consequently a section o € I'(X (1)) corresponds to a tangent bundle morphism
(same notation) a : (V) — T(F) which covers g € C°(V, F) where g is the 0-jet
component of the section . This bundle morphism interpretation is discussed
again at the end of §1.3.1.
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Suppose now p: X — V is a vector bundle. In this case the transition maps
are of the form gap: AN B — GL(F), where GL(F) is the vector space of
linear automorphisms of the vector space F. Employing (1.5) the zero section
z € T(X) extends to the zero section j"z € T'(X()); hence all of the affine
bundles s: X — V, DL X — X6) 0 < s <r, specialize to vector bundles.

In case V' and the fiber F of p: X — V are smooth manifolds possibly with
boundary, then X (") is a smooth manifold, with corners in case both of these
manifolds have non-empty boundary. For the purposes of the proofs of the main
theorems of this book, which are carried out inductively over a covering of the
base manifold V by a system of charts, it is convenient to adjoin if necessary a
collar 9V x [0,1) to OV, and a collar OF x [0,1) to OF. That is, without loss of
generality we adopt throughout the standing assumption that V, F' are manifolds
without boundary i.e. charts in V| F' that meet 0V, OF respectively will extend
into the above collars. For this purpose note that in case OV # (0, the bundle
p: X — V extends over the collar added to V. A similar extension applies to
microfibrations p: R — X () in case 9V # 0.

In addition to the compact-open C"-topology on I'"(X) there is also the
Whitney fine or strong C"-topology on I'"(X) for which neighbourhoods are
defined as follows. Let f € T"(X) and let N be a neighbourhood of the image
FT(HV) € XM Let Ny = {g € T7(X) | 57(9)(V) € N'}. The Whitney fine
C"-topology on I'" (X)) is the topology generated by the family of all subsets N.
Informally, f,g € T"(X) are close in the fine C"-topology if their r-jet extensions
are C%-close in X (") at all points of V.

Smooth Approximation Theorem 1.1. Let h € T'*(X) and let N be a neigh-
bourhood of the image j*h(V) € X, k > 0. Suppose K C V is closed such
that h is C" in a neighbourhood U of K, r > k. There is a homotopy rel K,
H:[0,1] — T*(X), Hy = h, such that for all t € [0,1]:

(i) The image j*H,(V) C N.
(ii) On a smaller neighbourhood Uy of K, ev H: [0,1] x Uy — X is a C" map;
for allw € K, j"Hy(w) = j"h(w).
(iii) Hy € T"(X); Hy is C on V \ K.

Proof. The theorem is classical although not usually stated in this precise form.
Some details follow. Up to a small homotopy rel W of h, W a neighbourhood of K
such that W C U, one may assume that & is a C"-section. Let e: X — [0, 00)
be continuous such that j7h(K) = e 1(0). Since s: X() — V is a smooth
bundle, employing the exponential map one can identify neighbourhoods of B =
§7h(V) in X" with vertical disk bundles over B (= ker Ds) with respect to
Ds: T(X) — T(V). Let M be a vertical e-disk neighbourhood of B\ j"h(K).
Employing smooth approximation theory in the C"-topology, there is a small
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homotopy rel K, H: [0,1] — T'(X), Hy = h, such that H; is smooth on V' \ K
and such that j"H,(V \ K) ¢ M for all ¢t. Since ¢ = 0 on j"h(K), for each
t € [0,1] lim, ., j"H¢(z) = j"h(w) uniformly on compact sets for all w € K. It
follows that Hy is of class C" for all ¢ € [0, 1] (cf. Hirsch [22] Theorem 2.5); hence
H, € I"(X). O

§3. h-Principles

1.3.1. Let p: R — X ) be a continuous map, referred to as a relation R over X ("),
where X (") is the space of r-jets associated to a smooth bundle p: X — V. I'(R)
is the space of continuous sections of the map sop: R — V in the compact-open
topology. If a € T'(R) then poa € T(X™). A section a € T'(R) is holonomic if
there is a C"-section f € T7(X) such that poa = j7f € T'(X()). Such a section
f is unique since pjopoa = f € I'(X) ie. f is the 0-jet component of the
section p o @. An important example is the case of the inclusion i: R — X (™) of
a subset R of X("), referred to as a partial differential relation in X (). In this
case o € T'(R) is holonomic if a = j" f for a unique C"-section f € T"(X).

Relations over X (™) occur in various contexts. For example let R € X () be
a relation. The projection pJ: R — X () ig a relation over X for all r < s. In
this case a holonomic section o € I'(R) consists of a C"-section f € I'"(X) whose
r-jet extension ;7 f € T'(X (")) extends continuously to the section a € T'(X(®)).
Thus the construction of f is “guided above” by the relation R ¢ X(). As
a particular case, the free map relation R C X2 is an over relation for the
immersion relation in X() (cf. the discussion on the C'-dense h-principle for
free maps at the end of §1.3.2). The C"-dense h-principle (below) applied to
open, ample relations R € X, s > r, leads to refined results in immersion-
theoretic topology.

Let R be a relation over X (7). Employing the atlas of charts JT(U, W) on
X ™) (cf. §1.2.1) a section a € T'(R), for which f = pjopoa € T'(X) is the 0-jet
component, is represented locally as a section of the bundle s: J" (U, W) — U,
where f(U) C W. Thus poaly € C°(U, J"(U,W)); in local coordinates, for all
xelU,

poa(r)= (xvf(x)7(905(x))|6|§r) € J"(U,W), (1.6)

where pg € C°(U,RY) is a continuous function for all multi-indices 3, 1 < |3] < r
(for each z € U, the coordinates (pg(x) € R?) 5=, represent a polynomial map
in H,(n,q), 1 < p <r). Employing the local coordinate representation (1.4), a
is holonomic (= ;" f) if and only if locally over all charts U C V, the sequence
of functions,

9P
(28) 81<r = (B2 F)1p1<r = (a f

uil...auip
1<ip<ig <<, <m; 1 <p<r.

c C(U, Rq)> )
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The main object of study in this book is the topology and geometry of open
and closed relations R € X("), and in a more general context the topology and
geometry of relations p: R — X (") which are microfibrations (Part II), > 1.
Open relations in jet spaces occur naturally in differential topology. For example,
the classical problem of immersing a manifold V' into a manifold N, dimV = n,
dim N = ¢, n < ¢, is analyzed in terms of an open relation of the 1-jet space
X @ of the product bundle X = V x N — V. Explicitly, let R ¢ X be the
open relation that is defined pointwise in the local coordinates (1.6) as follows:
the vectors, p;(x) € R?, 1 < ¢ < n, are linearly independent (an open condition).
Employing (1.7), a section o € T'(R) is holonomic i.e. a = jlf, if and only if
over all charts U C V the vectors 9f/0u;(x) € R?, 1 < ¢ < n, are linearly
independent for all x € U, which is precisely the immersion condition on a map
feCYV,N).

Similarly, the free map relation is the open relation R C X2 of the above
product bundle such that, pointwise in the local coordinates (1.6), the n+mn(n+
1)/2 vectors, (pg(x) € R7)|5/<2, are linearly independent. Employing (1.7), a
section o € I'(R) is holonomic (= j2f) if and only if over all charts U C V,
Of Jou;(z), 1 < i <n, 8f/O0u;jOuk(x), 1 < j <k <n, are linearly independent
vectors in R? for all # € U, which is precisely the free map condition on a map
feC?*(V,W) (g=n+n(n+1)/2).

Note that linear independence of vectors is expressed in terms of the max-
imal rank of the corresponding matrix of components of these vectors. Further
open relations in jet spaces X ("), r > 1, can be defined locally in terms of in-
equalities on the ranks of corresponding matrices whose entries are obtained from
the jet space coordinates (1.6). Indeed, this jet space formalism is employed ex-
pressly to provide a general framework for the study of open relations that occur
in differential topology.

Closed relations in jet spaces X (") occur in the study of partial differential
equations (PDEs). For example, let F' = (Fy,..., F}): X" — R* be a contin-
uous map. Thus R = F~1(0) c X (") is closed and is expressed locally in the
coordinates (1.6) by the system of k-equations:

Fu(z, f(z), (ps(@))jpj<r) = 0; 1< p <k (1.8)

Employing the coordinates (1.7), a section a € I'(R) is holonomic i.e. o = j" f,
if and only if over all charts U C V,

0 o
F, <x,f(x),al£(a:),,w(x)> =0; 1<p<k. (1.9)

Thus a holonomic section of the closed relation R = F~1(0) ¢ X(") consists of
a C"-section f € I'"(X) of the bundle p: X — V such that F (5" f(z)) = 0 for all
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x € V i.e. the section f solves the system (1.9) of k-PDEs globally over the base
manifold V. In Chapter IX systems (1.9) are solved by the methods of convex
integration where the closed relation R = F~1(0) satisfies in addition certain
nowhere flat conditions (II §1; IX Theorem 9.1) which are geometrical in nature
and which are easily verified in practice. However, the scope of the results are
necessarily less comprehensive than the corresponding results for open relations
in jet spaces. Indeed, the nowhere flat hypotheses systematically exclude linear
and quasi-linear systems of PDEs and apply only to underdetermined rth order
systems (1.9), or to systems that are reducible to the underdetermined case,
r > 1 (generically determined systems (1.9) are not amenable to the methods of
convex integration). In particular, there is no uniqueness of solutions. However
the space of solutions are dense in the C"~!-fine topology. Furthermore only
vector valued functions can be treated by the theory, in the following sense: if
locally f € C"(U,W) solves the system (1.9), where U C R™, W C RY, then
significant results can be obtained only in the case ¢ > 2. In particular, the
Monge—-Ampere equation and other non-linear systems of PDEs that involve
real-valued functions f € C"(U,R) cannot be solved by the methods of convex
integration.

The real strength of the results of Chapter IX lies in the general theory of
underdetermined systems of PDEs. Indeed, generically underdetermined systems
(1.9) can be solved locally, and also globally if the bundle and nowhere flat hy-
potheses are valid globally. A different perspective on underdetermined systems
of PDEs is developed in Chapter X. The Relaxation Theorem in Optimal Con-
trol theory, which solves first order differential inclusions in ODE theory up to
C°-approximation, is generalized, X Theorem 10.2, to solve partial differential
inclusions of all orders 7 > 1 up to C"~'-approximation.

Convex Integration theory is important since it is the only theory to date
in immersion-theoretical topology that provides a unified approach for solving
both open and closed relations in jet spaces. Furthermore it is more general in
scope than the method of sheaves (covering homotopy method), Gromov [16],
in the sense that the relations R C X() that are subject to the method of
convex integration are not required to be invariant under the pseudogroup of
diffeomorphisms of the base space V of the bundle p: X — V. For example,
systems of PDEs (1.9) that are studied in Chapter IX do not generally satisfy
the above invariance property.

We conclude this section with some historical remarks on relations R in
spaces of 1-jets. Let V, N be smooth manifolds; X =V x N — V is the product
bundle. Since p: X — X© = X is a vector bundle, fiber £(R™, R7), then
employing the manifold structure of X it follows that a section o € I'(X()
is equivalent to a vector bundle morphism F: T(V) — T(N) which covers
g: V — N, where g € C°(V,N) is the 0-jet component of a. In local coordi-
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nates, for each 2 € V| the linear map F'(x) on tangent spaces is the ¢ X n matrix
whose columns are the vectors ¢;(z) € R? of the local coordinates (1.6) for a(z)
in the case r = 1. Thus specifying a relation R ¢ X is equivalent to specify-
ing conditions on the bundle map F': T(V) — T(N). For example, the immer-
sion relation above corresponds to bundle monomorphisms F: T'(V) — T(N).
Similarly, the submersion relation in X(*) corresponds to bundle epimorphisms
F:T(V) — T(N). In this way, the bundle morphism formulation of classical
results in immersion-theoretic topology due to Smale [36], Hirsch [21], Feit [12],
Phillips [31] has an equivalent formulation in terms of corresponding relations
R < XM, This formulation of problems in immersion-theoretic topology in
terms of relations in jet spaces was developed extensively in Gromov [16], [18].

1.3.2. Solving Relations over X(). Let p: R — X () be a relation over X",
Solving the relation R means constructing a holonomic section 5 € I'(R). This
is done in two stages: In the first stage, we construct, or are given, a section
a € I'(R). The construction of the section « is a topological problem which
involves algebraic topology and is considered the easy part of the problem of
constructing a holonomic section of R. For example, in the case of the problem of
immersing a manifold V' into a manifold N, discussed above, a section a € T'(R)
is equivalent to the existence of a bundle monomorphism H: T(V) — T(N).
The construction of a bundle monomorphism is a topological problem that is
analyzed in cohomology by obstruction theory. Similarly, the solution of the
system of equations (1.8) requires the construction of a suitable sequence of
continuous functions ¢g, for all |3] < r. Again this is a topological problem
which in practice can often be solved at least locally.

The main difficulty is the second stage of the problem: the passage from an
arbitrary section a € I'(R) to a holonomic section. Following Gromov, the most
optimistic expectation is expressed in the following general h-principle.

Homotopy Principle. The relation R over X (") satisfies the h-principle
(homotopy principle) if each section o € T'(R) is homotopic through sections
a; €T(R), t €10,1], ap = a, to a holonomic section oy € T'(R) i.e. up to homo-
topy, every section of R is holonomic. There is also a relative notion: Suppose
poa = j" fo in a neighbourhood U of a closed subspace K C V where fy € T'(X)
is C" on U i.e. «v is holonomic on U. The relative h-principle requires in addition
that o be homotopic rel K to a holonomic section.

The h-principle applies in the cases of the classical open relations in jet
spaces (immersions, Feit’s Theorem, submersions of open manifolds) that were
first studied in immersion-theoretic topology. In case p: X — V is a holomorphic
bundle and V' is a Stein manifold then the A-principle reduces to Oka’s principle,
which is in fact older than the h-principle, and is proved in great generality in
Gromov [19].
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We remark here that in general the above homotopy a; € T'(R) is large
i.e. the holonomic section «; in general is not a small perturbation of the given
section o € T'(R). Indeed, the size of the perturbation is controlled by the di-
ameters of the fiberwise surrounding paths in the relation R, as explained in
Chapter III. On the other hand, in case « is holonomic up to jets of order r — 1
i.e. pI_jopoa = j""1g, the homotopy a; can be chosen to be a small perturbation
of a, when restricted to jets of order < r—1: the sections p!_,opoa; € T'(X (1),
t € [0,1], are C-close to the section j7~'g € T(X( =) (cf. the C"'-dense h-
principle below). It is this controlled approximation on lower order jets that is
employed in Chapter IX to solve underdetermined and related systems (1.9) of
PDEs.

Parametric h-Principle. Let Z be an auxiliary smooth compact manifold.
A map ¢g: Z — I'(X) is of class C" if the evaluation map evg: Z x V — Z x
X, (z,2) + (2,g.(x)) is of class C". The relation R over X(") satisfies the
parametric h-principle if each continuous map h: Z — I'(R) is homotopic to a
map ¢g: Z — I'(R) which is holonomic in the following sense: there is a continuous
map G: Z — I'"(X) such that for all z € Z, pog(z) = j7(G.) € T(X")). In
practice GG is constructed to be of class C". There is also a relative principle in
case K C Z is closed and h is holonomic on Op K (a neighbourhood of K in Z):
the homotopy connecting h, g is constant on K.

Weak Homotopy Equivalence. A continuous map f: A — B is a weak
homotopy equivalence if on the homotopy level f induces a one-to-one corre-
spondence between the path components of A and of B, and if for each x € A,
fo: mi(A, ) — 7;(B, f(z)) is a group isomorphism for all i > 1. Let R € X(") be
a relation and let I'z (X)) denote the subspace of I'"(X) consiting of all sections
h such that j"h € T'(R). The induced map J: I'g(X) — T'(R), h — j"h, is
continuous.

In general the algebraic topology of the space I'g (X) is difficult to analyze.
The main work in immersion-theoretic topology over the past few decades has
shown that, in many cases of geometrical and topological interest, the map J
induces a weak homotopy equivalence. Consequently, on the homotopy level, the
space I'g (X) is analyzed by studying the homotopy groups of the space I'(R).
Since I'(R) is a space of continuous sections, the computations of 7;(I'(R)), ¢ > 0,
can be carried out in principle, and often in practice, by employing techniques
from algebraic topology. Thus, from the viewpoint of immersion-theoretic topol-
ogy, a weak homotopy equivalence theorem reduces the geometric analysis of
the space I'g (X)) to the equivalent homotopy-theoretic problem of determining
the homotopy groups of the space T'(R). It is in this sense that one solves the
relation R C X("). Note that the h-principle for R ¢ X(") is equivalent to the
surjectivity of the map J, on path components. The induced isomorphism J, on
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homotopy groups follows from the above parametric h-principle applied to the
parameter space of spheres. The weak homotopy equivalence results are proved
in IV Theorem 4.7 in case R € X is open and ample, and in VIII Theorem
8.15 in the general case of microfibrations p: R — X (7).

Cl-dense h-Principle. Let p: R — X() be a relation over X("). Let o €
['(R), f € T%(X), where 0 < i < r — 1, such that pj o poa = j'f € T(X®)
i.e. a is holonomic up to jets of order i. The relation R satisfies the h-principle
C'-close to f if for each neighbourhood N of the image j*f(V) in X there is
a homotopy H: [0,1] — I'(R), Hy = «, such that:

(i) For all t € [0, 1], the image p} o po Hy(V) C N.
(ii) The section H; € T'(R) is holonomic: po Hy = j" f1, f1 € I"(X).

In particular f; is a C’-approximation of f in the Whitney fine C’-topology.
The relation R satisfies the C*-dense h-principle, (equivalently: the h-principle
for R is everywhere dense in the fine C’-topology) if the relation R satisfies the
h-principle C'-close to f for all data («, f) as above.

The above C‘-dense h-principle is sufficient for most applications and is
employed in the case of open ample relations in jet spaces. A stronger form,
employed in the study of short maps (Chapter VIII Theorem 8.12), asserts holo-
nomicity up to jets of order ¢ throughout the homotopy: there is a homotopy
(Hy, f;) € T(R) x I'Y(X), (Ho, fo) = (a, f), t € [0,1], such that in addition,

(ii) For all t € [0,1], pf opo Hy = jif, € I‘(X(i)).

In case i = 0 the strong form of the C%-dense h-principle is equivalent to the C°-
dense h-principle. Indeed, let f; € I'(X) be the 0-jet component of the homotopy
poH; € (X)), t €0,1]. Since j°f; = f:, the pair (Hy, f;) satisfies condition
(iii). In case ¢ > 1, this strong form of the h-principle is technically delicate and
was an open question in the theory; it is mentioned without proof by Gromov
only in the context of open relations R which are ample ([18] p.174). Proofs of
the strong C'-dense h-principles, Theorems 8.4, 8.14, are based on our strong
version of the h-Stability Theorem 7.2.

To conclude this section it is instructive to note that the covering homotopy
method, due originally to Smale [36], and developed extensively in Gromov’s
thesis [16], proves only a C%-dense h-principle in general. That is, the C*-dense
h-principle is beyond the scope of the covering homotopy method for all ¢ > 1.
For example, with respect to the free map relation R € X discussed above in
§1.3.1, let @ € T(R) be a section for which the 0-jet component f € C*(V, N) is
a C't-immersion. If ¢ > n+n(n+1)/2, then the free map relation R is ample and
satisfies the strong C'*-dense h-principle (VIII Theorem 8.12). In particular there
is a small homotopy f;, t € [0,1], fo = f, in the fine C'-topology on C1(V, N)
such that:
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(iv) f1 € C?(V,N) is a free map.
(v) For all t € [0,1], f; is an immersion.

By contrast, the construction of the above homotopy f; in the fine C'-topology
is beyond the scope of the covering homotopy method. Indeed, the best result
for the free map relation that can be proved by the covering homotopy method
is the existence of a homotopy f;, t € [0,1], fo = f, in the fine C°-topology on
CL(V, N) such that f; € C*(V,N) is a free map.

The impossibility of proving C’-dense h-principles, i > 1, by the covering
homotopy method is traced to the basic covering homotopy construction, due
originally to Smale [36], which consists of introducing a small “twisting” homo-
topy in the C%-topology on compactly supported (internal) diffeomorphisms of
the domain manifold, in order to carry out the required covering homotopy. This
twisting homotopy of diffeomorphisms is necessarily large in the C*-topology.
By contrast, the method of convex integration constructs a controlled (external)
homotopy of a C" map in the range manifold, subject to suitably small approx-
imations on all lower order derivatives, as detailed in the C*-Approximation
Theorem (III Theorem 3.8). It is the controlled approximations on all lower
order derivatives that is the real strength of the method of convex integration.

§4. The Approximation Problem

1.4.1. We briefly review the analytic problem that underlies Convex Integra-
tion theory. In its simplest form it is expressed as the following approximation
problem for curves in Euclidean space. Let A C R? be open, connected, and
let f € C'([a,b],R?) be a C'-curve such that for all ¢ € [a,b] the derivative
1'(t) € Conv A, the convex hull of A. The problem is to construct, for each € > 0,
a curve g = g. € C'([a,b],R?) such that (|| || is the sup-norm on C°([a, b], RY)),

(1) For all ¢ € [a,b] the derivative ¢'(t) € A.
2) llg—fll<e

Thus the problem is to C-approximate a curve whose derivative lies in the
convex hull of A C RY by a curve whose derivative lies in A. Stated in this way the
above approximation problem is the C'-version of a well-known problem in the
literature of Optimal Control theory. Indeed, assuming that A is compact (not
necessarily connected) and that f is absolutely continuous (so that f(t) = f(a)+
fj 1'(s) ds), Filippov’s Relaxation Theorem [13] solves the above approximation
problem for an absolutely continuous function g, where the derivative conditions
f'(t) € Conv A, ¢'(t) € A are understood a.e. (almost everywhere). The literature
in Optimal Control theory does not discuss the case that A is connected and the
functions f, g are of class C! (the applications of the Relaxation Theorem involve
functions with discontinuous derivatives). From this point of view the context of
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the above approximation problem is differential inclusions and 1st order ordinary
differential equations (ODE theory). The solution to the above approximation
problem is a type of C''-Relaxation Theorem. In general the open connected set
A depends continuously on parameters so that for all ¢ € [a, b],

f'(t) € Conv A(t, f(£));  g'(t) € A(t, (1)),

where g = g, is required to satisfy the approximation (2). Filippov’s Relaxation
Theorem is formulated in terms of the above parametrized set-valued map A
whose set values are compact in R? and satisfy a Lipschitz property (cf. Chap-
ter X).

For the purposes of applications to the topology of manifolds the above ap-
proximation problem in one variable is generalized in Convex Integration theory
to the following approximation problem for partial derivatives of functions of
several variables. Let f € C"(I"™,R?), r > 1, where I™ is an n-rectangle in R,
n > 1, such that for all z € I (A C RY is open, connected),

0y f(x) € Conv A,

where (u1,...,u,_1,t) are coordinates in R™ and 0} = 9" /0t". The problem is
to construct, for each € > 0, a function g = g. € C"(I"™,R?) such that (|| || is the
sup-norm on CO(I", RY)),

(3) For each z € I", 0] g(x) € A.
(4) |0%(g — f)|| < € for all derivatives 0%, |a| < r, such that 0% # 05 .

Here 9% = 00" o---00Pn; 0; = 0/0u;, 1 < j <n (u, =1t); |a] =p1 + -+ pn.
The derivatives 9% # 0 are denoted as “1”-derivatives (complementary to the
pure derivative 9] ). Thus the problem is to approximate a C"-function f whose
derivatives 0; f lie in the convex hull of A by a C"-function g whose derivatives
0fg lie in A, where the approximation is on all L-derivatives of f. This ap-
proximation problem, though not discussed in the literature on the Relaxation
Theorem, may be considered as a problem of rth order partial differential inclu-
sions, 7 > 1. In case r = 1 this approximation problem first appears in Gromov
[17]. In general the open connected set A depends continuously on parameters
so that for all x € I"™ and all derivatives 0% such that |a| < r and 0% # 0]
(0%h = h if |a] = 0),

oy f(x) € Conv A(x,...,0%f(x),...); 0Oig(x) € A(x,...,0%(x),...),

where g = g, is required to satisfy the approximation (4). The general solution to
this problem is formulated as the C*+-Approximation Theorem, III Theorem 3.8,
based on Gromov [18], Spring [35], with applications to proving a C"-Relaxation
Theorem in Chapter X.
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The convex integration technique for proving the h-principle consists of
applying the C-Approximation Theorem, III Theorem 3.8, discussed above, to
the topological setting of a certain affine R?-bundle p’| : X x+ (cf. Chapter
VI). In local coordinates the base space X+ corresponds to L-derivatives and
the R? fiber corresponds to pure rth order derivatives 9; f of sections f € I'"(X).
The bundle p'| : X () — X appeared first in Gromov [18] in the context of the
theory of convex hull extensions (details in Chapter VIII). The geometrical role
of the manifold X in the theory is described briefly as follows. Let R ¢ X (")
be a relation and let § € I'(R). Suppose f € I'"(X) is a C"-section such that
j"1f is the (r — 1)-jet component of 3 i.e. 3 is holonomic up to jets of order
r—1:

pi_yoB =1 € D(XUD),

Thus for all z € V the r-jets 5(x), ;" f(x) lie in the same affine fiber X over
the base point w = 5"~ f(x) of the affine bundle p/_,: X" — X (=1,

Employing affine geometry one decomposes the affine fiber Xq(f) into cer-
tain families of parallel affine R?-planes, called principal directions in Xl(ur). The
construction of these principal directions employs a purely algebraic result, VI
Proposition 6.4, which states that the vector space of homogeneous polynomials
H,(n,1) admits a basis of monomials. Geometrically, for each x € V, there is a
piecewise linear path in the fibers X5 that joins j" f(z) to B(x) such that each
component linear path lies in one of the affine R?-planes of a principal direction.
Topologically each principal direction defines an affine R%-bundle X" — X+
over a base manifold X+ (cf. Chapter VI) which “intercalates” the affine bundle
Dr_q: X XD If R ¢ X is open and ample then, roughly speaking,
the C-Approximation Theorem applies sequentially along successive principal
directions to construct a sequence of homotopic sections g; € I'"(R), 1 < j < 'm,
g1 = B, gm € T'(R) is holonomic, and such that in local coordinates g;, g;—1
satisfy given C'*-approximations.

In the case r = 1, the geometry of principal directions can be finessed and
the h-principle can be proved directly. This is done in Chapter IV. However, for
relations p: R — X (") 7 > 2, the affine geometry of the bundles P X o X+
is essential, and constitutes the main concentration of this book in Part II.



CHAPTER 2

CONVEX HULLS

In this Chapter special results in the geometry of convex hulls are developed
which are required for the analytic approximation theory in Chapter III. The
main result of this chapter is the Integral Representation Theorem 2.12 which,
simply stated, represents a continuous function f : B — RY, with values in
the convex hull of a connected open set X C RY, as a Riemann integral whose
integrand is a continuous function with values in X: for all b € B,

1
f(b) = / h(t,b) dt,

where h: [0,1] x B — X is continuous. Over each point b € B, the map
h is defined to be a suitable reparametrization of a contractible loop in X
which strictly surrounds the point f(b). A parametrized family of contractible
loops (parametrized by the space B) together with a specific parametrized fam-
ily of contractions is called a C-structure with respect to f. A key observa-
tion, Lemma 2.2, important for subsequent applications, is that the space of
C-structures is itself a contractible space. Employing the lemma, one is able to
glue together local C-structures in a neighbourhood of each point b € B to ob-
tain a global C-structure over B, with respect to which one constructs the map
h in the above Riemann integral.

§1. Contractible Spaces of Surrounding Loops

Let p: X — R?, ¢ > 1, be continuous where X is path connected. Denote by
Conv X the convex hull of the p-image of X in RY: the subset of R? consisting of
all convex linear combinations sz\; pip(x;), N > 1, where x; € X and Zz]\il pi =
1,p; €10,1],i=1,2,...,N. (A convenient reference for the principal properties
of convex hulls is Hormander [23]). Let IntConv X denote the interior (possibly
empty) of Conv X in R?. In case X is not path connected and = € X, we employ
the notation Conv(X,z), respectively IntConv(X, z), to denote the convex hull,
respectively the interior of the convex hull, of the p-image of the path component
in X to which x belongs. Note that in case p: X — R? is the inclusion of an open
path connected subspace then the convex hull of X coincides with the interior of

D. Spring, Convex Integration Theory: Solutions to the h-principle in geometry and topology, Modern 19
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the convex hull of X. Indeed if z € Conv X then there is an integer k£, 0 < k < ¢,
and an affine k-simplex o, which contains z and whose vertices lie in X. Since X
is open one easily constructs an affine ¢g-simplex A, whose vertices lie in X and
which contains oy, in its interior. More generally, if p: X — R? is a microfibration
(V Lemma 5.7) then Conv(X,z) = IntConv(X, z) for all z € X.

Ample Sets. A continuous map p: X — R? is ample if for all x € X,
Conv(X,z) = R9. That is, X is ample if the convex hull of the p-image of
each path component of X is all of R?. Examples of open ample sets X C R4
which occur in the theory are X = R?\ L, where L is a smooth (or stratified)
submanifold of codimension > 2.

Nowhere Flat Sets. For the purposes of applying convex integration theory
to the construction of solutions of non-linear systems of partial differential equa-
tions, the following affine notion is also required. A subset X in R? is nowhere
flat if for each affine (¢ — 1)-dimensional hyperplane H of RY, the intersection
H N X is nowhere dense in X. For example, the unit sphere in R? (in the Eu-
clidean metric) is nowhere flat in R?, ¢ > 2. Evidently, any affine subspace of RY
is flat i.e., not nowhere flat.

In case X C R? is nowhere flat then X C (J, .y IntConv(X,z) in RY.
Indeed, each x € X is a vertex of a non-degenerate affine g-simplex in R?, all of
whose vertices are points in X.

It is useful for what follows to remark the obvious connection between
Riemann integration and convex hulls. Let f: [0,1] — R? be continuous and let
X =im f C R%. Evidently a Riemann sum for the integral fol f(t)dt is a point
of Conv X. Furthermore, since X is compact, Conv X is compact and hence the
integral fol f(t)dt € Conv X. Geometrically, in case [0,1] is parametrized by

arc-length of the C''-regular curve f, fol f(t) dt is the barycentre of X.

Surrounding Loops. Let p: X — R? be continuous; fix z € X. Suppose
g: [0,1] — X is a continuous loop at z: g(0) = g(1) = x. A point z € Conv(X, x)
is surrounded, respectively strictly surrounded, by the loop ¢ if z lies in the
convex hull, respectively the interior of the convex hull, of the composed path
pog(t) € R, t € [0,1]. The main interest is in loops g in X that surround z and
which are homotopically trivial i.e. there is a base point preserving homotopy
of loops in X which connects g to the constant path .. Such loops are easily
constructed as follows. Let z € Conv(X,z), respectively z € IntConv(X,z).
There is a loop A in X, based at x, such that im p o A contains the vertices of a
simplex that contains z, respectively contains the vertices of a ¢-simplex in R?
whose interior contains z. Then the product g = A * A™! is a contractible loop
that surrounds z, respectively strictly surrounds z.



§1. CONTRACTIBLE SPACES OF SURROUNDING LOOPS 21

FIGURE 2.1

For each z € Conv(X,x) let XZ C C9([0, 1], X) x C°([0,1]?, X) be the subspace,
in the compact-open topology, of pairs of contractible loops at x which surround
z, together with a contraction of the loop to C,: pairs (g, G) where g: [0,1] — X,
g(0) = g(1) = x, g surrounds z and G: [0,1]> — X is a base point preserving
homotopy which contracts the loop g to the constant path C,. Thus, for all
(t,s) € 0,1]%,

G(t,0) =x; G(t,1) =g(t); G(0,s) = G(1,s) = x. (2.1)

Analogously, int XZ is the space of pairs (g, G) as above where g strictly sur-
rounds z.

The space int X7 is an example of a space of C-structures (cf.§2) on an
R%-bundle, in this case the bundle RY — % over a point, with respect to z €
IntConv(X,z), € X. Note that the loop g of the pair (g,G) is included for
convenience; g is the map at time 1 of the homotopy G. The following elementary
result is essential for the proof of the existence of C-structures in §2, Proposition
2.3.

Lemma 2.1. For all (z,z) € X x Conv(X,x), respectively all (z,z) € X X
IntConv (X, x), the space XZ, respectively int XZ is contractible.

Proof. We prove the lemma for the space X7Z; the proof for the space int X7 is
similar and is omitted. We show that X7 deformation retracts in a canonical
way to each point in X7Z: there is a continuous map D: XZ x XZ? x [0,1] — X7
such that for all u,v € XZ, the corresponding map D,: XZ x [0,1] — XZ,
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Du(v,t) = D(u,v,t), satisfies the property:
Du(v,1) = v; Dy(v,0) = u. (2.2)

Thus for each v € XZ? the map D, is a deformation retract of X? to u which
depends continuously on v € X7.

Briefly, the map D is constructed canonically as follows. Let u = (g, G),v =
(h,H) € XZ and let * denote the product operator on the space of loops. Em-
ploying the contractions H,G one constructs a canonical homotopy of closed
loops in X which connects h, g, and which, at each stage, consists of closed loops
which surround z:

h~hxCp~hxgn~Crxg~g. (2.3)

Furthermore, again employing the contractions H, G, each of the surrounding
loops in the above homotopy is canonically contractible to the constant path C,.
Specifically, with respect to the two middle homotopies in (2.3), the product of
paths in the ¢ variable, H (¢, u)*G(t, su), 0 < u < 1, is a homotopy which connects
Cy (u = 0) to the loops which surround z, h(t) x G(t,s), 0 < s < 1, (u = 1).
Similarly H(t, (1 — s)u) * G(t,u), 0 < u < 1, is a homotopy which connects
C, (u = 0) to the loops which surround z, H(t, (1 — s)) * g(t), 0 < s < 1,
(u=1). With respect to the two end homotopies of (2.3), standard homotopies
which connect h, h * C,., respectively which connect C,., C, * g, are employed to
construct a homotopy of contractions which connects Hg, Hy * C,, respectively
which connects C, * G4, G4, 0 < s < 1. Precise details are left to the reader.
O

§2. C-Structures for Relations in Affine Bundles

Let p: E — B be an affine R?-bundle over a second-countable paracompact base
space B (for example, a manifold B). In the applications p: E — B occurs mainly
as the restriction over a submanifold B C X of a naturally defined affine R9-
bundle p’} : X" — X1 associated to a smooth fiber bundle p: X — V and to a
codimension 1 tangent hyperplane field 7 on the base space V' (cf. Chapter VI).
The affine structure means that the transition functions of the bundle take their
values in the group of affine transformations of R?. T'(E) denotes the space of
continuous sections of the bundle F, in the compact-open topology. Let p: R —
FE be a continuous map referred to as a relation over E. For example R C E
and p is the inclusion map. I'(R) denotes the space of continuous sections of the
map po p: R — B in the compact-open topology. If a € T'(R) then po « €
I'(E). Tk (FE), Tk (R) are the corresponding spaces of sections over the subspace
K C B.
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For each b € B let E, = p~1(b), the Ri-fiber over the base point b; Ry, =
R N p~t(Ey), the subspace of R lying over b (possibly empty). If a € R, then
Conv(Rp, a) denotes the convex hull (in the fiber E}) of the p-image of the path
component of Ry to which a belongs (cf. §1).

Ample Relations. A relation p: R — FE is ample if for all pairs (b,a) €
B x Ry, Conv(Rp,a) = E}, (by convention this includes the case Ry is empty).

C-structures. Let p: R — FE be a relation over E. Suppose f € I'(E),
B € T(R) satisty the property that for all b € B,

f(b) € IntConv(Ry, 5(b)).

A C-structure (C' = contractible) over a subset K C B, with respect to f, 3, is a
pair consisting of a contractible loop of sections in 'k (E), based at [k, which
fiberwise strictly surrounds the section fx together with a contraction of the loop
to OBk: a pair (g,G) where g: [0,1] — T'x(R) is continuous, g(0) = g(1) = Bk
(the restriction of § to K) such that for all b € K the path g,: [0,1] — Ry,
gp(t) = g(t,b), strictly surrounds f(b); G: [0,1]> — T'x(R) is a (fiberwise) base
point preserving contraction of g to Sx: for all ¢, s € [0, 1],

G(t,1) = g(t); G(t,0) = Br; G(0,s) = G(L,5) = P (2.4)

The set of all C-structures (g, G) over K, with respect to f, (3, is topologized
as a subspace of C°([0,1],Tx(R)) x C° ([0, 1]2,FK(R)), in the compact-open
topology. In this bundle theoretic context, if p: X — R? is continuous then the
space int X7 (§1, Surrounding Paths) is precisely the space of C-structures with
respect to x € X, z € IntConv(X, z), for the trivial bundle over a point R? — x.
The proof of Lemma 2.1 obviously admits a parametric version which is stated
as the following lemma.

Lemma 2.2. For each K C B, the space of C-structures over K with respect to
f, B is contractible.

Proof. The proof is analogous to the proof of Lemma 2.1, for which all surround-
ing maps and contracting homotopies carry an additional K-space of parameters.
Indeed from Lemma 2.1, int X? is canonically contractible, via the deformation
retract D, to each point of int XZ. To prove the lemma one applies D fiberwise
to the relation R over E: for each b € K the deformation retract D of int X7 is
applied to the case X = R}, with respect to z = f(b) € Ep, x = 3(b) € Rp. In this
way D induces a canonical deformation retract Dy of the space of C-structures
over K with respect to f, 8 to each C-structure in the space. A useful, though
schematic, description of the deformation Dy is described succinctly as follows
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(cf. (2.3)). Full details are left to the reader. If (h, H), (g, &), are C-structures
over K with respect to f, 3 then,

h~hxCg~hxg~Cgxg~g.

where Cg: [0,1] — I'x(R) is the constant section (3. In particular, let (go, Go),
(91, G1) be C-structures over K with respect to f, 3. There is a homotopy of C-
structures (g¢, G¢), t € [0,1], over K with respect to f, 3 which connects (go, Go),
(91,G1). O

The principal result in this section is the following proposition which es-
tablishes the existence of C-structures over each K C B in case R C FE is
open. In case R C E is open then for each b € B and a € Ry, Conv(Rp,a) =
IntConv(Rp, a). Since f(b) € IntConv(Ry, 3(b)), it follows that pointwise there
is a C-structure over each point b € B with respect to f(b) € Ey, 5(b) € Ry i.e.
there is a contractible loop ¢ in Ry based at §(b) that strictly surrounds f(b)
in the fiber Ep. The following proposition constructs these strictly surrounding
contractible loops continuously over the base space B.

Proposition 2.3. Let R C E be open. Suppose 5 € T(R) (a fiberwise base point
map) and f € T'(E) satisfy the property that for allb € B, f(b) € Conv(Ry, 3(D)).
There is a C-structure (1, H) globally defined over B with respect to f, (. Ex-
plicitly, there is a continuous map : [0,1] — T'(R), ¥(0) = (1) = B, such that
for all b € B, the path 1y: [0,1] — Ry, ¥p(t) = (t,b), strictly surrounds f(b).
Furthermore, there is a base point preserving homotopy H: [0,1]*> — T'(R) which
contracts 1 to the constant path of sections Cz: For all t,s € [0, 1),

H(t,1) = 6(t); H(t,0) = 6 H(0,5) = H(1,5) = .

Proof. The local existence of C-structures in a neighbourhood of each point of B
is proved in Lemma 2.4 below. The contractibility of the space of C-structures,
Lemma 2.2, is employed in an essential way to patch together these local con-
structions of C-structures to obtain a globally defined C-structure over all of B.
The details are as follows.

Throughout this text we employ the convenient notation, due to Gromov [18]: if
Z C Y then Dp Z denotes an open neighbourhood (i.e., an “opening”) of Z in
Y. Op Z is employed in the sense of a germs: with no change of notation, Op 7
may be replaced by a smaller neighbourhood, if necessary, during the course of
a proof.

Lemma 2.4. For all b € B, each C-structure over {b} with respect to f, [ extends
to a C-structure over Op b with respect to f, 3.



§2. C-STRUCTURES FOR RELATIONS IN AFFINE BUNDLES 25

Proof. Fix b € B. By hypothesis, f(b) € IntConv(Rys, 3(b)). Let (g,G) be a C-
structure over b with respect to f(b), 3(b) (as noted above C-structures exist over
each point b € B). Employing the hypothesis that R C F is open, one extends
as follows the C-structure (g, G) over the point b to a C-structure (h, H) with
respect to f, 3, over a suitably small neighbourhood Opb. Since we are working
locally near b we assume that the bundle p: E — B is the product bundle:
p: =B xR?— B.

Let L = img = im G, a compact set in Rp. Since R is open there is a
neighbourhood Op b such that Opb x L C R. For each y € Opb let (9(y), G(y))
be the translate of the C-structure (g,G) over {b} to the fiber R,. For Opb
sufficiently small, for all y € Opb the loop g(y) strictly surrounds f(y), and also
the line segment /(y) in E, that joins 5(y) to (y,5(b)) satisfies £(y) C Ry.

Let h:[0,1] — Tops(R), h(0) = h(1) = Bops, be the family of loops
obtained by conjugating the translated loop g(y) with the parametrized line
segment ¢(y): for all y € Opb, t € [0,1],

h(t,y) = Ly)(t) = g(y)(t) = L(y) " (t), (2.5)

Similarly, let Hy: [0,1]2 — T'ny ) be the contraction of h obtained by conjugating
G(y) with £(y): for all y € Opb, (t,5) € [0,1)?,

Ho(t,s,y) = Ly)(t) * Gy)(t,s) = Ly) " (1), (2:6)
followed by a contraction of the segment £(y) to the base point G(y). Evidently
the pair (h, H) is a C-structure over Op b with respect to f, 3. O

B(b) Bly)
I(y)
g(b)
. 9(y)
f(b)
f(y)

FIGURE 2.2
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Employing Lemma 2.2, one patches together the local C-structures constructed
above over Op b for all b € B. The inductive step for this process is as follows.

Lemma 2.5. Let K,L C B be closed and let (go,Go), (91,G1) be C-structures
over Op K, Op L respectively with respect to f, 3. There is a C-structure (h, H)
over Op (K U L) with respect to f, 3 such that (h, H) = (go, Go) over (a smaller)
Op1 K and (h,H) = (g1, G1) over Op (L\ Op (K N L)).

Proof. In case K N L = () then one may assume Op K N Op L = ) in which case
the lemma is trivial. Suppose now M = K N L # 0. Applying Lemma 2.2, there
is a homotopy of C-structures (gs, Gs), s € [0, 1], over Op M with respect to f, 3
which connects the C-structures (go, Go) to (g1, G1) on Op M. Furthermore since
KN (L\OpM) =0, there are disjoint neighbourhoods Op; K, Ops(L \ Op M)
in the paracompact space B.

Let A\: B — [0,1] be continuous such that A = 0 on Op3K and A = 1
on B\ Op1 K, where Ops K C Op1 K. Let H: [0,1]> — I'(R) be the homotopy
such that: (i) H = Gy on Op3K; (ii) H = Gy on Opa(L \ Op M); (iii) for all
(s,t,b) € [0,1]* x Op M, H(s,t,b) = G\@p)(s,t,b). One verifies that H is well
defined hence continuous. Setting h(t,b) = H(t,1,b) it follows that (h, H) is a
C-structure over Op (K U L). O

Returning to the proof of the proposition, according to Lemma 2.4 there
is a C-structure over Opb for each b € B. Hence there are countable locally
finite open covers {W;}, {U;} of the base space B such that for all i, W; C U;,
and there is a C-structure over U;. Inductively on n, let K = UZ? W, a closed
set in B, and suppose (¢, G,) is a C-structure over Op K. Applying Lemma
2.5 to the closed set K and to W, 1, there is a C-structure (1,1, Gp11) over
Op (KUW,,41) such that (¢,11,Gri1) = (¥n, Gy) over Op K. Since the covers
{W;}, {U;} are locally finite, it follows that the maps,

Y= lim ¢ [0,1] = T(R); G = lim G,: [0, 112 = T'(R),

n—oo

are well-defined and continuous. Consequently, (¢, G) is a C-structure over B
with respect to f € I'(E), § € I'(R). O

Proposition 2.3 admits several refinements which are required for the full
development of convex integration theory. These refinements are stated below
as a series of complements to the above proposition. In all these complements,
R C E is open.

Complement 2.6 (Relative Theorem). Let N be a neighbourhood of 3(B) in E.
Suppose there is a closed subspace K of B such that f = 8 on K. There is a
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C-structure (h, H) over B with respect to f,[3, such that over Op K, the image
of H lies in N:
H ([0,1]> x OpK) C N.

Proof. The point here is that in case b € K the C-structure (h, H) that is
constructed over Opb in Lemma 2.4 may be chosen to satisfy the additional
property that im H C N. Passing to a locally finite subcover of the open cover
{Opb}lpex of K, the inductive proof procedure of Proposition 2.3 applies to
construct a C-structure (hy, Hy) over Op K such that the image of H; lies in
N. Applying Lemma 2.5 to the C-structure (hy, Hy) over Op K and to any C-
structure over B one obtains a C-structure (h, H) over B which equals (hy, Hy)
over (a smaller) Op K. O

Remark 2.7. If one replaces “strictly surrounds” by “surrounds” in the definition
of a C-structure then the relative theorem above can be improved to state that,
in case f = # on Op K, then one can choose H to be the constant homotopy
equal to the base point section 3 over (a smaller) Op K. However the strictly
surrounding property for C-structures is indispensable for the general theory, for
example in the proof of the Integral Representation theorem below.

Suppose p: E — B is a smooth (i.e., C*) affine R?-bundle. Since R is
open in E and since the “strictly surrounds” property of a C-structure is an
open condition, the standard smooth approximation theorems apply to prove
the following smooth refinement of Proposition 2.3.

Complement 2.8 (C°°-Structures). Suppose, in addition, p: E — B is a smooth
affine R1-bundle. Let f € T'(E), f € T'(R) satisfy the hypothesis of Proposition
2.3, where, in addition, (3 is a smooth section. There is a C-structure (h, H)
over B, with respect to f,[3, such that H (and hence h) is a smooth map i.e.,
the evaluation map H: [0,1]> x B — E is a smooth map.

Complement 2.9 (Parameters). Let P be a compact Hausdor{f space (a parameter
space). Let f: P — T'(E), B: P — I'(R) be continuous maps such that for all
(p,b) € P x B, the following convex hull property obtains:

f(p,b) € IntConv(Ry, B(p,b)). (2.7)

There is P-parameter family of C-structures (h, H) over B with respect to f, 3.
That is, there are continuous maps,

h: Px[0,1] = T(R); H:P x[0,1> = T(R),

such that, for each p € P, (hy, Hy,) is a C-structure over B with respect to
the sections f(p), B(p). (One employs the notation, hy(t) = h(p,t); Hy(t,s) =
H(p,t,s).)
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Proof. Let id xp: P x E — P x B be the pullback of the affine bundle p: £ — B
along the projection map onto the second factor, 7: Px B — B. Then P xR, the
pullback of R, is open in P x E, and the maps f, § induce obvious sections (same
notation) in I'(P x E), respectively I'(P x R). Employing (2.7), the hypothesis
of Proposition 2.3 is satisfied with respect to the maps f, 3 above, from which
the Complement follows. O

Corollary 2.10 (Ample Relations). Let R be open and ample in E, and suppose
R admits a section f € T'(R). For each section f € T'(E) there is a C-structure
(h, H) globally defined over B, with respect to f, 3.

The point here is that the convex hull hypothesis of Proposition 2.3 is
automatically satisfied for any f € T'(E). Indeed, since R is ample in E, it follows
by definition that, for each b € B, the convex hull of each path component of R,
is Eb.

63. The Integral Representation Theorem

Let X C R%, z € X, and let z € IntConv(X, x). The space int X7 is precisely
the space of C-structures with respect to z € R, z € X, for the trivial bundle
over a point, R? — *. In what follows, C-structures in int X7 are employed to
obtain a representation of the point z as a Riemann integral whose integrand
is a function with values in X. The main result of this section, the Integral
Representation Theorem 2.12, establishes this Riemann integral representation
continuously over the base space, in the context of an affine R?-bundle.

Proposition 2.11. Let X € R?, x € X, and let z € IntConv(X,z). Fach C-
structure (g, G) € int XZ can be reparametrized to a C-structure (h, H) such that

2= [} h(t)dt.

Proof. Let (g,G) € int XZ be a C-structure and let 0 = sg < 57+ < sp41 = 1
be a partition of the interval [0, 1] such that z is contained in the interior of the
convex hull of the points ¢(s;), 1 < i < n. For each i, 1 < i < n, let du; be a
positive measure on [0, 1] such that fol dp; = 1, and dp; =~ (s — s;). (9 is the
Dirac delta function). For example, du; is represented by a positive, continuous
density function f; on [0, 1] such that fol fi(s)ds =1, and f;(s) is concentrated
near s;, 1 <i<n.

Let b; = folgdui, 1 < i <n. Let e > 0. If each du; is a sufficiently close
approximation to (s — s;) then, with respect to a norm || || on R,

1bi —g(si)ll <& 1<i<m, (2.8)

Since z is in the interior of the convex hull of the points g(s;), 1 <i < n, it follows
from (2.8) that for € > 0 sufficiently small, Op z is contained in the convex hull
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of the points b;, 1 <7 < n. One may therefore assume,

n

z:Zpibi, where Zpizl, pi €10,1], 1 <i<n. (2.9)
=0 i=1

We remark here that one may choose n = ¢+ 1 and g(s;) € R, 1 <i < g+1, to
be the vertices of a g+ 1-simplex, from which it follows that the above barycentric
coordinates (p;)i<i<q+1 are unique and strictly positive. This is important for
proving the continuity of these coordinates in the parametric (bundle) version
Theorem 2.12 below.

The continuous measure dpu = Y., p; dpi; on the interval [0, 1] is positive,
fol dp = 1, and with respect to du one has the following integral representation:

1 n 1
dp = i dp;
/Og m ;p/og m
1=1

Employing a simple change of coordinates, one obtains the integral representation
(2.10) with respect to Lebesgue measure on [0, 1]. Explicitly, let A(t) = f(f dp.
Evidently, A(0) = 0, A\(1) = 1, and d\/dt > 0 on [0,1]. Define h = go A71.
Clearly h(0) = h(1) = x; h strictly surrounds z and, employing the change of
coordinates s = A(t), it follows from (2.9) that,

/Olh(S)ds = /190)\1(8)613 = /01ng = 2 (2.11)

0

(2.10)

Let H: [0,1]> — X be the reparametrization, H(¢,s) = G(A71(t),s). Hence
(h,H) is a C-structure in int X? for which the integral representation (2.11)
obtains. O

Theorem 2.12 (Integral Representation). Let p: E — B be an affine R1-bundle
over a second-countable paracompact space B. Let R C E be open and suppose
B €T(R) and f € T(E) satisfy the property that, for all b € B,

f(b) € Conv(Ry, B(b)).

Each C-structure (g, G) over B with respect to f,3 can be reparametrized to a
C-structure (h, H) such that for all b € B (recall h: [0,1] — I'(R)), f(b) =

[y h(t,b) dt.
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Proof. Applying Proposition 2.3, there exists a C-structure (g, G) over B with
respect to the sections f € T'(E), 8 € I'(R). The proof consists of suitably
reparametrizing a C-structure (g, G) to obtain a C-structure (h, H) over B for
which the above integral representation of f obtains. The map g: [0,1] — I'(R)
satisfies the property that ¢(0) = ¢g(1) = 3, and for each b € B the corresponding
path gp: [0, 1] — Ry strictly surrounds f(b) in the fiber Ej. Consequently (since
“strictly surrounding” is an open condition), for each b € B there is a neigh-
bourhood U of b and a partition 0 < s1 < s3--- < sq41 < 1 of the interval [0, 1],
such that for all y € U the sequence of points g,(51), gy(52), - - -, gy(Sq+1), spans
an affine g-simplex A(y) in the fiber E,, and f(y) is an interior point of A(y).
In particular the barycentric coordinates of f(y) € A(y) are strictly positive
continuous functions on U (cf. the remark following (2.9) above).

Recall, Proposition 2.11, the positive, continuous measures du; on [0, 1],
fl dul = 1, and such that du; ~ 6(s —s;), 1 <i < g+ 1. For each y € U let
bi( fo gy(s)dp;, 1 <i < g+ 1. If dy; is a sufficiently close approximation
to (5( si), 1 <i<gqg+1, and if U is a sufficiently small neighbourhood of b,
then, for all y € U, the sequence of points b1 (y), b2(y), ..., bg+1(y) also spans an
affine g-simplex A’(y) in the fiber E,, and f(y) is an interior point of A’(y). In
particular, the barycentric coordinates of f(y) in the ¢g-simplex A’(y) are strictly
positive continuous functions of y € U. Consequently, there is a neighbourhood
W = W (b) of b, W C U, and globally defined continuous functions, compactly
supported in U, p;: B — [0,1], 1 <i < g+1, such that the sequence of functions
(p;) on W are the barycentric coordinates of the section f: for all y € W,

q+1 q+1

= Zpi(y) bily): Zpi(y) ~ 1. (2.12)

Let {W;} be a countable locally finite subcover of the above open cover
{W(b)}rep of the base space B. Thus, for each index j, (2.12) applies to the
section f over W;. Explicitly, in the above notation (the index j corresponds to
W;) for all y € Wj,

q+1 q+1

) = pr(y)bf(y); pr(y) =

Let {gj: B — [0,1]},>1 be a partition of unity subordinate to the cover {W;}.
Also, for each index j, one employs the notation, dul, 1 <i < ¢+ 1, to denote
the measures above on [0,1], with respect to the open set W;. Thus b](y) =
fo S,y dul, 1 <i<q+ 1. Let du be the B-parameter family of measures on
the interval [0, 1] defined as follows. For each b € B,

oo q+1

= 33 4 (b) L (b) . (2.13)

7j=1 =1
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Evidently, du(b) is a positive measure on [0, 1], continuous in the parameter

b € B, such that for all b € B, fol dp(b) = 1. Furthermore, employing (2.13), f €
['(E) has the following integral representation with respect to the B-parameter
of measures du(b). For each y € B,

1 q+1
/ 9(s,y) du(y) qu(y sz / $,y) dys?
0
[e’e] q+1 oo
= qu(y)zpf(y) bl(y) = qu(y)f(y) = f(y).

We now change coordinates to obtain an integral representation for the section
f with respect to Lebesgue measure. Let A: [0,1] x B — [0, 1], be the continu-
ous function, \(¢,b) fo du(b). Thus for all b € B, X\(0,b) = 0, \(1,b) = 1,
and the derlvatlve oN/ot: 0, ] x B — [0,1] is a continuous, positive func-
tion. Consequently, for each b € B, the inverse function A\~!(¢,b) exists and
A71:[0,1] x B — [0,1] is a continuous function.

Let h:[0,1] — T'(R) be the map, h(s,b) = g(A~1(s,b),b). Evidently, h
is continuous, h(0) = h(1) = (3, and employing the change of coordinates s =
A(t,b), it follows from (2.14) that for each b € B,

/h(s,b)ds:/ g(A"1(s,b),b)ds
0 0 (2.15)

- / o(t,b) du(b) = F(b).

Let H:[0,1]> — T'(R) be the corresponding reparametrization, H(t,s,b) =
G(A71(t,b),s,b). Hence (h, H) is a C-structure over B which satisfies the in-
tegral representation (2.15) for the section f € I'(R). O

The Integral Representation Theorem 2.12 admits a series of complements
which are derived from the corresponding Complements 2.6 to 2.10. Again, R C
F is open for all these complements.

Complement 2.13 (Relative Theorem). Let N be a neighbourhood of 3(B) in E.
Suppose there is a closed subspace K of B such that f = 8 on K. There is a
C-structure (h, H) over B such that,

(i) For each b € B, f(b) fo (t,b)dt.
(ii) Over Op K C B, the image of H lies in N:

H([0,1> x Op K) C N.
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Proof. Applying Complement 2.6, one obtains a C-structure (hg, Hy) over B
with respect to f, 3, and which satisfies (ii) above. Applying Theorem 2.12 to
this initial C-structure (ho, Hy), one obtains a C-structure (h, H) over B which
satisfies both of the properties (i), (ii). O

Complement 2.14 (C*°-structures). Suppose p: E — B is a smooth affine R%-
bundle, and that f € T'(E), § € T'(R) are smooth sections. There is a C-structure
(h, H) over B with respect to f,ﬁ such that H (and hence h) is a smooth map

and such that for all b € B, f(b) fo h(t,b) dt.

Proof. Applying Complement 2.7, there is a smooth C-structure (hg, Hy) over
B with respect to f,3. The complement follows from Theorem 2.12 applied
to this initial C-structure (hg, Hp), subject to the following modifications to
ensure a smooth reparametrization. One may assume that the measures dy;
on the interval [0,1], 1 < i < g + 1, are defined by positive smooth density
functions. Hence the local barycentric coordinate functions p;, of the smooth
section f in (2.12), are smooth functions, 1 < ¢ < ¢ + 1. Consequently, with
respect to a smooth partition of unity {g;};>1, the measures du(b) defined by
(2 13) are smooth from which it follows that the change of coordinates map,

A(t, b) = fo dpu(b), is smooth. One concludes that the reparametrized C-structure
(h,H), H(t,s b) G(A7L(t,b), s,b), satisfies the property that H (and hence h)
is a smooth map. O

Complement 2.15 (Parameters). Let P be a compact Hausdorff space (a param-
eter space). Let f: P — T'(E), B: P — T'(R) be continuous maps such that for
all (p,b) € P x B, the following convex hull property obtains:

f(p,b) € Conv(Rys, B(p,b)).

There is a P-parameter family of C- structures (h, H) over B with respect to f, 3
such that for all (p,b) € P x B, f(p,b fo (p,t,b)dt.

Proof. Let id xp: P x E — P x B be the pullback of the affine bundle p: £ — B
along the projection map onto the second factor, w: P x B — B. Applying
Complement 2.9, one obtains a C-structure (hg, Hy) over P x B, with respect
to f,3. The complement follows from Theorem 2.12 applied to this initial C-
structure (hg, Hy) over P x B. O

Corollary 2.16 (Ample Relations). Let R be open and ample in E and suppose
R admits a section 3 € I'(R). For each section f € I'(E) there is a C-structure

(h, H) over B with respect to f,[3 such that, for allb € B, f(b) fo (t,b)dt.

Proof. Applying Complement 2.10, it follows that for each f € T'(E), there is a
C-structure (hg, Hy) over B with respect to f, 3. The complement follows from
Theorem 2.12 applied to this initial C-structure (hg, Hp). O



CHAPTER 3

ANALYTIC THEORY

§1. The One-Dimensional Theorem

Let B be a compact Hausdorff space which is split: B = C x [0, 1]. For the
purposes of the one-dimensional theorem below, the compact space C' serves as
a space of parameters and plays no essential role. Let 7: F = BxR? — B, be the
product R%-bundle over the base space B. The space of continuous sections I'(E)
is identified naturally with C°(B,R9). Let f € T'(E). Employing the splitting of
B, one defines the derivative map 0, f : B — R? where ¢t € [0,1] and 0; = 9/0t. A
section f € T'(E) is Ctin t if 9, f € T'(E). Let || || be the sup-norm on C°(B,RY).

In terms of the above data the basic approximation problem underlying
Convex Integration theory may be stated as follows. Let R C F be a relation.
Suppose 8 € T'(R), fo € ['(E) are sections such that fq is C! in ¢ and for all
be B,

O fo(b) € IntConv(Ry, 5(b)).

The basic approximation problem is to construct, for each € > 0, a section
f = f. € T(E) which is C! in t and for which the following properties obtain:

(i) Orf € T(R). More precisely, one requires that for each b € B, 0, f(b) lies in
the arc-component of R; to which 3(b) belongs.

(i) [If = foll <e

In addition to the basic properties (i), (ii), the full development of the theory
requires two additional properties: a homotopy property and a relative property
(properties (iii), (iv) below). Both of these additional properties are required in
subsequent chapters for the proof of the h-principle. Briefly, the h-principle is
proved inductively over a locally finite covering of the base manifold by charts.
Thus, relative properties are essential in order to preserve what was established
in previous steps of the induction.

(iii) There is a homotopy F': [0,1] — I'(R) which connects ( to 0, f: Fy = 3,
Fiy =0.f.

(iv) Let K C B be closed such that 0; fo = § on Op K. One can further arrange
that f = fo over (a smaller) Op K.

D. Spring, Convex Integration Theory: Solutions to the h-principle in geometry and topology, Modern 33
Birkhéuser classics, DOI 10.1007/978-3-0348-0060-0 3, © Springer Basel AG 2010
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Oifo(b)e FE
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FIiGURE 3.1

From (i) it follows that, in general, the displacement from 9y fo to 9, f is large i.e.
in general f is not a C''-approximation to fy. The strategy is to solve the above
approximation problem first in the case that R is open in E (note that, fiberwise,
the interior of the convex hull coincides with the convex hull, in the case of open
relations R in F). In case R is closed in E, one solves the approximation problem
for an open neighbourhood of R; passing to the limit of a sequence of solutions
obtained from a corresponding sequence of open neighbourhoods whose intersec-
tion is R, one solves the approximation problem for R. Additional hypotheses
on R are required to ensure that the limit converges. Only open relations are
treated in this chapter; a more general treatment of the approximation problem,
which includes the case of closed relations, is studied in Part II.

In case R C FE is open this approximation problem was first formulated
and solved in Gromov [17], reproduced with more details in Adachi [1], and with
some analytic refinements in Spring [37]. A more complete solution in the C”
case appears in Gromov [18]. In case B = [0,1] i.e. the parameter space C is
a point, this problem, with a different analytic formulation, occurs in Optimal
Control theory and is solved by the Relaxation Theorem (cf. A.F. Filippov [13],
and Chapter X below for a discussion of the Relaxation Theorem). The One-
Dimensional Theorem 3.4 may be viewed as a C'-Relaxation Theorem with
parameters, and applies to relations R which are open in £. On the other hand,
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in case B = [0, 1] and under Lipschitz hypotheses on a closed relation R, the
Relaxation Theorem of Filippov [13] provides a section f € I'(E) for which the
CY-approximation (ii) holds and such that the section d;f: B — R is absolutely
continuous in ¢ (not C'* in ¢ in general). Further research is required to investigate
the connections which recently have been observed between Convex Integration
theory and the Relaxation Theorem aspects of Optimal Control theory.

The solution of the above approximation problem, following Gromov, em-
ploys in an essential way the Integral Representation Theorem, II Theorem 2.12.
Suppose R is open. Applying the Integral Representation Theorem, there is a
C-structure (h, H) over B with respect to 0; fo, 5 such that for all b € B,

0ufo(b) :/0 h(s, b) ds. (3.1)

Employing (3.1), a natural approach to solving the approximation problem is as
follows. Let f € T'(E) be the section ((c,t) € C x [0, 1]),

fle,t) = fo(c,O)—l—/O h(s, (c,s))ds. (3.2)

Evidently, 0; f(c,t) = h(t, (¢,t)) € R. Thus 0;f € T'(R) and, since h(0,b) = 3(b),
it follows that for all b € B, 9, f(b), 5(b) lie in the same path component of R, i.e.
property (i) is satisfied. Employing the homotopy H, one checks that property
(iii) is satisfied. In general however, the C°-approximation property (ii) is far
from satisfied. The remedy, due to Gromov, is to modify (3.2) by introducing an
auxiliary continuous function 6: [0,1] — [0, 1] into the integrand as follows.

fle,t) = fo(c,())—l—/o h(0(s), (¢, s)) ds. (3.3)

Again 0;f € T'(R) and properties (i), (iii) are satisfied. Following Gromov, if
0 oscillates sufficiently rapidly (the analytic role of 6, explained below, exploits
the integral representation (3.1)), then the C°-approximation property (ii) is
satisfied, thus solving the approximation problem. The following Proposition
(which does not employ the relation R) constructs 6 in a more precise form than
in Gromov [18], and in a suitably general setting that is appropriate for the
refined approximation theorems which follow.

Proposition 3.1. Let m: E = BxRY — B be the product R?-bundle over a compact
Hausdorff space B = C x[0,1]. Let go € I'(E) be C' int and let ¢: [0,1] — ['(E)
be a continuous map which is an integral representation of the derivative map
O¢go:

1
Orgo(b) = /0 Y (s,b)ds, for allbe B. (3.4)
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For each € > 0, there is a continuous function 0.: [0,1] — [0,1] such that if
ge € I'(E) is the section ((c,t) € C x [0,1]),

mewwm+AwM$@mm, (3.5)

then g is C* int and lim. o ||gc — go|| = 0.

Proof. Let € € (0,1) and let I; = [t;,t; + €], 1 < j < m, be a sequence of disjoint
subintervals in [0,1], each of length € and such that the total length of these
subintervals is > 1 —e. Let 6: [0,1] — [0, 1] be a continuous function; we specify
below the construction of a suitable § = 0.. Let £,k: B — RY be the auxiliary
step functions (in what follows, b = (¢,t) € C x [0,1] = B),

[t
Ue,t) = gol(e,0) + € Y digole,ty), (3.6)

[t]
Bert) = go(e,0) + > /1 BO), (e,9)) ds. (3.7)

Here and for the rest of the proof, one employs [¢] as an index of summation
to indicate that the sum is taken over all j such that I; C [0,¢] (thus k(c,t) =
l(c,t) = go(c,0) in case the sum is empty). Note the estimate [t] < 1/e for all

€ [0,1]. As in (3.5), let g € T'(E) be the section defined with respect to the
function 0,

gmwzmwﬂlwwwmmm (3.8)

Lemma 3.2. lim._¢ ||{ — go|| = 0; lime_q ||k —g|| = 0 (independent of the auziliary
function 0).

Before proving Lemma 3.2, we sketch the proof of the Proposition. Em-
ploying (3.8), The Proposition states that lim._q ||g — go|| = 0, where g = g, is
defined in (3.5) with respect to a suitably chosen function § = 6.. By Lemma 1.2,
this is equivalent to proving lim._¢ |[[{ — k|| = 0, for a suitable function 6 = .. To
better understand this latter limit, employing the integral representation (3.4),
the step function ¢ in (3.6) is rewritten as follows.

OIS
Le,t) = go(c,0) + € Z /0 P(s, (c,t;))ds. (3.9)

Briefly, the function 0. is chosen so that the restriction of 6. to each subinterval
I; is a (linear) homeomorphism onto the interval [0,1]. The effect of 6. is to
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transform (by changing variables) each integral summand | 3 P(0:(s), (¢, 8)) ds in

(3.7), associated to the map k, into approximately the integral e fol P(t, (c,t;))dt
which is the corresponding summand in (3.9), associated to the map ¢:

/1. »(0e(s), (c,8))ds ~ 6/0 P(t, (c,tj))dt, 1<j<m. (3.10)

Thus 6. is a highly oscillatory piecewise linear function which magnifies (“blows
up”) the subintervals I; to all of [0,1], 1 < j < m, such that (3.10) holds. Simple
estimates on the errors are employed to show that lim. .o ||/ — k|| = 0, which
proves Proposition 1.1. The details are as follows.

Proof of Lemma 3.2. Since v: [0,1] x B — R is continuous, hence bounded, and
since the total length of the subintervals I; is > 1 —, it is clear from (3.7), (3.8)
that lim. .o ||k — g|| = 0, independent of 6.

Let ¢y: B — R be the auxiliary step function,

[¢]
lo(e,t) = gole,0) + Z go(c,tj+€) —golc, tj). (3.11)
j=1

Since the map go is C' in ¢, and since the total length of the subintervals I; is
> 1 —¢, it follows from the telescoping sum (3.11) that,

lim (|4 — go| = 0. (3.12)

On the other hand, employing (3.6), (3.11), one computes,

(t]
tolest) — £e,t) Z ot =golely) _goer).  (313)

Since g is C! in t it follows that, given § > 0, the summand for each j of
(3.13) is bounded above in the sup-norm by 4, provided e > 0 is sufficiently
small. Since [t] < 1/e, employing (3.13), lim._.¢ ||¢ — ¢o|| = 0; hence from (3.12),

Returning to the proof of Proposition 3.1, let # = 0.: [0,1] — [0, 1] be the
piecewise C''-function such that on each subinterval I =[tj, tj+e€l,0: 1; —[0,1]
is the linear homeomorphism,

1<j<m. (3.14)



38 III. ANALYTIC THEORY

Employing the change of variables ¢ = 6(s) on the subinterval I;, 1 < j < m,
one computes,

1
/ P(0(s), (¢, s))ds = e/ P(t, (e, t; +dc))dt, where o = et. (3.15)
I 0

Replacing each integral summand of the step function k in (3.7) by the corre-
sponding summand (3.15), 1 < j < [t], and employing the integral representation
(3.4), one obtains the following sum for the function k:

(¢] 1
k(e t) = golc,0) + € Z/ Wt (erty +6.)) di
j=1"0

Y (3.16)
= go(c,0) +¢€ Z Orgo(c, tj + de).
j=1
Consequently, from (3.6), (3.16), it follows that,
[t]
k(c,t) = L(e,t) = € Y Degole,ty +0c) — Digole,t). (3.17)

j=1

Since go is C! in t and [t] < 1/¢, lim._q d. = 0 uniformly on [0,1], one concludes
from (3.17) that lim. o ||k — 4| = 0. Let ¢ = g € T'(F) be the section in
(3.8), defined with respect to 8 = 6.. Employing Lemma 3.1 and the above
lim._o ||k — ¢]| = 0, it follows that lim._q ||ge — go|| = 0. Also from (3.8), d;g. =
P(0:(t), (c,t)) i.e. ge is C' in t, which completes the proof of the Proposition. (]

Remark 3.3. The auxiliary function 6. of Proposition 3.1 is piecewise C'. For
technical reasons, we arrange, as in Gromov [18], for . to be C°°. Briefly, as-
sume € € (0,1/2) and let 6.: [0,1] — [0, 1] be a C°°-function such that on each
subinterval I; = [t;,t; + €], . is a linear homeomorphism onto the subinterval
[e,1 — €]. Specifically, on each interval I,

1—2e

O.(s) = as+b, a= yb=e—at;, 1<j<m. (3.18)
Employing the change of variables ¢t = .(s) on each subinterval I;, 1 < j < m,
on computes (cf. (3.15)):

€ 1—e

/Ij Vb (ecs))ds = =5 [ it (et o) dn

where §, =
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Replacing each integral summand of the step function & in (3.7) (associated to
0 = 0.) by the corresponding summand (3.19), 1 < j < [t], one obtains an
analogous sum for (3.17):

(¢] 1—e¢ 1
k(e,t) — (e, t) =€ Z <1 _126 P(t, (e, t; +d¢)) dt — /0 P(s, (e, t5)) ds) )

(3.20)
Again, since [t] < 1/e, and lim._,o . = 0 uniformly on [0,1], one concludes from
(3.20) that lim._o ||k —¢|| = 0, from which it follows, employing Lemma 1.2, that
lime_o [|ge — go|| = 0, where g = g. € I'(E) is the section in (3.8), defined with
respect to 0 = 6, above.

One-Dimensional Theorem 3.4. Let w: & — B be the product R2-bundle over a
compact Hausdorff space B = C x [0,1]. Let R C E be open and suppose there
are sections 3 € T'(R), fo € T(E) such that fo is C' int and, for all b € B,

8tf0(b) S COHV(R{,,ﬁ(b)).

For each € > 0, there is a section f. € I'(E) which is C' in t, and a continuous
map F = F.: [0,1] — T'(R) such that the following properties obtain:

(i) lime_o || fe = foll = 0.
(ii) Oy fe € T(R); Fo = B, F1 = Oife, and the image of F is contained in the
image of a C-structure with respect to Oy f, 3.

Suppose furthermore that B is a compact C'-manifold and that K C B is closed
such that Oify = B on Op K. Let N be a neighbourhood of B(B) in R. For
€ > 0 sufficiently small, then up to a small perturbation in N over Op K, one
can assume that the section f. € I'(E) and the homotopy F = F,: [0,1] — T'(R)
satisfy the additional property (relative theorem) :

(i) fe = fo on (a smaller) Op1 K ; the homotopy F is constant on Op1 K : for
all t €]0,1], F; =0 on Op1 K.

Proof. Let N(§) C N be a d-ball neighbourhood of 3(B) i.e. N(§) meets each fiber
Ep in an open ball of radius 6 > 0, center 3(b), b € B. Applying the Relative
Integral Representation Theorem, IT Complement 2.13, there is a C-structure
(h, H) with respect to 0 fo, 3, such that for all b € B,

B, fob) = /0 1 h(s,b)ds; H([0,1]2 x Op K) C N(5/2). (3.21)

Since the map h: [0,1] — I'(F) is an integral representation of the derivative map
Ot fo, it follows from Proposition 3.1 applied to the data fo € I'(E), h: [0,1] —
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I'(R), that for each € > 0, there is a continuous function 6. : [0,1] — [0, 1] such
that the corresponding section f. € I'(E),

Jlent) = fole,0) + / h6.(3). (c. 5)) ds, (3.22)

satisfies conclusion (i) above. From (3.22), 0;fc(c,t) = h(0(t), (c,t)) i.e. feis
C' in t and 9;f. € T'(R). Furthermore, employing the C-structure (h, H), let
F:[0,1] — I'(R) be the homotopy ((¢,t) € B =C x [0,1]),

F(u,(c,t)) = H(0(t),u,(c,t)), 0<u<l1. (3.23)

Since H(t,0,b) = B(b); H(t,1,b) = h(t,b), it follows from (3.23) that Fy = 3,
Fy = Ot f., which proves conclusion (ii).

Ao FE
A=0,fo(b) € Ey
B =p(b) € Ry T
C =0 fc(b) € Ry
A 4
B
b
FIGURE 3.2

Turning now to property (iii), from (3.23) the image of the homotopy F' is

a subset of the image of H. Employing (3.21) it follows that for all e > 0, over

Op K, the image of F', hence also the image of 9 f, lies in N(§/2) In particular,
over Op K|

10cfe = Ocfoll = I0nfe — Bl < 0/2. (3.24)
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Since B is a C''-manifold there is a function A € C*(B,[0,1]), compactly sup-
ported in Op K, such that A = 1 in a neighbourhood W of K. Let f! =
fet+A(fo—fo). Thus f/is Ctint, f/ = fo on W and f/ = f. on B\ Op K.
Evidently, since lim._o || fe — fol| = 0, it follows also that lim._o [|f. — fol| = 0
i.e. f! satisfies the approximation property (i).

Let F' = F!: [0,1] — T'(E) be the homotopy,
F'(s,0) = F(s,b) + 5 9(A (fo — fo))(b). (3.25)

Thus F’ = F on [0,1] x (B\ Op K); F} = (3, and since F; = 0, f., it follows that
F| = 0, f.. For sufficiently small € > 0, we prove that in fact F': [0,1] — T'(R).
Indeed, computing the derivative 0; in (3.25) (Fy(b) = F(s,b); F.(b) = F'(s,b)):

Fg/ - Fs+$)\at(f0*fe)+s(at>‘) (fO*fe)' (326)

The function 9; A is bounded since \ is compactly supported in Op K. Employing
lime o || fo — fel| = 0, it follows from (3.24), (3.26) that, over Op K, for all
s €0,1],

|F. — Fl| < 6/2, (3.27)

provided e > 0 is sufficiently small. Recall (3.21), over Op K, the image of H,
hence from (3.23) the image of F, lies in N(4/2). Consequently, from (3.27), the
image of the homotopy F’ over Op K lies in N(d) C N, and hence F’: [0,1] —
I'(R), provided € > 0 is sufficiently small. Evidently, the pair (f!, F") satisfies
conclusion (iii) of the theorem, except possibly the requirement that the homo-
topy F’ be constant on Op K. To satisfy this additional property, note that, over
Op K, Fj = B, F| = 0,f/ = [ and that, fiberwise over b € Op K, the image
of F’ lies in a d-ball in Ry, centered at ((b). Consequently, over Op K, F' is
homotopic in N(d), rel{0, 1}, to the constant homotopy /3. Employing standard
arguments with bump functions to construct a homotopy of homotopies in N(4),
F' is homotopic to F” = F!: [0,1] — I'(R), such that F} = 3, F{' = 0,f!, and
such that F” is the constant homotopy [ over (a smaller) Op; K, and F” = F’
over [0,1] x (B\ Op K). Details are left to the reader. The pair (f/, F!') satisfies
conclusion (iii) of the theorem. O

We remark here that the relative version (iii) is an essential feature that is
required in the proofs of the h-principle by induction over a system of charts:
constructions of holonomic sections and homotopies in a chart are relative to con-
structions already carried out inductively in previous charts. From (3.23), note
that the image of the homotopy F' is contained in the image of a C-structure,
except for a small perturbation that is needed in order to obtain conclusion (iii).
This unavoidable exception is a technical inconvenience that requires additional
attention in the proofs of the h-principle (Chapter IV) and of the h-Stability
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Theorem (Chapter VIII). The One-Dimensional Theorem admits several refine-
ments which depend on the corresponding smooth and parametric Complements
2.14, 2.15 of the Integral Representation Theorem, II Theorem 2.12. The above
remarks on the relative version (iii) apply also to these Complements.

A continuous map g: P — T'(FE) induces a section (same notation) g €
I'(P x E) of the pullback bundle id x7: P x E — P x B; the pullback relation,
PxTR,isopenin Px E.If P, B are C"-manifolds, r > 1, the map g: P — I'(E) is
defined to be of class C" if the corresponding section g € I'(P x E) is of class C".

Complement 3.5 (Parameters). Let P be a compact Hausdorff space and suppose
fo: P = T(E), B: P — T'(R) are continuous maps such that for all (p,b) €
P x B, fo(p) is C* int and,

ath(p7 b) € COHV(RlN ﬂ(pa b))
For each € > 0 there is a continuous map fo: P — T'(F) and a homotopy F =
F.: [0,1] x P — T(R), such that for all p € P f.(p) is C* in t, and such that,

(1) lime_g || fe(p) — fo(p)|| = 0 uniformly on P.
(ii) Ofe(p) € T(R); Fo(p) = B(p), Fi(p) = Ocfe(p), and the image of F is
contained in the image of a P-parameter family of C-structures.

Suppose furthermore that P, B are compact C'-manifolds and that K C P x B
is closed such that Oifo = 0 on Op K. Let N be a neighbourhood of 3(P x B)
i P xR. For e > 0 sufficiently small, then up to a small perturbation in N
over Op K, one can assume that the maps f., F' satisfy the additional property
(relative theorem) :

(iii) fe = fo on (a smaller) Op1K; for all t € [0,1], Fy = 8 over Op1 K.

Proof. As in the relative One-Dimensional Theorem, let N(J) be a d-ball neigh-
bourhood of (P x B) in P x E such that N(6) C N. Employing IT Comple-
ments 2.13, 2.15 of the Integral Representation Theorem, there is a P-parameter
family of C-structures (h, H) over B with respect to d;fo, (3, such that for all
(p,b) € P x B,

Ot fo(p,b) —/0 h(p,s,b)ds; H([0,1]* x Op K) C N(5/2).

Employing (h, H) above, the Complement follows from the Theorem 3.4 applied
to the open relation P x R in the pullback bundle P x E — P x B over the split
compact Hausdorff space P x B = (P x C) x [0,1]. In this way, the parameter
space P is “absorbed” into the auxiliary space C'. In particular, in the non-relative
case, the required map f.: P — I'(E) is of the form (b= (c,t) € C x [0, 1]):

fe(p,et) = fo(p,e, 0)+/0 h(p,0c(s), (c,s))ds,

where 6.: [0,1] — [0,1] is a suitable auxiliary C'*°-function. O
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We prove now a smooth refinement of the one-dimensional theorem over
an n-cube in R™. Suppose B = I™, the unit cube [0,1]" € R"™, n > 1. Thus B
is the split manifold B = I"~! x [0,1]. Let (u1,us,...,u,_1,t) be coordinates
on R™. Employing the notation 85]_ to denote the derivative of order p in the
variable u;, 1 < j <n —1, let 05 denote the U-derivatives in the variables u;,
1<j<n—-1mn=>2):

o = Otodizo---0dinty |a|=p1+p2+- +pu1 (3.28)
Thus the U-derivatives exclude the derivative ;.

The Space C*"(B,R?). Fix integers s > r > 0 and let || ||*" = || ||;;" be
the following sup-norm on C*(B,RY):

LA = sup{[|0F 0 O f|| = &+ o] < sk <r}. (3.29)

It is convenient to suppress the superscript r, in case r = 0:
LI = 1A = sup{[|05 f]: la] < s}, f € C*(B,RY). (3.30)
C*"(B,RY) is the space C*(B,R?), topologized with the above norm || ||*". The

purpose of the space C*"(B,R?) is to allow for C*-approximations, s large, in
the U-coordinates of split manifold B = I"~1 x [0, 1].

Example 3.6. For all » > 0, C""(B,R?) = C"(B,R?) i.e. the norm || ||"" coincides
with the usual sup-norm for the C"-topology on the function space C"(B,R1).
For all k > s, the inclusion i: C*(B,R?) — C*"(B,R4) is continuous. An exam-
ple which occurs in the C-Approximation Theorem 3.8 below is as follows: Let
T:C*(B,R?) — C*(B,RY) be the map,

T(f)(u,t)—/o fu,s)ds.

Then, T: C*"(B,R?) — C*"1(B RY) is continuous (s > r + 1).
Employing these norms, one obtains the following refinement of the One-

Dimensional Theorem which provides C*-approximations on the corresponding
U-derivatives in case B = I"™.

Complement 3.7 (Smooth Parameters). Let 7: E x RY — B be the product R9I-
bundle over the n-cube I" in R", n > 1, and let R C E be open. Let also P be
a compact C*-manifold and suppose fo: P — T'(E), f: P — I'(R) are smooth
maps such that for all (p,b) € P x B,

ath(p7 b) € COHV(R{,, ﬁ(pa b))
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Fiz an integer s > 1. For each € > 0 there is a C*®-map fo: P — T'(E) and a
C*-homotopy F = F.: [0,1] x P — I'(R) such that, for all p € P, the following
properties obtain:

(i) lime—o [Ife(p) — fo(p)|I* = 0.

(ii) dife(p) € D(R); Fo(p) = B(p), Fi(p) = Oife(p), and the image of F is
contained in the image of a P-parameter family of C-structures.

Suppose furthermore K C P x B is closed such that O, fo = 8 on Op K. Let N
be a neighbourhood of B(P x B) in P x R. If € > 0 is sufficiently small, then up
to a small perturbation in N over Op K, one may assume that f.: P — T'(E),
F:[0,1] x P — T'(R) satisfy the additional properties (relative theorem),

(iii) fe = fo on (a smaller) Op1K; for all t € [0,1], F} = 3 on Op1 K.

Proof. Applying Complement 3.5, for each ¢ > 0, there is a continuous map
fe: P — T'(E) and a homotopy F.: [0,1] x P — T'(R) such that conclusions
(i), (ii), (iii) are satisfied with respect to the norm || || on C°(B,R?). To obtain
further smoothness of the map f. and to obtain conclusion (i) with respect to the
norm || ||*, one proceeds as follows. Since the sections f, 3 are smooth, applying IT
Complements 2.14, 2.15, one may assume that the C-structure (h, H) employed
in the proof of the Complement 3.5 of the One-Dimensional theorem is smooth.
Explicitly, for all (p,b) € P x B, (b= (u,t) € "1 x [0,1]):

O folp,b) = / h(p,,b) ds. (3.31)
0]
folput) = fo(u,0)+ / h(p,0.(5), (u, 5)) ds. (3.32)
[0}

where 0. : [0,1] — [0, 1] is a suitable auxiliary C'*°-function. Since h is smooth and
since the continuous function  does not depend on the U-coordinates in 1™~ 1,
it follows from (3.31) (3.32), that the U-derivatives of 0, fy, fc, are computed
under the integral sign:

1
080, fo(p, u,t) = / 9% h(p, s, (u,1)) ds; (3.33)
0

g fe(p,u, t) = 0f fo(p,u,0) + /0 Igh(p, 0c(s), (u,s)) ds. (3.34)

Employing the pullback bundle id x7: P x EF — P x B, for each derivative 0,
(3.33) states that the continuous map 9dfh: [0,1] — I'(P x E) is an integral
representation of the ¢-derivative map 0;0f; fo, associated to the section O} fy €
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I'(P x E). Applying Proposition 3.1 to the data gy = Jfj fo € I'(P x E), ¢ =
Ofih: [0,1] — I'(P x E) it follows that, for all p € P,

tim 105 (/.(p) — fo(p)| =0, (3.35)

Indeed, as explained above, the U-derivative O fe satisfies (3.34), to which the
conclusion of the Proposition applies (i.e. g¢ = Of fc). Since h is smooth note
also from (3.32) that, for each € > 0, f.: P x B — R is a C*°-map.

Since (3.35) holds for all the (finitely many) derivatives df; for which |a| <'s,
one concludes that, for all p € P, lim._¢ || fe(p) — fo(p)||; = 0, which proves
conclusion (i).

Applying Complement 3.5 (iii), the conclusion of Complement 3.7 (iii) is
satisfied for a small perturbation (f/, F’) of (fe, F¢) in N over Op K, provided
€ > 0 is sufficiently small. These perturbations also satisfy conclusion (i) for the
norm || [|°. Indeed, employing f! = fc + A (fo — fe), since lim_o || fo — fellf; =0,
it is clear that lim¢_,q || f. — fol|;; = O i.e. the perturbed section f! also satisfies
conclusion (i). O

2. The Ct-Approximation Theorem

In what follows, Complement 3.7 to the One-Dimensional Theorem is general-
ized to the C*-approximation theorem, which is the main technical result that
is employed in subsequent chapters for proving the h-principle. In case B is the
n-cube I" = I"~1 x [0, 1], Complement 3.7 proves C*-approximations in the cor-
responding U-derivatives with respect to coordinates in /"~!. The generalization
consists of extending these approximations to include the pure derivatives 9,
0<3<r—1.

The Ct-Approximation Theorem 3.8. Let 7: E = B x RY — B be the product
R2-bundle over the n-cube B = [0,1]™ in R™, n > 1, and let R C E be open.
Let also P be a compact C*-manifold (a parameter space) and let s > r > 1 be
integers. Suppose go: P — T'(E), f: P — I'(R) are smooth maps such that for
all (p,b) € P x B,
a:go(pa b) € COHV(Rb, ﬂ(pa b))

For each € > 0 there is a C*-map g.: P — T'(E) and a C*°-homotopy F =
F.:[0,1] x P —T'(R) such that, for all p € P, the following properties obtain:

|s,r—1

(i) lime—o [lge(p) — g0(p)] = 0 uniformly inp € P.
(ii) 0fge(p) € T(R); Folp) = B(p), Fi(p) = 9;9e(p), and the image of F' is
contained in the image of a P-parameter family of C'-structures.

Suppose furthermore K C P x B is closed such that 0{ gy = 5 on Op K. Let N
be a neighbourhood of B(P x B) in P x R. If € > 0 is sufficiently small, then up
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to a small perturbation in N over Op K, one may assume that g.: P — T'(E),
F:[0,1] x P — I'(R) satisfy the additional properties (relative theorem),

(iii) ge = go on (a smaller) Op1K; for all t € [0,1], F} = on Op1 K.

Proof. Note that the approximation (i) excludes the pure rth order derivative ;.
Indeed, from (ii), 0} g € I'(R); in general, therefore, the displacement from 9" gq
to 0" g, is large i.e. in general, g, is not a C"-approximation of gy. However, with
respect to the U-derivatives, the approximation (i) is C*-close and is C%-close
with respect to the derivatives 8{, 0<;j<r—1.

Evidently, in case r = 1, the Ct-approximation theorem reduces to Com-
plement 3.7 of the One-Dimensional Theorem. In general, one proceeds as fol-
lows. Applying Complement 3.7 to the data fy = E)[_lgo: P—-T(E),B3: P—
I'(R), for each ¢ > 0 there is a C>®-map {.: P — I'(E), and a homotopy
F = F.:[0,1] x P — T'(R) such that, for all p € P, the following properties
obtain:

(iv) lime—o [[¢e(p) — 9 ' go(p)]|* = 0.
(v) Oilc(p) € T(R); Fo(p) = B(p), F1(p) = 9le(p).

More precisely, according to the proof of Complement 3.7, the map ¢ is of the
form ((u,t) € B=1""1x [0,1]):

Ce(pu,t) = 07 tgo(p,u,0) —I—/O h(p,8c(s), (u,s)) ds, (3.36)

where (h, H) is a smooth P-parameter family of C-structures over B with respect
to the maps 0] go, 3, and 0. : [0,1] — [0,1] is a suitably chosen C*°-function.
Note that the theorem is proved in the case » = 1 by choosing g. = /.. Indeed,
in case r = 1, conclusions (i), (ii), of the theorem are equivalent, respectively,
to properties (iv), (v) of the section f.. Suppose now r > 2. The map g, is
obtained by “(r—1)-fold” integration of the map /.. In detail, let £, 1 = ¢.: P —
C*(B,RY). By downward recursion on k define,

t
ek—l(pauvt) = 81{6_190(1)7”70) +/ ék(p7u7 S) dS, 1 < k <r-— 1. (337)
0

In what follows we show that the map g. = ¢y (i.e. & = 1 in (3.37)) satisfies
conclusions (i), (ii), of the theorem. Note that ¢y is a C°°-map and that fur-
thermore, applying 0; successively in (3.37) and employing (v), it follows that
Ojly = Ole: P — T'(R). Again from (v), Fy = 3, F1 = 0j{y = 0] ge, which
proves conclusion (ii) of the theorem for g, = ¢y.
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Turning now to the approximation property (i), note that the smooth map
go: P x B — RY satisfies the following properties, analogous to (3.37) for the
sequence of maps £,

t
O go(p u,t) = O go(p, u, 0) + / o, u, 5) ds,
0

1<k<r—1. (3.38)
Consequently, employing (3.37), (3.38), it follows that,
Ek‘—l(pu u, t) - atkilgo(py u, t) -

t
/ li(pyu, s) — atkgo(p,u, s)ds, 1<k<r-—1. (3.39)
0

Evidently, the derivative 0", m > 1, operating on the left side of (3.39) is
equivalent to the derivative 8{”_1 operating on the integrand of the right side of
(3.39). It therefore follows from (3.39) that one obtains the following increasing
sup-norm estimates for each p € P:

1ma(p) = O 0@ < ek(p) — Do
1<k<r—1. (3.40)

In particular, [1£6(p) — go(p)[*" 1 < ltr—1(p) — 0~ go(p)[*°, from which it
follows, employing (iv) (£, = £.), that lim._¢ [[€o(p) — go(p)||5;" " = 0, which
proves conclusion (i) for g. = £y.

It remains to prove conclusion (iii). Let N(J) C N be a d-ball neighbour-
hood of B(P x B). As in the proof of (relative) Complement 3.5 (iii) one may
assume that the above P-parameter family of smooth C-structures (h, H) over
B with respect to 9] go, § satisfies the property that,

H([0,1)* x Op K) C N(5/2).

Since the image of F' is contained in the image of H (cf. (3.23)), it follows
that, over Op K, for all € > 0, the image of the homotopy F' lies in N(§/2). In
particular, since Fy = 0] g., it follows that over Op K, for all p € P,

107 9e(p) — 0 go ()| = 119; 9e(p) — B(p)|l < /2. (3.41)

As in the proof of Theorem 3.4, let g = g + A (go — g), where \: P x B —
[0,1] is a C°° function, compactly supported in Op K, such that A = 1 in a
neighbourhood of K. Thus g/ = go in (a smaller) Op; K and g/ = g. on B\
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Op K. Since, for all p € P, lim._.||ge(p) — go(p)||*"~* = 0, it follows also
that lime_ [|g.(p) — go(p)||*"~ = 0; hence g/ is a C"-map which also satisfies
conclusion (i).

Let F' = F!: [0,1] x P — I'(E) be the homotopy ((v,p,b) € [0,1] x P x B):

F'(v,p,b) = Fe(v,p,b) 4+ v (X (g0 — g¢))(p, b).

Evidently, I/ = F on B\ Op K, F} = (3; employing F; = 9} g., it is clear that
F| = 0] g.. We show that, for e > 0 sufficiently small, the homotopy F": [0, 1] x
P — T(R). Indeed, computing derivatives 0},

F/(U,p, b) - F(’U,p, b) + ’U)\(p, b) (atr(g() - ge)(pa b)) + E, (3'42)

where E is a linear combination of derivatives of the form, 6{ A - 0F(g0 — ge),
k+j = r; k < r—1. Since lim_o ||ge—go||*" ! = 0 it follows that lim._q || E|| = 0.
Since A is compactly supported in Op K, it follows from (3.41), (3.42) that, over
Op K, for all v € [0,1] (F,(p,b) = F(v,p,b); F/(p,b) = F'(v,p,b)):

17y = Foll < 6/2,

provided € > 0 is sufficiently small. It follows that, over Op K, the image of the
homotopy F’ lies in N(§) C N and hence F’: [0,1] x P — I'(R), provided € > 0
is sufficiently small. Note that over Op1 K, F§ = 3, F| = 0[go = 0;¢g. = (.
Consequently over Op; K F’ is homotopic in N(d), rel{0,1}, to the constant
homotopy (. Employing standard arguments with bump functions to construct
a homotopy of homotopies in N(d) (as in the proof of Theorem 3.4 (iii)), F’
is homotopic to a homotopy F”: [0,1] x P — T'(R) such that F”" = F’ on
[0,1] x (P x B)\ Op K, F" is the constant homotopy  in (a smaller) Op, K.
Hence the pair (g., F"") satisfies conclusion (iii) of the theorem. O

Corollary 3.9 (Ample Relations). Suppose in addition R C E is open and ample.
Let : P — T'(R) be a smooth map, where P is compact C* manifold (a param-
eter space) and let s > r > 1 be integers. For each smooth map go: P — T'(E),
the following properties obtain:

For each € > 0 there is a C*°-map g.: P — I'(E) and a homotopy F =
F.: [0,1] x P — T(R) such that, for all p € P, conclusions (i), (ii), (iii) are
satisfied.

Proof. Since R is ample it follows that for all (p,b) € P x B,

95 go(p,b) € Conv(Rys, B(p,b)).

Thus the main hypothesis of the C--Approximation Theorem is satisfied, from
which the Corollary follows. O



CHAPTER 4

OPEN AMPLE RELATIONS IN 1-JET SPACES

In this chapter we apply the analytic theory of Chapter III to prove the h-
principle, Theorem 4.2, for differential relations in spaces of 1-jets which are
open and ample. Differential relations in spaces of higher order jets and also
non-ample relations are treated in subsequent chapters. There are good reasons
for treating separately the cases of open, ample differential relations that occur
in the context of spaces of 1-jets:

1. Included in these cases are many of the historically important results
in immersion-theoretic topology such as the h-principle for immersions and for
maps of rank > k. Included also are the h-principle for some more special applica-
tions to symplectic topology and to proving the existence of linearly independent
divergence-free vector fields on manifolds. However, the h-principle for submer-
sions of open manifolds, Phillips [31], does not follow directly from Theorem 4.2.
Indeed, the submersion relation is not ample. Phillips’ Theorem is proved in VIII
Theorem 8.28 as an application of the theory of relations over jet spaces.

2. In these cases also the analytic theory developed in Chapter III applies
directly to prove the h-principle. By contrast, in the cases of ample and non-
ample relations in spaces of higher order jets, and of over-relations p: R — X (),
r > 1, more topological technique, specifically the theory of iterated convex hull
extensions, needs to be introduced. These additional techniques are developed in
Part II. Furthermore, the strong C°-dense h-principle is trivially equivalent to
the C°-dense h-principle for relations in spaces of 1-jets (cf. I §3). In spaces of
higher order jets the proof of the strong C’-dense h-principle, i > 1, is technically
more difficult and was an open question in Gromov [18] in the case of general
non-ample relations. In Part IT we prove strong C*-dense h-principles (Theorems
8.4, 8.12), based on our strong version of the h-Stability Theorem 7.2.

3. The inductive proof procedure employed in the proof of Theorem 4.2 is
the model for the proof procedure of the h-principle for relations p: R — X (),
r > 1, over spaces of higher order jets. This proof procedure is much easier to
visualize and also is decidedly easier to implement in the case of spaces of 1-jets.
In Gromov [17], where only spaces of 1-jets are treated, a somewhat different
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inductive proof procedure is employed, based on a cubical triangulation of the
base manifold V' (Adachi [1] also follows the proof procedure of Gromov [17]).
This proof procedure works well for spaces of 1-jets since the corresponding C*-
Approximation Theorem in Gromov [17] is easily proved relative to the boundary
of the cubes. In the case of higher order derivatives the proof of the relative
version of the C+-Approximation Theorem, III Theorem 3.8, is more delicate
and there is no special advantage pertaining to cubical triangulations. Our proof
procedure (adapted from Spring [37]) constructs a holonomic section inductively
over a countable, locally finite covering by charts of the base manifold, at the
nth stage of which one constructs a section which is holonomic in the nth chart
and which coincides suitably on the overlap with the sections constructed during
previous steps of the induction.

Analytically, the distinguishing feature of spaces of 1-jets is that locally,
in coordinates (uy,us,...,u,) on the base manifold, the 1-jet of a function is
expressed in terms of the “pure derivatives” 9/0u;, 1 < i < n. Since the analytic
approximation theory of Chapter III is also developed in terms of pure rth order
derivatives, this theory applies directly to prove the main results in the 1-jet
case.

The appearance of mixed derivatives in spaces of higher order jets requires
the theory of convex hull extensions, developed in Part II, in order to reduce to
the pure derivative case. However, the case of 2-jets is rather special. Although
in this book we have not attempted to carry out the details, the approximation
results of Chapter I1I can be applied to mixed derivatives of the form 9% /0u;0u;,
1 # j, by introducing suitable linear changes of coordinates which reduce to the
pure derivative case. By treating these mixed derivatives of order 2 first, and
then the remaining pure derivatives of order 2, the theorems in this chapter for
1-jet spaces carry over to open, ample relations in spaces of 2-jets.

§1. CY-Dense h-Principle

Let p: X — V be a smooth fiber bundle, fiber dimension ¢, over a smooth base
manifold V, dimV =n > 1. Let R ¢ X ie., R is a differential relation in the
space of 1-jets X, Locally near a point in X, p: X — V is a product bundle,
Xy =U xR? — U, where U C V is a chart. We identify I'"(Xy) = C"(U,RY),
0 < r < 0o. The manifold X is represented locally as,

Xy = Uxwx[[R? = JHUW). (4.1)
1

where W C R is open. With respect to local coordinates (uy,us, ..., u,) in U,
a section f € I''(Xy) = CH(U,RY) induces the section j°f(x) = (z, f(x)), and
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the section j'f € F(X,(Jl))7 the 1-jet extension of f: (9; = 9/0u;, 1 <i < n): for
allz € U,

(@) = (2, f(z),00f (), 0o f (), ..., 0nf(z)) € XIV. (4.2)

Let X [(]1 )= X (Jj x R?, where the R?-factor corresponds to the derivative 9,,. Thus
for all x € U,

i f(x) = (G f (@), 0n f(2)),
where j1f(z) € X is the “perp”-jet of f i.e., all derivatives except 9, are
included. Evidently, the projection pﬁ_: X((]1 ) Xﬁ is a product R?-bundle.
Xgl) = 2z X RY denotes the fiber over z € ij of this bundle.

Convex Integration theory is concerned principally with the properties of
the projection map (same notation) p! : Ry — X, where Ry = RN X[(Jl).
Analogously, let R, denote the fiber of R over z € X with respect to the
projection map p .

R . x®

lpi
XL
Ample Relations in XV, R ¢ XU is ample if with respect to all local
coordinate representations X ((Jl ) above, the following property obtains for the
Ré-bundle p! : XM — X7 for all (z,w) € X x R, Conv(R,,w) = X' = R¢
i.e., in the fiber X él) , the convex hull of each path component of R, is all of RY.
The vacuous case R, = ) is included.

Example 4.1. The immersion relation in the extra dimensional case is open and
ample. Specifically, let V, W be smooth manifolds dimV =n, dimW = ¢, n <gq.
A Cl-map f: V — W is an immersion if the tangent bundle map df: T(V) —
T(W) has maximal rank =n. Let p: X =V x W — V be the product bundle,
fiber W. The immersion relation R € X is the subspace defined by germs of
sections f € I''(X) such that, with respect to the local representation (4.2) of
gt f, the derivatives 9; f(x) € RY, 1 < i < n, are linearly independent. Thus, with
respect to the local coordinates (4.1) on X((Jl) of the manifold XM, Ry X[(Jl)
is the subspace of points (z,y, (v;)1<i<n), such that the n vectors v; € R4,

(1)
U

1 <i < n, are linearly independent. Clearly, Ry is open in X;,’ and hence R is

open in X1,
The projection p! : X((Jl) — X7 deletes the last vector v, € R? in the above

. 1 .
coordinates on X,(J)7 ie.,

pL(T,y, 01,02, . 0) = (T,9,01,V2, ., Un_1) GX(J]‘. (4.3)
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Let w = (x,y, (vi)i1<i<n) € Ry and let L be the (n — 1)-dimensional subspace
of R? generated by the linearly independent vectors vy, vs, ..., v,_1. Evidently,
from (4.3), the fiber R., z = p! (w) € X+, consists of all points (z,v) € z X
R? = R? such that the n vectors vy,vs,...v,_1,v are linearly independent i.e.,
v ¢ L and R, is the complement of the subspace L in R?. Consequently, in
case ¢ = n (the equidimensional case), L has codimension 1, and R, consists
of two path connected 1/2-spaces, the convex hull of each of which is itself i.e.,
these convex hulls are not R?. Hence the immersion relation is not ample in the
equidimensional case. In case ¢ > n + 1, then L has codimension > 2; hence R,
is path connected and its convex hull is R? i.e., R is open and ample in the extra
dimensional case.

Let s: X — V be the source map, s(j' f(x)) = x, x € V. I"(R) denotes
the space of C"-sections, in the compact-open C"-topology, with respect to the
source map (same notation) s: R — V, 0 < r < co. Recall the projection map
pi: XU — XO pl(i1f(z)) = f(x) € X, x € V, the 0-jet component of j' f(x).

h-Principle. Recall 1 §3, a section o € T'(R) is holonomic if there is a C*-
section h € T''(X) such that o = j'h. The relation R ¢ X satisfies the
h-principle if for each o € T'(R) there is a homotopy H: [0,1] — T'(R), Hy = «,
such that H; is holonomic. The principle result of this chapter is the following
theorem.

Theorem 4.2 (C’-dense h-principle). Let p: X — V be a smooth fiber bundle,
fiber dimension q, over a smooth manifold V, dimV =n > 1, and let R ¢ X1
be open and ample. Let h € I'(X) be a continuous section and let ¢ € I'(R) be
a continuous extension of h: pho¢ = h € I'(X). Let Ky be closed in V and
suppose h is O on Op Ko and satisfies j'h = ¢ on Ky. Furthermore, let N be
a neighbourhood of the image h(V') in X.

There is a section f € TY(X) and a homotopy F: [0,1] — T'(R) such that

the following properties are satisfied.

(i) j1f € T(R) i.e. f solves the relation R.

(i) f(V) C N i.e fis C-close to h in the fine C°-topology.

(iii) Fo =, Fy = jLf; for all t € [0,1], the image p} o F,(V) C N.

(iv) (Relative theorem) For all t € [0,1], Fy = ¢ on K.
Remark 4.3. Conclusion (iii) of the theorem proves the h-principle for open,
ample relations R ¢ XM, Indeed, let ¢ € T'(R). Let p} o o = h € T(X), the
induced 0-jet component of the section . Conclusion (iii) of the theorem, applied
to the data ¢, h (Ko = 0)) states that ¢ is homotopic in R to a holonomic section,

which proves that R satisfies the h-principle. Furthermore, in case no relative
theorem is required i.e. Ky = (), one may choose f to be smooth.
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Proof of Theorem. In order to apply the results of Chapter III, we first arrange
for the data h, ¢ to be smooth on V'\ K. Let N be a neighbourhood of the image
(V) in R. One identifies a small neigbourhood U of h(V') in X with a vertical
disk bundle (= ker Ds) with respect to the smooth source map s: X — V. Since
py: X — X is a Serre fibration, there is a continuous lift v: U — N such that:
(i) piov=idy; (ii) voh=@ €T (XM) (cf. Bredon [5], p. 451 and V Theorem 5.1).

Employing the smooth approximation theorem, I Theorem 1.1 (h is C*! in
Dp Kp), up to a small homotopy rel Ky in U one may assume that h is smooth
on V'\ Ky. Employing the lift v, one lifts the above homotopy into N. Thus, up
to a small homotopy of ¢ in R, p§op = h is smooth on V'\ K. Again employing
the bundle p§: X — X, up to a further small homotopy on ¢ in R over the
base h(V) C X one may assume that ¢ is smooth on V' \ Ky and that ¢ = jlh
on Vp K.

Let (W;)i>1, (U;)i>1 be locally finite coverings by closed charts of V' \ K;
where K is a closed neighbourhood of Ky in Op K such that for all ¢ > 1: (4)
W; C int U; ; (ii) U; is diffeomorphic to the cube [0,1]" C R"; (i) U; C V' \ K.
In particular ¢ = j'h on Op K; and h, ¢ are smooth on each chart of the cover
(Ui)iz1-

The proof proceeds by induction, which we briefly describe as follows. Let
N1 be a neighbourhood of the image h(V) in X such that Ny C N. Beginning
with the section h, one constructs a sequence of sections h;, ¢ = 0,1,2,...,
ho = h, such that for all ¢ > 1, h; = h;_1 on the complement of the chart
U; in V, and j'h; € T(R) on Op W; i.e., the section h; “improves” the section
h;—1 by solving the relation R over W; C U,. This improvement requires the
approximation theory of Chapter III which ensures also that h;(V) € N7, and
that for all i > 1 (Wy = 0),

i—1

jlhi:gpon DpKl; h; = h;_1 on UDle
0

Then, f = lim; .o, h; € T'1(X) satisfies all the conclusions of the theorem. The
modification of the section h;_; in the chart U, to obtain the section h;, i > 1,
is itself an inductive process, the main step of which is as follows.

The Main Inductive Step. Let U be closed chart on the base manifold
V' \ Ky such that U is diffeomorphic to the cube I™ = [0,1]" C R", with local
coordinates (u1,ug, ..., u,). We identify U with I".

We are given the following data: a local section g € T'°°(Xy) such that
g(U)NIX = ie., ge C®(I™ R7); an integer k € {0,1...,n—1} and a section
p = pr € IT°(Ry); a closed set L C V; a closed set W in the interior of U.
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This data is assumed to satisfy the following properties with respect to the local
coordinate representation (4.1) of X ((Jl ),

(ap) p=jlgon UNOp L.

(bx) pgop=gie. gisthe O-jet component of p. Furthermore, for all z € W,

p(x) = (x,9(x),019(x),...,0k9(x), 0rt1(2), ..., on(z)) € Ru,

where ¢; € C°(I",R9), k+1<j<n.
Note that in case k£ = 0, for all x € W, the map p includes none of the
derivatives of g: p(x) = (z, 9(x), 1(2), p2(2), ..., ou(x)) € Ru.

Lemma 4.4. Let 6 > 0. Let k € {0,...,n — 1} and let the pair (g,p), p = pk,
satisfy (ar), (br) above. Let also M be a neighbourhood of the image g(U) in Xy .
There is a map f € C>°(U,R?) and a C*-homotopy F: [0,1] — I'(Ry) such
that the following properties are satisfied (|| || is the sup-norm on C°(I™,RY)):

(v) |If —gll < 6. For all t € [0,1] the image p} o FL(U) C M.
(vi) Fo = px; pio Fr = f, and for all z € W,

Fl(x) = (CL’, f(:E), 81f(17)’ cee 76k+1f(x)790k+2(17)3 cee >90n(x)) € Ru.

(vii) f =g onUNOp L; the homotopy F is constant on Op L: for all t € [0, 1],
F=p=jlgonUNOpL.

In particular, the pair (f, Fy) satisfies the properties (ag+1), (bps1)-

Proof. The point of the lemma is that on W the section p, which includes the first
k derivatives of the section g, is improved through a homotopy rel L in T'(Ry)
to a section Fy which includes the first (k + 1)-derivatives of the section f. In
particular, in case k =n — 1, F} = j1f € T'w(R). Note that this improvement
occurs in the R9-factor of X[(Jl) which corresponds to the derivative 041 =
6/8uk+1.

For the purposes of the lemma, notationally it is convenient to shift the
O+1-coordinates in X((Jl) to the last factor i.e., let X[(Jl) = Xﬁ x R4, where the

Ri4-factor corresponds to the derivative Oyy1. Thus, with respect to this product
structure, for all x € U,

p(x) = (0" (2), pr11(2)) € Ry. (4.4)

where p*(x) = (z,g9(z)

v 01(2),y o Prr1 (), on(2) € X iee., pt(x) deletes
the component ¢y11(x) o

f p(x).
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Let m: = I" x R? be the product R?-bundle over I" obtained by pulling
back the product bundle pt: X ((Jl ) L X (Jj (associated to the above product de-
composition with respect to the derivative 0y 1) along the embedding p*: I" —
X é:

B X

T
L
m 2 X¢
Let S C E be the pull-back of the relation R. Since R is open in X(*) and ample
with respect to all coordinate directions in the chart U, it follows that S is open
and ample in £. One now reformulates the data of the lemma in terms of the
relation S in E. Since p € I'™°(Ry ), it follows from (4.4) that i1 € T°(S).
Since S is ample in F, for all z € I"™,

Okv19(z) € Conv (S, ry1()). (4.5)

Employing property (aj) of the data, it follows that on Op L, o1 = Og+19-
Fix an integer s > 1. Applying IIT Complement 3.7 (without parameters) to the
above data, and for which the main hypothesis is satisfied by (4.5), one concludes
that, for each ¢ > 0 sufficiently small, there is a section g. € I'*°(E) and a C*°-
homotopy G = G.: [0,1] — I'(S), such that the following properties obtain (for
convenience of notation, let ¢t = ug41; O = Ok41):

(viii) lime_o ||ge — g]|* = 0.
(ix) 9ige € T(S); Go = pp415 G1 = Oige-
(x) ge=gonUNOpL; forall r € [0,1], G, = Y11 = F+19 on U N Op L.
To prove the lemma we suitably “push forward” the pair of maps (g., G.) back to

Ry . With respect to the source map s: X[(Jl) —U,let F=F.[0,1] — F(X((Jl))
be the homotopy ((¢,z) € [0,1] x U),

Fe(t,z) = (z,9(x) + t(ge — 9)(x), p1(x) + t01(ge — 9) (),
c Pkt tak(ge - 9)<x)7 (pk+2($), SRR @n(x)’ Ge(t’x))
= (ye(t, ), Ge(t,z)) € Xir x RT = XV, (4.6)

where y(t,-) € I'(Xz) is the L-component of the homotopy F.. In particular,
at t =1, pj o F.(1,+) = g. € T'(Xy). Since Go = pp41, it follows that Fy = p.
Furthermore, from (x), go = g on U N Op L, and the homotopy G is constant
= @11 on U N Op L; hence, employing (ay), it follows that the homotopy F, is
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constant = p = jlg on Op L. Setting ¢t = 1, and employing (ix), G; = drg =
Ok+19e; hence, from (4.6), (by), for all x € W,

FE(17x) = (x7ge(‘r)7 alge(m)v R akge(x)7
Pr+2(2), - -5 on (@), Opt19e(x)).  (4.7)

Note also from (viii) that in particular, since s > 0, lim._q ||gc — g|| = 0. Setting
f = ge, for € > 0 sufficiently small, ||f — g|| < J i.e. the first part of conclusion
(v) is satisfied. From (4.6), the 0-jet component of the homotopy F is explicitly:

o © Fe(t,z) = (2, 9(x) + t(ge(w) — g(2)) € Xu.

Since lim¢ ¢ ||ge — g|| = 0 it follows that, for ¢ > 0 sufficiently small, for all
(t,z) € [0,1] x U, p{ o Fe(t,z) € M, which completes the proof of (v).

The above properties established for the homotopy F. prove that the pair
of maps (f, F¢) satisfies all the conclusions of Lemma 4.4 except possibly the
property that F, is a homotopy in I'(Ry).

Remark 4.5. The push forward of the bundle 7: E — I™ by p* lies in Ry over
the base p(U) in X{. Employing (4.6), the L-jet component of the homotopy
F.(t,-) is y(t,-), a small perturbation (which depends on €) of p. However the
homotopy G, (the d;-component of the homotopy F¢) is constructed as in III
Complement 3.7 in terms of the rapidly oscillation function 6. (cf. (3.23)). Hence
the homotopy G.(t,-) oscillates rapidly and does not satisfy uniform approxima-
tions as € — 0. Further arguments, presented below, are therefore required to
prove that F, is a homotopy in I'(Ry).

The proof that F, is a homotopy in I'(Ry) is somewhat delicate and de-
pends in an essential way on the C-structure (h, H) employed in the proof of
Complement 3.7, as it applies to the relation S C E above. Specifically, employ-
ing Complement 3.7 (ii) (cf. also the remarks following the proof of Theorem
3.4), except for a small perturbation near L to arrange that the homotopy G
is constant = @i on U N Op L, for all € > 0 the image of the homotopy G,
is contained in the image of H, where H: [0,1]?> — T'(S). Consequently, for all
€ > 0, the image of G, is contained in a compact set in S, thus providing the
control required to prove that, for e > 0 sufficiently small, F, defined by (4.6),
is a homotopy in I'(Ry). The details are as follows.

Let H': [0,1]2 — TI'(Ry) be the push forward of the map H along the
embedding pt: U — Xg: for all (¢,s,2) € [0,1]> x U,

H'(t,s,z) = (pt(x),H(t,s,z)) € Ry. (4.8)
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Let V' be a neighbourhood of the compact set im H’ in the open set Ry. Since
I™ is compact, there is a § > 0, such that, with respect to a metric d on the
manifold X+, the following property obtains: for all (t,s,z) € [0,1]? x U,

(y,H(t,s,x)) €V C Ry for all y € Xi+ such that d(p™(x),y) < 4.  (4.9)
Employing (viii), since s > 1, it follows in particular that,

tim 0;(gc ~ ) =0 1<j<n-1 (4.10)

Consequently, for € > 0 sufficiently small, one concludes from (4.6), (4.10) that
for all (t,z) € [0,1] x U,
d(yc(t, x), p*(z)) < 0. (4.11)

Employing (4.9), (4.11), for € > 0 sufficiently small, it follows that for all
(t,s,u,z) € 10,1 x U,

(ye(t,x), H(u,s,z)) € Ry. (4.12)

As explained above, on the complement of a neighbourhood N (L) of LNU in U,
the image of the homotopy G is contained in im H. Consequently, for sufficiently
small € > 0, employing (4.6), (4.12),

F.: [0,1] x (U\ N(L)) — Ry. (4.13)

It remains to prove that the image of the homotopy F. on N (L) is also con-
tained in Ryr. To this end, let N, be a neighbourhood of p(U) in Ry. Employing
(4.4), pr41 € I'(S) is the pullback of p € I'(Ry); hence there is a compact neigh-
bourhood Ny of ¢i41(U) in S such that Ny is contained in the pullback of
N,. Applying Complement 3.7 (iii) to the neighbourhood N1, one can assume
that, for e > 0 sufficiently small, the small perturbation to obtain the homotopy
G. in N(L) satisfies the property,

G.:[0,1] x N(L) = Nyyy C S. (4.14)

Since the push forward of the compact neighbourhood Ny is contained in N,
it follows from (4.11), (4.14) that, for € > 0 sufficiently small, the homotopy F.
in (4.6) satisfies the property,

F.: [0,1] x N(L) — N, C Ry. (4.15)

Employing (4.13), (4.15), it follows that F.: [0,1] — T'(Ry), which completes
the proof of the lemma. O
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Corollary 4.6. Suppose the data (g, p) satisfies properties (ag), (by) (i.e. k=0),
with respect to a closed set L C U. Let § > 0. Let also M be a neighbourhood
of the image g(U) in Xy. There is a map f € C*°(U,RY?) and a C*-homotopy
F [0,1] = T'(Ry) such that the following properties are satisfied.

(i) |If —gll < 6. For all t € [0,1], the image p} o F,(U) C M.
(it) Fo=p;pooFr=f €T(Xy); FL=j'f on OpW i.e. j' f € Tw(R).

(iii) f =g on UNOpL; the homotopy F is constant on Op L: for all t € [0, 1],
F,=p=jlgonUNOpL.

Proof. Let p € (0,5/n) be an auxiliary constant. Inductively on k, one employs
Lemma 4.4 n-times, starting with the pair (g,p) at £ = 0 (f° = g), to obtain
a sequence of pairs (f*, F¥) which satisfy the properties (ay), (by) of the data,
1 < k < n, where f¥ € C>®(U,RY), F¥:[0,1] — I'°(Ry), and such that the
following properties obtain for all k, 1 < k < n.

(iv) ||f* — f*7| < p. For all t € [0, 1] the image p} o FF(U) C M.

(v) Fg = p; Ff = Fg*Y pho FR(1,-) = f* € T(Xy).

(vi) f* = gon UNOp L; the homotopy F* is constant on Op L: for all t € [0, 1],
FF=p=jlgonUNOpL.

From (v), the time-1 map of the homotopy F¥ is equal to the time-0 map of the
homotopy F**1. One may therefore concatenate the homotopies F*, 1 < k < n,
to obtain a homotopy F': [0,1] — TI'(Ry) such that Fy = p, F} = jlf* €
I'w (R ). Employing (iv), for all ¢ € [0, 1] the 0-jet component p} o Fy(U) C M.
Let f = f™. Employing (iv), ||f — ¢g|| < nu < &, which completes the proof of (i),
and the corollary is proved. O

Returning to the proof of Theorem 4.2 suppose, inductively, there are sec-
tions h; € I''(X), smooth on V' \ Ky, 0 < i < m, such that hy = h, and such that
the following properties are satisfied with respect to the covers (W;);>1, (U;)i>1
of the base manifold V' \ K;. For all 4, 1 <i <m (W, = 0):

(p1) hi=hi—y on Op (V\Uj;).

(pg) hz = h on Dp K.

(p3) j'hi(DpW;) C R.

(p4) hl = hi—l on Ug_l Dp Wj.

(ps) The image h;(V) € Nj.

Furthermore, we suppose inductively that there are homotopies H;: [0,1] —
I'(R), smooth on [0,1] x (V\ Kj), 0 < i < m, where Hy is the constant homotopy

= ¢, and such that the following properties are satisfied. For all (¢,z) € [0,1]xV,
and for all 4, 1 <i<m:
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(1) H1(0,2) = ¢(x); for all ¢ > 1, H;(0,2) = H;—1(1, ).

(g2) Hi(t,x) = Hi—1(1,z) for all x € Op(V \ U;) i.e., the homotopy H; is
constant on Op (V' \ U;).

(g3) The homotopy H; is constant = ¢ on Op Kj.

(q4) Hi(1,2) = j'hi(x) on Uy Op W

(g5) At t =1, ploH;(1,) = h; € [(X); for all (t,z) € [0,1] x V, p} o H;(t,z) €
M.

We construct below h,,+1 € I''(X) and a homotopy H,,41:[0,1] — [(R),
smooth on V'\ Ky, such that the pair (hy,+1, Hp41) satisfies the above properties
for ¢ = m 4 1. Note that the induction begins with m = 0 i.e., with the section
ho = h € I'*°(X) and the constant homotopy Hy = ¢(z).

For notational convenience in what follows, we set U = U,;,41, W = W11,
g = hy on U and let p € T'(Ry) be the restriction of H,,(1,-) to U. In case
m = 0, p is the restriction of ¢ to U. Thus the pair of maps (g, p) satisfies the
following properties:

(r1) In case m > 1, from (gs), pgop = g € I'(Xy); in case m = 0, g = hy is the
0-jet component of ¢ over U by hypothesis.

(r2) From (qu), p = j'g on U N Uy Wj; from (g3), (p2), p = ¢ = j'g on
Op (K1 NU).

Employing (rz), it follows that,
(r3) p=j'gon UNOpL, where L = K; UJy" W.

Consequently, employing (71), (r3), the pair of maps (g, p) satisfies proper-
ties (ag), (bo) (i-e. k = 0) of the data for Lemma4.4, with respect to the closed
set L C V defined in (r3). Let § > 0. Applying Corollary 4.6 to the data (g, p)
and the closed set L, it follows that there is a map f € C°°(U,R?) and a C*°-
homotopy F': [0,1] — I'(Ry) such that the following properties are satisfied.

(i) ||If —gll < 6. For all s € [0,1] p§ o Fs(U) C N;.
(ii) Fo=p; Fr=3"fon OpW;at t =1, pyo Fi(1,) = f € [(Xy).
(iii) f = g = hy, on U N Op L; the homotopy F is constant = p = jlg on
UnNOplL.

Let u: V' — [0, 1] be a C*°-function such that g = 0 on Op (V\U) and p = 1
on Op W. Employing the cut-off function p, the homotopy H,,41: [0,1] — I'(R)
is constructed as follows. For all (¢,z) € [0,1] x V,

H,(1,z) ifx e Op(V\U)

F(u(z)t,z) ifrel. (4.16)

Hyalto) = {
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Since = 0 on Op (OU) and Fy = p, it follows that H,,11 is well defined,
continuous, and smooth on V'\ K. Evidently, H,,11(0,-) = H,,(1,-). Employing
(iii), the homotopy H,, 41 is constant = jlh,, on Op L. In particular, from (p2),
the homotopy H,,.1 is constant = j'h = ¢ on Op K;. Hence properties (q1),
(q2), (g3) are satisfied. Also from (iii), (g4) (for i = m), the homotopy H,,11 is
constant = j'h,, on |J;" Op W;.

Let hp,t1 € T1(X), smooth on V'\ Kq, be the section such that h,, 11 = pjo
Hy,41(1,-) € T'(X) i.e. the 0-jet component of the homotopy H,,+1 at t = 1. Thus
the first part of (gs) is satisfied by definition. From the properties established
above for the homotopy H,,41, it follows that the section h,,y1 satisfies (p1),
(p2) and (p4) (for i = m+1). Furthermore, since = 1 on Op W, employing (ii),
it follows that property (ps) is satisfied for i = m + 1, from which one concludes
also that the homotopy H,, ;1 satisfies (q4).

It remains to show the approximation properties (ps), (¢5) for i = m +
1. Applying (g5) to the homotopy H,,, and property (i) above for the 0-jet
component of the homotopy F, it follows from (4.16) that for all (¢, z) € [0, 1]xV/,

Py © Hmy1(t,z) € My (4.17)

which completes the proof of (gs). In particular, the image h,,+1 (V) C N7, which
proves (ps) and the inductive construction of the sequences (h;)i>0, (H;)i>0 is
complete.

To complete the proof of Theorem 4.2, let f € T'(X) be the section f =
lim; . h; (pointwise). Since the cover (W;);>1 of V' \ K; is locally finite, it
follows that for all compact sets K in V, there is an integer n > 1 such that
K c Op K |J; W;. Employing property (p4) of the sequence (h;);>1, it follows
that f = h,, on K for all m > n. Since the manifold V' is a countable union
of compact subsets, one concludes that f is well-defined and f € I''(X). In
particular, employing (ps) the image f(V) c N; C N. Employing property
(q4) of the sequence of homotopies (H;);>1, it follows also that j!f € T'(R) thus
proving properties (i), (ii) of the theorem. Furthermore, employing property (p2),
f=hon Op K;.

It remains to show that ¢ is homotopic in T'(R) rel Ky, to j!f. Employing
(q1), for each i > 1, the time-0 map H; (0, -) is equal to the time-1 map H;_;(1,").
The homotopy F is obtained by setting F; = j! f; F; = ¢ (constant homotopy)
on [0,1/2]; on the interval [1/2,1], F' is the concatenation of the homotopies
H], where for all ¢ > 1, H! is obtained from H; by transforming [0,1] into
[1—27% 1 —270+D]. Since the cover (W;);>; is locally finite, employing (g2),
(qa), it follows that F': [0,1] — I'(R) is well-defined, continuous, and Fy = ¢,
F; = j1f. Employing (g3), (gs), the homotopy F is constant = ¢ on Op K; and
for all ¢t € [0, 1], the projection p} o Fy(V) C N/, which proves conclusions (iii),
(iv) and the proof of the theorem is complete. O
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The main corollary of theorem 4.2 is the weak homotopy equivalence the-
orem below (cf. T §1.3.2). In particular, in the case of the immersion relation,
Example 4.1, one recovers the classical weak homotopy equivalence results of
Hirsch [21], Smale [36].

Let R € X be a relation and let I'z(X) denote the subspace of T (X)
consisting of all sections h such that j'h € T'(R). The induced map J: T'g(X) —
['(R), J(h) = j'h, is continuous.

Weak Homotopy Equivalence Theorem 4.7. Let R C X be open and ample.
The map J: T'r(X) — T'(R) is a weak homotopy equivalence.

Theorem 4.7 is a consequence of the following general parametric h-princi-
ple. Let Z be an auxiliary compact m-dimensional smooth manifold (a parameter
space). Associated to Z are the bundles,

idxp: Zx X —-ZxV; idxpy: Zx XV = Z x X.

In particular Z x R is an open relation in Z x X(). For the purposes of the
proof of Theorem 4.7, Z = S* in the case of the surjectivity of the ith homotopy
group; Z = S*x [0, 1] in the case of the injectivity of the ith homotopy group. The
following theorem generalizes Theorem 4.2 to the case of an auxiliary compact
space of parameters Z.

Theorem 4.8 Parametric h-Principle. Let o € C°(Z,I'(R)) and let h € C°(Z,T
(X)) be the induced map such that for all z € Z, ploa(z) = h, € T'(X). Suppose
Zo C Z is closed, 07 C Zy, such that h € CY(Op Zy, X) and for all z € Op Zy,
a(z) =jth, e T(R).

There is a homotopy relZg, H € C°(Z x [0,1],T(R)), Hy = «, such that for
all z € Z, H(z,1) € T(R) is holonomic: H(z,1) = jlf, € T(R) where f €
CHZ,T(X)).

Proof. As in the proof of Theorem 4.2, we first arrange for the data «,h to
be smooth on Z \ Zy. Let N be a neighbourhood of eva(V) in Z x R. Let
evh € I'(Z x X) denote the section (z,z) — (z,h.(z)). Employing the bundle
id xph: Zx XM — Z x X, there is a neighbourhood U of the image ev h(Z x V)
in Z x X and a continuous lift v: U — N such that (id xp})ov = idy; voevh =
eva € I'(Z x R). Employing the approximation theorem I 1.1, up to a small
homotopy rel Zy x V of ev h in U, one may assume that h € C>(Z \ Z,,T'(X)).
Lifting this homotopy into N, up to a small homotopy of eva in N, one may
assume that ploa = h € C*°(Z\ Zy, X ). Again employing the bundle id xp}: Z x
XM — Z x X, up to a further small homotopy of eva in N one may assume
that a € C™(Z\ Zy,T(R)) and that for all z € Op Zy, a(z) = j'(h.) € T(XD).

Let Z1 C Z\ Zy be a smooth compact submanifold with boundary, dim Z; =
m, such that 0Z; C Op Zy. Thus o € C*(Z1,T(R)), h € C>*(Z;,T'(X)), and
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for all z € Op (07;), a(z) = j1(h,) € T(R). Following the proof of Theorem 4.2
(Ko =0), let (W;)i>1, (Ui)i>1, be locally finite coverings of the base manifold V
by closed charts such that W; C int U; for all i« > 1. Applying III Complement 3.7
(with parameters), the main inductive step Lemma 4.4 in the proof of Theorem
4.2 carries over to the case of parametrized smooth maps with respect to the
smooth space of parameters Z;. Thus inductively one constructs a homotopy
rel Op Zy of a which is holonomic on Z; x [J; Wj, for all ¢ > 1. Taking the limit
as i — oo the theorem is proved. Details are left to the reader. O

Proof of Theorem 4.7. The parametric h-principle above is employed to prove the
theorem as follows. Fix an integer ¢ > 0, and let £ € I'g (X)) be a base point. We
show that J,: m;(T'r(X),¢) — m;(T'(R),j1¢) is onto. Let g € S* be a base point
and let o: (S%,29) — (I'(R),j*¢) be continuous. Up to a small homotopy, one
may suppose that ¢ is constant (= j1¢) on Op x in S%. Surjectivity now follows
from Theorem 4.8 applied to the case Z = S (0Z = ()) and Zy = 2o € S°.

We now show that J.: m(Ir(X),£) — m;(F(R),j'¥) is injective. To this
end let hg, hy: (S% 209) — (T'r(X),£) such that J o hg,Johy: (S, 29) — (T(R),
j¢) are homotopic: there is a homotopy H : [0, 1] x S* — T'(R), rel zg, such that
H; = Joh;, i =0,1. In particular H is constant (= j'¢) on the line segment
L, where L = [0,1] x zg in [0, 1] x S*. Up to a small homotopy, one can assume
that H is constant (= j1¢) on Op L in [0, 1] x S*, and that for some € € (0,1/2),
H, = jlho; Hi_; = jlh,l for all t € [0, 6].

Let Z = [0,1] x S%, and let Zy = ({0,1} x S*) U L. Thus dZ C Z, and,
employing the above small homotopies, H: Z — T'(R) satisfies the hypotheses
of Theorem 4.8 on Op Zy. Injectivity now follows from Theorem 4.8. Note that
Theorem 4.8 yields additional information. The homotopy H: Z — T'(R) itself
is homotopic to a parametrized family of holonomic maps. O

§2. Examples

Let V,W be smooth manifolds, dimV = n, dmW = q. Let X =V x W —
V' be the product bundle, fiber W. In particular I'"(X) = C"(V,W), r €
{0,1,2,...,00}.

In case ¢ > n, let Z C X denote the immersion relation, as in Exam-
ple 4.1. Thus 7 is open and, in case ¢ > n + 1, Z is ample. Applying Theorem
4.7, one recovers the classical immersion theorem of Hirsch [21] in the extra
dimensional case.

Theorem 4.9 (Hirsch). Let Z C X be the immersion relation and suppose
g >n+1. The map J: I'z(X) — I'(Z), h — j'h, induces a weak homotopy
equivalence.

With respect to the above bundle X =V x W — V, let RF ¢ X(1) be the
k-mersion relation: R¥ is the subspace defined by germs of sections f € I''(X)
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of rank > k (k < inf{n,q}). Thus, analogous to Example 4.1, with respect
to the local coordinates (4.1) on X[(Jl), RE C X,(Jl) is the subspace of points
w = (x,y, (vi)1<i<n) such that the vectors v; € RY, 1 < i < n, span a subspace
of dimension > k. R¥ is open in X (). We prove that in case k < ¢—1 then R¥ is
also ample. Indeed, with respect to the projection p! : X [(Jl N '¢ é which deletes
the last vector v, € R? (cf. (4.3)), Let L C R? denote the subspace spanned by
the remaining vectors v1,...,v,_1. Thusdim L > k—1. Let R’; be the fiber over
z = p! (w) € Xg. Thus RE consists of all points (z,v) € {z} x R? = R such
that the subspace of R? spanned by L, v is of dimension > k. If dim L > k, then
R’; = RY. In case dimL = k — 1, then R’; is the complement of the subspace
L in R?. Since k < g — 1, it follows that L has codimension > 2 from which it
follows that R¥ is path connected and its convex hull is R? i.e. R is ample in
the extra dimensional case k < ¢ — 1. Applying Theorem 4.8, one recovers the
classical theorem of S. Feit [12]. Note that the case k =n < ¢ — 1 is the Hirsch
Theorem above.

Theorem 4.10 (Feit). Let R¥ € XV be the k-mersion relation above, and suppose
k<q—1. The map J: Tge(X) — T(R¥), h + j'h, induces a weak homotopy
equivalence.

We develop some formal properties of 1-jet spaces of differential forms that
are employed in both of the examples below on the existence of divergence free
vector fields and the existence of non-degenerate 2-forms.

Let Y = T*(V) the cotangent bundle of a smooth n-dimensional manifold

V. Thus T7(Y) is the space of C" 1-forms on V; s: V(") — V is the vector

bundle of r-jets of germs of C"-sections of Y7 pb: Y1) — Y is a vector bundle,

fiber L(R™,R™). In local coordinates (ui,...,u,) in a chart U on V, Yél) =

Yo x LR™,R™); if o = >, a;(u) du; is a 1-form on U of class C' then for all
ue U,

jla(u) = (alu), A(u) € Y, (4.18)

where A(u) is the n x n matrix (9a;/0u;(u)) € LR™,R™). Let Z = A?(V),
the 2nd exterior power of the cotangent bundle of V. Thus I'(Z) is the space of
continuous 2-forms on V. The exterior derivative d: T*(Y) — I'(2), a — da,
induces a vector bundle homomorphism A: Y1) — Z that covers the bundle
projection p: Y — V such that on the level of 1-forms, for allz € V, A(jla(z)) =
da(z), where a € T1(Y).

yny & o
iq 0
Y —V
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In the above local coordinates A(y, B) = >, ;. (bjr —by;) duj Aduy, where y € Y
and B = (b;;) € L(R",R"™). (Employing the coordinates (4.18) note that for all
u € U, A(jra(u)) = da(u) € Z,.) Evidently A is a linear epimorphism on each
fiber and, in the above local coordinates, (y, B) € ker A if and only if B is a
symmetric matrix.

Let pj: E — V be the restriction of the vector bundle pj: YY) — Y to
the zero section (= V). Since the zero section is a strong deformation retract
of the total space Y1) it follows that the bundle pj: Y1) — Y is equivalent to
the pullback of p}: E — V along the projection map p: Y — V. Furthermore,
in the above local coordinates for A, the image of A is independent of y €
Y. Thus, employing the pullback equivalence, A factors through the restriction
epimorphism (same notation) A: E — Z over the base space V:

y® E 2 .7

Pol P(l)l J{p

Y 1% 1%
P id

Since a vector bundle epimorphism over a manifold always splits (Hirsch [22]) it
follows that there is a vector bundle monomorphism g: Z — E C Y such that
Aog=id: Z — Z. In particular any 2-form \ € I'(Z) lifts to a section p € I'(E)
such that A o = A. In fact one can lift A to a section of the restriction of the
bundle YV to the subbundle over the image of any 1-form in Y. With these
bundle preliminaries, we consider the following applications of Theorem 4.2 to
problems involving differential forms.

Divergence Free Vector Fields. We apply Convex Integration theory to
prove the existence of a global basis of divergence free vector fields on a smooth
orientable 3-manifold. Let V' be a smooth orientable 3-manifold, and let €2 be a
non-zero volume form on V. A 2-form w on V defines a unique vector field F' on
V such that the contraction iz (§2) = w: for all vector fields Y, Z on V,

w(Y,Z) =Q(F,Y, Z).

In local coordinates, if ? = fdx Ady Adz; w = Ade Ndy + Bdy ANdz+ Cdx Ndz,
1

then F' = ?(BG/ 0z — C0/0y + A0/0z). This correspondence preserves linear

independence. A vector field F on V is divergence free with respect to € if

the Lie derivative Lp(Q2) = 0. Let w = ix(Q2). Employing the classical relation

Lp =dip +ipd, it follows that Lp(Q)) = dw. Thus F is divergence free if and
only if dw = 0 i.e. the corresponding 2-form w is closed. In particular if w = da
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is an exact 2-form then the corresponding vector field F' is divergence free. Thus
to construct divergence free vector fields which are linearly independent at each
point of V' it is sufficient to construct three linearly independent exact 2-forms
on V. This is accomplished in the following theorem, adapted from Gromov [18§]
who proves the corresponding existence theorem for divergence free vector fields
on manifolds V', dimV =n > 3.

Theorem 4.11 (Gromov). Let Fy, Fy, F3 be a basis of vector fields on a smooth
orientable 3-manifold V' i.e. linearly independent at each point v € V. There is
a homotopy F}f, t € [0,1], of linear independent vector fields on V, FY = F;,
1 <i <3, such that the vector fields F', 1 < i < 3, are divergence free.

Proof. Let Y = T*(V), the cotangent bundle of V. I'"(Y") is the space of C" 1-
forms on V; s: Y(") — V is the vector bundle of germs of r-jets of sections of Y. In
local coordinates (x,y,t) in a chart U on V/, Yél) = YL(,O) xR? (R? = L(R3,R?)).
Thus if o = adx + bdy + cdt is a C* 1-form on U then,

jla(p) = (joa(p)a (amvbmvcm)v (ayvbyvcy)a (a'tvbtact)) €Y x Rg'

Employing the decomposition (4.1), let Yél) = Y+ x R3, where the R3-factor
corresponds to the derivative 9/0t (coordinates (ay, by, c;) € R3).

Let also Z = A%Y, the 2nd exterior power of the cotangent bundle of
V. Thus T'(Z) is the space of continuous 2-forms on V. As explained above,
the exterior derivative d: T*(Y) — I'(Z), a — da, induces a vector bundle
homomorphism, A: Y1) — Z such that on the level of 1-forms, A(j'a) = da,

where o € T''(Y). Explicitly, in the above local coordinates for a 1-form « €
r(Y),

A(j'a) = (b, — az)dz Ady + (ci — a;)dz A dt + (¢, — b;)dy A dt.

Let R = {z} x R?® = R? be the fiber in VY over the base point z € Y. Then
in local coordinates, A induces a map (same notation) A: R — R3, (u,v,w)
(A, B—u,C —v) where A, B, C are constants. Hence the induced map A is affine,
whose image is an affine 2-plane in R? with normal vector (1,0, 0). Furthermore,
as explained above there is a bundle monomorphism ¢: Z — Y such that
Aog=id: Z — Z.

Let X = @}Y, the 3-fold direct sum of the cotangent bundle of V. Thus
XM = EB{’Y(D, and the map on I-jets A: Y1) — Z induces a map (same
notation) A: X — @37, such that on the level of 1-forms:

A(jlan, jlas, jlag) = (dai, das, das).
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Again employing (4.1), Xl(]l) = X x RY, where the R? = @$R? factor corre-
sponds to the derivative 0/0t.

Define now the relation R ¢ X to be the open subset consisting of
all triples of 1-jets (z1,29,23) € Xél), for all v € V, such that the 2-forms

A(z1),A(z2), A(z3) € Z, are linearly independent. In what follows we show that
R is ample.

Note that in the above local coordinates A maps the three R3-factors (cor-
responding to the derivative @/0t) to parallel 2-planes in R? = Z, with normal
vector (1,0,0). The dependence of the 2-forms A(z;), 1 < ¢ < 3, in these par-
allel 2-planes is analyzed in the following lemma. In what follows i, j, k are the
standard basis vectors in R3.

Lemma 4.12. Let P;, 1 < i < 3, be parallel 2-planes (hence affine subspaces) in
R3. Let P = H‘rf P;, and let ¥ C P be the singular set,

¥ = {(w1,wa,w3) € P | wy,ws, w3 are dependent in R*}.

The convex hull of each path component of the complement of ¥ in P is either
empty or all of P.

Proof. The parallel 2-planes are normalized to have normal vector k. Let w, =
Tt +yrj + Lrk € P., 1 <r <3. One computes,

wy A wa Aws = Q(x1,y1, %2, Y2, 23,Y3)i A j Ak = (La(z1y2 — x2y1)+
Lo(x3yr — w1y3) + Li(xoys — w3y2))i A j A k.

Thus ¥ C P = RS is the locus Q = 0. In the degenerate case when all L, = 0,
1 < r < 3, then ¥ = P (all three planes coincide with the plane z = 0).
Otherwise, one may assume Ls # 0. Note that the complement of the quadric
2y —z = 0 in R? has 2 path components and the convex hull of each component
is R3. Similarly, by considering levels x5 = ¢, the convex hull of each path
component of the complement of the quadric z1ys — z2y1 = 0 in R* is R*. Again
considering levels Q(x1,y1,z2,y2,¢,d) = 0 (x3 = ¢,y3 = d), the lemma follows.

O

The ampleness of R follows from Lemma 4.12. Indeed, recall that in the
above local product structure, X[(Jl) = Xz x R?, and the map A: R® — @37,
sends (affinely) the three R3-factors onto parallel 2-planes in Z,. In particular,
if p is a point in one of the 2-planes, then A=!(p) = p’ x R, p’ a point in the
corresponding R3-factor. Since paths in these 2-planes lift back to paths in the
corresponding R3-factors, employing Lemma 4.12, it follows from elementary
geometrical arguments that, for each z € X', the convex hull of each path
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component of R, C {z} x R? is all of R? (if not empty). Consequently R ¢ X1
is open and ample.

Returning to the proof of Theorem 4.11, the independent vector fields Fj,
1 <4 <3 on V induce linear independent 2-forms w;, 1 < ¢ < 3 on V. Lifting
via the vector bundle monomorphism g: Z — Y ()| there is a continuous section
€ I'(R) such that Ao = (w1, ws,ws) € &T(Z). Applying Theorem 4.2 to the
open, ample relation R € XM it follows that there is a homotopy 3; € T'(R),
Bo = B3, t €]0,1], such that 3; is holonomic: #; = jth € I'(R), where h € T'1(X)
(since no relative theorem is involved, one may assume h is smooth). Thus h =
(a1, a9, a3) € &T(Y) such that:

Ao By = (day,doy, das) € &IT(Z).

In particular, the exact 2-forms da;, 1 < i < 3, are linearly independent at
each point v € V. It follows that the vector fields L; on V corresponding to
doy, 1 < i < 3, are linearly independent and divergence free. Furthermore the
homotopy of linearly independent vector fields F}, 1 < i < 3, induced from the
homotopy of linearly independent 2-forms A o 3, € ®31(Z), t € [0, 1], connect
F; to L;, 1 <i <3, which completes the proof of the theorem. O

Applications to Symplectic Topology. A symplectic structure on a smooth
manifold V', dim V' = 2m, m > 1, consists of a symplectic 2-form o on V i.e. o is a
closed 2-form on V' which is non-degenerate: 0™ is a nowhere zero 2m-form (vol-
ume form) on V. Symplectic structures (Vi,01), (Va, 02) are smoothly equivalent
if there is a diffeomorphism f: V; — V5 such that f*o; = 05. The existence and
classification of symplectic structures is a topological problem of current research
interest. In case V is an open manifold which admits a non-degenerate 2-form
(perhaps not closed) then the covering homotopy method, as generalized in Gro-
mov [16], proves the existence of an exact symplectic structure o on V: o = da,
where « is a 1-form on V, and (da)™ is nowhere zero. Following McDuff [28],
we prove the following theorem for odd-dimensional smooth manifolds (possibly
compact and without boundary). Let V' be a smooth manifold, dim V' = 2m + 1.
A 2-form o on V is non-degenerate if the 2m-form ¢™ is nowhere zero on V.

Theorem 4.13 (McDuff). Let V' be a smooth manifold, dimV = 2m + 1, m >
1, and let a € H*(V) = H?*(V;R). Each non-degenerate 2-form p on V is
homotopic through non-degenerate 2-forms pu, t € [0,1], uo = u, to a symplectic
2-form py such that [u1] = a € H*(V).

(Relative case) Furthermore suppose K C V is a closed submanifold such that
dp =0 on Op K and [uu|x] = a|x € H?(K). The homotopy ji; can be chosen to
be constant on K: puy = prel K, 0 <t < 1.

Proof. We follow the proof of McDuff [28] where this theorem is applied to prove
concordance results for symplectic forms ([28] Theorem 4.2). Let Y = T*(V) the
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cotangent bundle of V. Thus I'"(Y) is the space of C” 1-forms on V, s: V(") — V
is the vector bundle of r-jets of germs of C"-sections of Y, and p}: YV — Y is
a vector bundle, fiber L(R™,R™). In local coordinates (u1,...,u,) in a chart U

onV (n=2m+1), Yél) =Yy x LR, R"); if o =, a;(u) du; is a 1-form on
U then for all u € U,

jra(u) = (a(u), A(u)) € YV,

where A(u) is the n x n matrix (9a;/0u;(u)) € LR",R"). Let Z = A?(V),
the 2nd exterior power of the cotangent bundle of V. Thus I'(Z) is the space of
continuous 2-forms on V. The exterior derivative d: I''(Y) — T'(Z), a + da,
induces a vector bundle homomorphism A: Y1) — Z such that on the level of
1-forms, for all z € V, A(jla(z)) = da(x), where o € TH(Y). In the above local
coordinates,
Ay, B) = Z(bjk — byj) duj A dug,
i<k

where y € Y and B = (b;;) € LR™,R™). Fix a € H*(V) and let A € I''(Z) be
a closed 2-form on V such that [A\] = a. Let R € Y be the relation defined as
follows (s: Y (1) — V is the source map):

R={zeYW | \xz)+ A(2) € Z, z = 5(z) € V, is non-degenerate}.

In the above local coordinates let A(z) = >, 4 Aji(x) du;j A dug. Then z =
(y,B) € R (p(y) = x € V) if and only if the 2-form,

o(z) = Z()\jk(x) + bjr, — biy) duj A duy, € Zg,
j<k
is non-degenerate, where B = (b;;) € L(R",R") i.e. 0™ (z) € A*™(V,,) is nowhere
zero. Since non-degeneracy is an open condition it follows that R € Y is open.

Lemma 4.14. The relation R C YV is ample.

Proof. In the above local coordinates on a chart U we employ the product de-
composition, Yél) = Y[} x R™, where the R"-factor corresponds to the ith row
of an n x n matrix B = (b;;) € L(R™,R™). To prove R is ample it is sufficient
to prove ampleness in the above product decomposition in the case of the first
row ¢ = 1. Setting t = (t1,...,t,) € R™, let

oi(z) = Zti duy A du; + Z (bjk — by + )\jk(:v)) duj N\ duy,.
=2 2<j<k
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To prove the lemma we show that for all B € L(R™,R") the set,
Q={(t1,...,tn) €R" | 0¢(2)™ € A*™(V,) # 0}

is ample in R". To this end (n = 2m + 1) one calculates,

at(z)m:(z eikBikti)dul---/\cZ;\kn-/\ du, +Cdus A -+ A du,,
i k=2

where C' € R is constant (independent of the variables ¢;); B;r = By, is constant
and €;,B;it; is the coeflicient of the term,

(dut A dui) Adug - Adug - Adug -+ A dun,

in the expansion of o¢(2)™; €, = £1 (B;; = 0, 2 < i < n). Evidently o.(2)™ # 0
if C' #01i.e. @ = R"” in this case. Suppose now C' = 0. Thus @ is the complement
in R™ of the subspace L of solutions to the system of (n — 1) linear equations,

n
ZﬁikBikti:(l QSkJSTL
=2

In case all B;, =0, then L = R™ and Q = . If some term B;;, # 0 then the ith
and kth equations are linearly independent since B;; = By = 0. Consequently
the above system of equations has rank > 2 (for example, in case m = 1, there
are two equations, Basto = 0, Bsats = 0). Since codim L > 2 it follows that the
complement () is open, path connected and the convex hull of @ is all of R".
Thus @ is ample in R™ which completes the proof of the lemma. O

Returning to the proof of Theorem 4.13, let 1 € T'(Z) be a non-degenerate
2-form on V. Employing the continuous lift property, explained above, there is
a section ¢ € I'(Y(M)) such that Ao ¢ = p — \. Consequently ¢ € T'(R). In the
relative case, since [u] = [A] on Op K, then up to addition of an exact 2-form
to A one may assume that ¢ = 0 on Op K. Applying Theorem 4.2 there is a
homotopy ¢: € T'(R), t € [0,1], o = ¢, such that ¢; is holonomic i.e. there is
a 1-form o € TY(Y) such that ¢; = jla € T'(R). Furthermore ¢; = 0 on Op K,
0 <t < 1. In particular,

pr=A+Aop; =A+dael(2),
is a non-degenerate 2-form on V. Thus p; is closed, non-degenerate and [u;] =

[A\] € H?(V). The homotopy of non-degenerate 2-forms on V, jy = A + A o ¢y,
0 <t <1, proves the theorem. O



CHAPTER 5

MICROFIBRATIONS

§1. Introduction

5.1.1. The theory in Part I proves the h-principle for open ample relations
R c XM In general however, the theory in Part I does not extend naturally to
prove the h-principle for open, ample relations R € X (") in case r > 2. In effect,
the analytic theory in Chapter III allows for controlled “large” moves in the pure
derivatives 0" /0t"” while maintaining small perturbations in all the complemen-
tary L-derivatives. This analytic technique works well in spaces of 1-jets X ()
since in local coordinates first order derivatives are all pure. As mentioned in the
introduction to Chapter IV, by suitable local changes of coordinates it is possible
to apply this technique also in the case of open, ample relations in 2-jet spaces
X @) although we have not attempted to develop the details in this book.

However, in the case of rth order derivatives, r > 3, some additional tech-
nique is required to prove the h-principle. Indeed, the above method of applying
convex integration sequentially to each of the rth order partial derivatives in
local coordinates simply does not work. The difficulty here is illustrated by con-
sidering for example, the mixed partial derivatives 9°/0x20y, 8% /0x0y?. Tt is
not possible to change coordinates locally so that each of these derivatives lies
in the 1-space of the other in the new local coordinates. Thus large changes in
one of these derivatives, produced by convex integration (applied to pure 3rd
order derivatives in new local coordinates) inevitably involves large changes in
the other of these derivatives. Thus the proof procedure in Part I which consists
of applying the analytic theory of Chapter III in local coordinates sequentially
to all of the (pure) first order derivatives will not work in case r > 3.

The way around this difficulty, first developed by Gromov [18], is to intro-
duce a sequence of convex hull extensions of a relation R ¢ X, r > 1. The
solution of the h-principle for R reduces to solving the h-principle successively
for each of the convex hull extensions in the sequence. The point of this procedure
is that the solution of the h-principle for each of these convex hull extensions
reduces locally to convex integration in a pure derivative 9" /0t" with respect to
some local coordinate system in the base manifold V i.e. the analytic theory of
Chapter IIT applies.

D. Spring, Convex Integration Theory: Solutions to the h-principle in geometry and topology, Modern 71
Birkhéuser classics, DOI 10.1007/978-3-0348-0060-0_5, © Springer Basel AG 2010
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5.1.2. Microfibrations. A continuous map p: X — Y is a microfibration if the
following “micro” homotopy lifting property is satisfied. If f: P x [0,1] — Y/,
g: P — X are continuous maps, P a compact polyhedron, such that po g = fy,
then there is an € € (0, 1] (which in general depends on the data) and a continuous
map G: P x [0,¢] — X such that poG = f: P x [0,¢] =Y and Gy = g.

Px{0} —— X

i| |7

Px[0,1] —— Y
f

Classically, p is a (Serre) fibration if in addition € = 1 in the above definition.
Examples of microfibrations that occur in the general theory are as follows:

(i) If X C Y is open then the inclusion map i: X — Y is a microfibration.
(ii) The composition of microfibrations is a microfibration.

(i) Let p: X — Y be a microfibration. Then idxp: Z x X — Z xY is a
microfibration for each auxiliary topological space Z. More generally, if
g: W — Y is continuous then the induced pullback map (same notation)
p: g*X — Y is a microfibration.

(iv) If M, N are smooth manifolds then a submersion p: M — N is a microfi-
bration. Indeed, since p has maximal rank, it follows that at each z € M,
p(x) € N, there are local coordinates with respect to which M admits a
local product structure such that the map p locally is a projection map; the
microfibration property easily follows. In addition, if M is compact, then p
is a fibration.

In case Y is a manifold then a microfibration p: X — Y is an open map, though
not conversely. There are microfibrations p: X — S', X C R? is compact (not
a polyhedron), that are not Serre fibrations. Let p: X — Y be a microfibration
where X, Y are compact polyhedra and p is piecewise linear. It seems reasonable
to conjecture that p is a Serre fibration. The literature does not seem to address
this question.

5.1.3. Relations Over Jet Spaces. A relation over X(") is a continuous map
p: & — X, Following Gromov [18], the relation p: S — X is open if p
is a microfibration. The microfibration property of p is required to ensure that,
under appropriate conditions, embeddings into the jet space X (") lift back to
S. Note that if p: Z — X is a Serre fibration and S C Z is open, then the
restriction map (same notation) p: § — X (") is a microfibration, hence an open
relation over X ("), In this chapter open relations over X (") are studied in their
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own right, with applications in subsequent chapters to convex hull extension re-
lations over X (") referred to above, as well as to other relations over X (") of
topological interest. A primary example of an open relation over X () is con-
structed as follows. Let R € X(®) be open, s > 7, and let p: R — X be the
natural projection map (the restriction of the projection map p?: X6 - X(’”)).
Since R is open and the projection map p is a Serre fibration it follows that
p: R — X is a microfibration.

R —t x®

/| I

X () x(r)

Note that in case s = r, the relation p: R — X () discussed above reduces to
the inclusion i: R — X ) ie. an open set R C X (conveniently described
as a relation R in the jet space X (7). Thus the theory of open relations over
X developed in this chapter, includes as a special case the theory developed
in previous chapters for open relations in spaces of r-jets X1, In subsequent
chapters open relations over jet spaces will also be employed to prove the h-
principle in cases where the base manifold V is open and the relation R ¢ X ()
may not be ample, i.e. the theory developed in previous chapters does not apply.
For example the submersion relation associated to smooth maps f: V' — W isnot
ample. Thus convex integration theory reproves many of the classical theorems in
immersion theoretic topology such as Phillips’ Theorem [31] for open manifolds.

5.1.4. Neighbourhood Lifting Properties. Let 7: E — K be a Euclidean vector
bundle, fiber dimension ¢ > 1, over a locally finite (hence locally compact) C'W-
complex K. We identify K C E via the inclusion by the zero section i: K — FE.
If M C K is a subcomplex and e: M — (0,00) is a continuous function then
N (€) denotes the e-disk neighbourhood of M in E: the fiber of m: Ny (e) — M
over x € M is the disk of radius e(x) > 0, centre z, in E, = RY. In what
follows we employ the abridged notation Op g(M) = Nys(e) to denote a disk
bundle neighbourhood of M in E, where the radius function e: M — (0, 00)
is not specified explicitly and may be replaced by a smaller radius function as
required by the mathematical context. Microfibrations are useful in the theory of
relations over X (") developed in this chapter principally because of the following
neighbourhood lifting property.

Theorem 5.1. Let p: X — Y be a microfibration and let 7: E — K be a Eu-
clidean vector bundle, fiber dimension q > 1, over a locally finite CW -complex
K. Suppose L C K is a subcomplex and g: Op g(K) =Y, p: Opp(L) UK — X
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are continuous maps such that popu=g: Opp(L)UK — Y.

Opp(L)UK —£— X

i| G

g
There is a (perhaps smaller) neighbourhood Op g(K) of K in E and a continuous
liftv: Op p(K) — X such that pov=g: Opp(K) =Y andv =p: Op (L) U
K— X.

Proof. Note that in case p: X — Y is a Serre fibration (not just a microfibra-
tion) and Op g(L) = Nr(1), Op g(K) = Nk(1) (unit disk bundles) the theorem
is classical and follows from the homotopy lifting property for Serre fibrations
(cf. Bredon [5], p. 451). In case K is compact and L = () then the theorem is
trivial and follows form the microfibration property applied globally to a strong
deformation retract of Op g K to the zero section (= K). In general however one
has to proceed inductively over closed cells in K, relative to lifts constructed at
previous inductive steps. This requires some care because p: X — Y is assumed
only to be a microfibration. We provide explicit details based on the following
lemma. Let £ = D" x R? — D™ be the product bundle over D™.

Lemma 5.2. Let g: Op g(D") — Y, pu: D" x{0}UOp g(0D™) — X be continuous
maps such that pop = g: D" x {0} UOp g(0D™) — Y. There is continuous lift
v: Op g(D") — X such that pov=g: Op g(D") =Y, and v = p: D™ x {0} U
Op p(0D™) — X.

Proof. With respect to the maps g, u, Op g(D") = D™ x [—k, k|, respectively
Op p(0D™) = 9D™ x [—k,k]? for Kk > 0. One may assume x = 1. It is stan-
dard that there is a homeomorphism h: D™ x [0,1] — D™ x [0,1] such that
h(D™ x{0}) = D" x {0} UOD™ x [0, 1] (cf. Bredon [5], p.451). There is a similar
homeomorphism in case [0, 1] is replaced throughout by [—1,0]. Since p: X — Y
is a microfibration, employing this pair of homeomorphisms and a strong defor-
mation retract from D" x [—1,1]¢ to D™ x {0}, the lemma is proved. O

D™ x {0} U Op p(0D") —E—

i| |’

Op g(D™) — Y
g
Returning to the proof of the theorem, we proceed by induction on the dimension
of the skeleta K (), j > 0, of the CW-complex K i.e., we follow the correspond-
ing proof of the classical theorem in the case of Serre fibrations p: X — Y, with
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appropriate modifications based on the above lemma to prove the theorem for
microfibrations. Let v € K(®) be a vertex in K \ L. Since the unit disk N, (1) in
the fiber F, = R? deformation retracts to v, and since p: X — Y is a microfi-
bration, it follows that there is an € € (0, 1] and a continuous lift 7: N, (e) — X
such that po 7 = g: Ny(¢) — Y. One concludes that there is a continuous
lift vo: Op p(K©)U K — X such that pory = g: Op g(K®) — Y, and the
restriction vy = p: Op g(L®) U K — X. Inductively, suppose that there is a
continuous lift v;: Op g(KW)) UK — X, j > 0, such that:

(i) pov;=g: Opp(KY) - Y.

(i) v; = p: Op (L) UK — X,

(iii) In case j > 1, v; = vj_1: Op g(KU~Y) — X.
To construct a continuous lift v, 1: Op p(KUTD) U K — X, we proceed by
induction over the closed (j + 1)-cells in KU+, Let f,: DI*! — K represent a
(j+1)-cell o; f,(0D7*1) ¢ KW, Since D/*! is contractible, the pullback bundle
f2E over DI*! is trivial which, for convenience, we assume to be the product
bundle, 7: D't x R? — DI+ Let h: f*E — E be the induced bundle map

(a linear isomorphism on each fiber) over f,: DIt — K. Thus, with respect to
this product bundle, we have the following data:

(uUv;)oh
—_

DI % {0} U Op p(dDi+1) X

i| |7

Op p(DITh) — Y

Applying the lemma, there is a continuous lift v, : Op g(D’*!) — X such that,
(iv) povs = goh: Op p(DIt) = Y.
(v) Ve = (pUvj)oh: DIt x {0} UOp g(OD’ ) — X.

Pushing the map v, forward to K, = f,(D’*') ¢ KUY one obtains a lift
(same notation) v, : Ng, (€,) — X, compatible with v;: Op (K@) — X. Thus
inductively one constructs a family of continuous lifts, v,: Ng,_(e,) — X, com-
patible with v;: Op g(KW)) — X, where o runs over all closed (j + 1)-cells in
KU+

Since K is locally finite, hence locally compact, a simple partition of unity ar-
gument constructs a continuous map e: KUY — (0,00) and a continuous lift
Vit1: Ngg+n () UK — X such that € < e, and vj41 = v,: Ni_(€) — X for
each (j + 1)-cell o.

In particular, vj11 = v;: Op s(KY) - X, po Vit1 = g: Ngurn(e) — Y,
and vj41 = p: Op p(LUTY) U K — X. This inductive construction of the lift
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Viy1: Op g(KUTDYU K — X completes the construction of the sequence of lifts
(¥j);20-

Since K is locally compact, employing a partition of unity one constructs a con-
tinuous map v: Op g(K) — X (on each compact set M C K, v =v;: Op g(M)
— X for some j = j(M)) such that, pov = g: Op p(K) =Y, v =pu: Op g(L)UK
— X, which completes the proof of the theorem. O

Theorem 5.3 (Approximations). Let p: X — 'Y be a microfibration, Y a smooth
mamnifold, and let p: Y — V be a smooth fiber bundle with q-dimensional fibers
over a base manifold V. Let o € T'(X) be a continuous section (popoa =idy ).
For each neighbourhood N of the image a(V') in X there is a neighbourhood U
of the image po a(V) in'Y and a continuous lift v: U — X, pov = idy, such
that v(U) C N andvopoa=a:V — X.

Proof. Let K be the image p o a(V) in Y (K is homeomorphic to V). Let
m: E — K be the R?-bundle over K obtained from T'(Y') by restricting to the
vertical tangent bundle to the g-dimensional fibers over points of K; employing
a Riemannian metric on T(Y), 7: E — K is a Euclidean vector bundle. In what
follows one identifies, via the exponential map, (small) neighbourhoods of K in
Y with the corresponding neighbourhoods of K in E. Let y = aop: K — X.
Note that popu =idg i.e. p is a lift of K into X. Applying Theorem 5.1 to the
inclusion 7: Op g(K) — Y and to the lift y: K — X, there is a continuous lift
v: U — X, U a disk bundle neighbourhood of K in E, such that p o v = idy,
v = p on K. In particular, vopoa = a: V — X. For U sufficiently small, it
follows also that v(U) C N, which completes the proof of the Theorem. O

Remark 5.4. Theorem 5.3 is applied as follows to lift smooth approximations. Let
f € T'(Y) be a continuous section which lifts to « € I'(X): poa = f: V — Y.
Employing Theorem 5.3 there is a neighbourhood U of f(V) which lifts into
X. Since p: Y — V is a smooth bundle, one can C’-approximate f in U by
a smooth section ¢g: V' — Y, and there is a homotopy, H: [0,1] — I'(Y), such
that Hy = f, Hi = ¢, and ev H([0,1] x V) C U. The lifted homotopy G =
voH:[0,1] x V — N satisfies Gg = vo f = a, G; = v o Hy. Consequently, up
to a small C%-homotopy of sections G: [0,1] — I'(X), one may replace the pair
of sections («, f), where f € I'(Y) is a continuous section which lifts to a, by
the pair (3, g), 8 = G1 € T'(X), such that po 8 =g € T'(Y) is a smooth section.
Furthermore if f is smooth on Op K one may assume in addition that for all
t € 10,1], G; = a (constant homotopy) on Op K.

Corollary 5.5. Let K C V be closed, f € I'(Y), a € I'(X) such that f lifts to «
along K: poa = f: K — Y. Let N be a neighbourhood of the image (V') in
X. Up to a small homotopy rel K of o in N, one may assume that poa = f on
Op K. Explicitly, there is a homotopy H: [0,1] — I'(X) such that:
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(i) Hy=«; evH([0,1] x V) C N.
(i) poHy=f: OpK — V.

In addition if f is smooth on V \ K then the homotopy H can be chosen so that
also p o Hy is smooth on V \ K.

Proof. Employing Theorem 5.3, there is a neighbourhood U of the image poa(V)
in Y and a continuous lift v: U — X such that v(U) C N, vopoa = o. Employing
the R%-bundle 7: £ — L as in the proof of Theorem 5.3, where L is the image
poa(V)inY (small g-disk neighbourhoods of L in E are identified with small
neighbourhoods of L in Y'), the sections p o «, f € I'pp (YY) are homotopic in
U, rel K. Employing standard arguments with bump functions one shows that
there is a homotopy rel K, G: [0,1] — I'(Y), G is constant = poa on V\ Op K,
and such that:

(iii) Go=poa; evG([0,1] x V) C U.
(iv) Gy = f: Op1 K — Y where Op; K C Op K.

In case f is smooth on V'\ K, employing smooth approximation theory, I Theorem
1.1, up to a small homotopy on G in U rel Op K, one may assume in addition
that G is smooth on V' \ K. Setting H = v o G: [0,1] — I'(X), the corollary is
proved. O

Corollary 5.6 (Parameters). Let p: X — Y be a microfibration. Let m: E — K
be a Euclidean vector bundle, as in Theorem 5.1. Let g: A x Opp(K) — Y,
p: Ax K — X, A a compact polyhedron (parameter space), be continuous maps
such that pop = g: Ax K — Y. There is a continuous lift v: AxOp p(K) — X,
such that v =p: Ax K — X, and pov=g: AxOpg(K)—Y.

Proof. We consider the R?-bundle id x7: Ax E — A x K. Since A is compact it
follows that neighbourhoods of Ax K in Ax E of the form Ax©Op g (K) are cofinal
with neighbourhoods Op 4x (A x K). Since also A x K is a locally finite CTW-
complex, Theorem 5.1 applies to the Euclidean bundle id x7: A X F — A x K
and the corollary is proved.

A microfibration p: X — Y, Y a manifold, is an open map. Indeed, if
p(a) =y € Y then small ball neighbourhoods of y lift back to (path connected)
sets X that contain a. One therefore obtains the following result (cf. IT §1 for
the following convex hull notation).

Lemma 5.7. Let p: X — R be a microfibration. Then p(A) C R? is open for
each path component A of X. Consequently for each r € X, Conv(X,x) =
IntConv(X,z) C RA.



78 V. MICROFIBRATIONS

§2. C-Structures for Relations over Affine Bundles

5.2.1. Let p: E — B be an affine R%-bundle over a base manifold B, dim B = n >
1, and let p: R — FE be a microfibration. T'(E), respectively T'(R), is the space
of continuous sections, in the compact-open topology, of the map p: £ — B,
respectively pop: R — B.

R L E

lp

B
An important special case, studied in Chapter II, is the inclusion i: R — FE,
where R C E is open. 'k (E), I'x(R), denote the corresponding spaces of sec-
tions over the subspace K C B. For each b € B, R} denotes the fiber over b of
the map pop: R — B. In particular, Ry, = p~*(E}) where E, = p~1(b) is the
fiber over b of the affine bundle p: E — B (E, = R?).

If¢p: A —T'k(R)is amap (A aspace of parameters) thenevgp: AxK — R
is the evaluation map, ev¢(z,y) = ¢(z)(y) € R. For each b € K, ¢p: A — Ry,
denotes the induced map, ¢p(x) = ¢(x)(b) € Ryp. As a particular example, if
¢:[0,1] = I'k(R) is a path then for each b € K, ¢p: [0,1] — R} is the induced
path in the fiber Ry. If L C K, then ¢: A — T'(R) (same notation) denotes
the restriction of the map ¢ to sections over the subspace L. By definition,
pop: A—T'(E) is smooth if evpop € C*(A x B, E).

5.2.2. For each (b, a) € BXR; let Conv(Ry,a) C Ej denote the convex hull (in the
affine fiber Ej) of the p-image of the path component in R}, to which a belongs.
Applying Corollary 5.7 to the microfibration p: Ry, — FEj, for each b € B,
Conv(Rp, a) is open in Ey (=R?). R is ample over E if for all (b,a) € B x Ry,
Conv(Rp, a) = Ej,.

Let 3 € T'(R), f € T'(E) be continuous sections such that for all b € B,

f(b) € Conv(Ry, B(b)).

Recall, Chapter II, §2, that a C-structure over a subset K C B with respect
to f, [ consists of a pair (g, G) where g: [0,1] — I'x(R) is continuous, g(0) =
g(1) = Bk (the restriction of 5 to K), such that for all b € K the composed path
pogy: [0,1] — Ej strictly surrounds f(b), and G': [0,1]2 — ['g(R) is a (fiberwise)
base point preserving homotopy which contracts the strictly surrounding path g
to the base point Bk for all (¢,s) € [0, 1]?,

G(t,1)=g(t); G(t,0)=p0k; G(0,s)=G(1,s) =Pk.

Since g is a loop at § € T'x(R) and G is a base point preserving contraction
of g to 3, we employ indiscriminantly throughout the equivalent formulation
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that g: (S',1) — (I'x(R),B) and that G: (D?1) — (I'g(R),[), such that
G=g: 5" > Tg(R) (1 € S!is the base point).

Applying II Lemma 2.2, the space of C-structures over K with respect to
f, B is contractible. The next result, based on II Proposition 2.3, establishes the
existence of C-structures which are globally defined over the base manifold B.

Proposition 5.8. Let 5 € T'(R), f € I'(E) such that for all b € B, f(b) €
Conv(Ryp, B(b)). There is a C-structure (1, H) globally defined over B with re-
spect to f,[3. Eaxplicitly, there is a continuous map : St — T(R), ¥(1) = 3,
such that for all b € B, the p-image of the loop y: S — Ry strictly surrounds
f(b) € Ey. Furthermore, there is a homotopy H: D? — T'(R) which contracts 1
to 8= H(1).

Proof. In the special case that R C FE is open and p: R — FE is the inclusion
map, the proposition is equivalent to IT Proposition 2.3 (over a base manifold
B). For general microfibrations p: R — FE, the inductive process of Proposition
2.3 is employed to construct suitable sections of I'( E'), which then lift back to C-
structures in T'(R) via the microfibration p: R — E, in accordance with Theorem
5.1. To begin this inductive process, for each b € B, we construct C-structures
over Opb C B.

Lemma 5.9. For all b € B, each C-structure over {b} with respect to f € T'(E),
B €T(R), extends to a C-structure over Dpb C B with respect to f,[3.

Proof. For the purposes of the lemma we may assume Op b is homeomorphic to
R"™, n = dim B (It is here that we employ the hypothesis that B is a manifold).
Let (g,G) be a C-structure over {b} with respect to f,3. Note that the pair
(pog,po@)isa C-structure (in E) over {b} with respect to f,po 3. Applying
IT Lemma 2.4, the pair (po g,p o G) extends to a C-structure (h, H) over Opb
with respect to f,po (:

hi (81,1) = (Copu(E),pof);  H: (D*1) — (Lopu(E), po ),

such that at b € Op b, the induced maps hy, = pog: S — Ey, H, = poG: D?> —
E,, and at the base point 1 € S, k(1) = po 8 € Toyp(E). Consequently,
with respect to the product bundle, m: F = D? x R® — D?, the subcomplex
L = {1} C D? and an identification Opb = R" via a homeomorphism of pairs
(Opb, {b}) — (R",{0}), there is a commutative diagram (ev H: D?*xOpb — E),

D? x {0} UDp p(L) 9% R

i G

Opr(D?)  —— F
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Applying Theorem 5.1 there is a continuous map v: D* — TI'gy(R) whose
corresponding evaluation map evv: Op p(D?) — R is a continuous lift in the
above commutative diagram: (i) poevv = evH: Op p(D?) — E, (ii) evv =
evGUev 3: D? x {0}UOp (L) — R. Consequently the map v: D? — T'oyp(R)
defines a C-structure (v|g1,v) over Opb with respect to f, 3 that extends the
given C-structure (g, G) over {b}. O

Employing Lemma 5.9 one patches together the local C-structures con-
structed above over Opb for all b € B. The inductive step for this process is as
follows.

Lemma 5.10. Let K, L C B be closed subsets and (go, Go), (g1,G1) be C-struc-
tures respectively over Op K, Op L with respect to f € T'(E), B € I'(R). There is
a C-structure (h, H) over Op (K U L) with respect to f,[ and a neighbourhood
N of K whose closure lies in Op K such that (h, H) = (g0, Go) over N and
(h,H) = (g1,G1) over Op L\ Op K.

The proof of the lemma is formally the same as the proof of the corre-
sponding IT Lemma 2.5 in the case that R C F is open, and is therefore omitted.
Returning to the proof of Proposition 5.8, there is a C-structure over Op b with
respect to f, 3 for each b € B. Hence there are countable, locally finite closed cov-
ers {W;}, {U;} of the base manifold B such that for all i, W; C int U;, and there
is a C-structure over Op U; for each index i. Inductively on n, let K = |J;_} W;,
a closed set in B, and suppose (¢, G,,) is a C-structure over Op K. Applying
Lemma 5.10 to the closed sets K, L = U, 1, there is a C-structure (¢, 41, Gpy1)
over Op (K U U,+1) such that (¢Yy41,Gnt1) = (¥n, Gn) over Op K. Since the
cover {W;} is locally finite it follows that the limit maps,

Y= lim ¢,: §' = T(R); G= lim G,: D* > T(R),

are well-defined and continuous. Thus (¢, G) is a C-structure over B with respect
to f € T(E), 8 € T(R) (cf. the analogous proof of II, Proposition 2.3). O

The existence of C-structures, Proposition 5.8, admits several refinements,
analogous to the refinements of the corresponding existence of C-structures,
IT Proposition 2.3, in the case that R C FE is open. We indicate only how the
relevant C-structures in E are lifted back to R in the general case that p: R — E
is a microfibration. In case p: £ — B is smooth, employing Theorem 5.3, for
each neighbourhood N of G(B) in R there is a continuous lift v: U — N, U a
neighbourhood of po3(B) in E, such that: (i) pov = idy, (ii) vopofS = 3 € T'(R).

Complement 5.11 (Relative Theorem). Suppose p: E — B is a smooth affine
R2-bundle and let K C B be a closed subspace such that f = po 3 € T'kg(F).
Assume also the following data:
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(i) a neighbourhood N of the image 3(B) in R and a continuous lift v: U — N
as above.

(ii) A C-structure (m, M) in U C E over Op K with respect to f,po 3.

There is a C-structure (h, H) over B with respect to f, 3 such that over Op K C
B, (h,H) = (vom,vo M) (a continuous lift of C-structures over Op K ). In
particular, over Op K the image of (the evaluation of the map) H lies in N:

evH(D?* x OpK) C N.

Proof. Employing II Complement 2.6, C-structures (m, M) in (ii) exist. The
Complement follows from Lemma 5.10 applied to the lifted C-structure (v o
m,vo M) over Op K and to any C-structure over B with respect to f, 3 (which
exists by Proposition 5.8). Thus one obtains a C-structure (h, H) over B which
equals (v om,v o M) over (a smaller) Op K in B. O

Complement 5.12 (C*°-structures). Suppose p: E — B is a smooth affine R?-
bundle. Let (h,H) be a C-structure over B with respect to f,3. Up to a small
homotopy one may assume po H (and hence poh) is a smooth map i.e. the eval-
uation map poev H: D? x B — E is a smooth map. Furthermore this homotopy
can be chosen rel{1} in case po H(1) = po 3 is smooth.

Proof. The complement follows from Remark 5.4 applied to the microfibration
idxp: D? x R — D? x E, the smooth bundle id xp: D? x E — D? x B, and
the section of I'(D? x R) induced by the C-structure H. In case po 3 is smooth
one may assume H = 3 on Op1 C D?, and Remark 5.4 applies rel Op 1. The
C-structure condition is preserved throughout a sufficiently small perturbation
of (h, H) since “strictly surrounding” is an open condition. O

The study of the homotopy groups 7;(I'(R)) in connection with the weak
homotopy equivalence theorem, VIII Theorem 8.15, employs the following pa-
rametrized version of the existence of C-structures.

Complement 5.13 (Parameters). Let P be an auziliary manifold (a parameter
space). Let f: P — T'(E), B: P — I'(R) be continuous maps such that for all
(p,b) € P x B,

f<p7 b) € COHV(Rb, ﬁ(p? b))

There is a P-parameter family of C-structures (h, H) over B with respect to f, 3.
That is, there are continuous maps,

h: PxS'"—T(R); H:PxD?*—T(R),

such that for each p € P, (hy, Hp) is a C-structure over B with respect to the
sections f(p), B(p) ( here hy(t) = h(p,t); Hp(t,s) = H(p,t,s)).
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Proof. Associated to the parameter space P are the affine bundle id xp: Px E —
P x B, fiber R?, and the microfibration over P x E, idxp: P xR — P x E.
The parametrized families of maps f, 5 induce sections m; x ev f € I'(P x E),
respectively m xev 3 € T'(PXxR), where 71 : Px B — P is the projection onto P.
Applying Theorem 5.8 to the above induced sections, the complement is proved
(the required convex hull conditions on the induced sections are equivalent to
the stated conditions on f, ). O

Recall that the relation p: R — F is ample if for all (b,a) € B x Ry,
Conv(Rp,a) = Ep(= R?). In the case of ample relations C-structures exist for
all sections f € T'(F). We state this as a separate result.

Corollary 5.14 (Ample Relations). Let p: R — E is ample and suppose that R
admits a section € T'(R). For each section f € T'(E) there is a C-structure
(h, H) over B with respect to f,[3.

5.2.3. Integral Representation Theorem. In Chapter II the theory of C-structures
was employed, II Theorem 2.12, to represent a section f € I'(E) as a (Riemann)
integral, integrand in R, in the case that R C FE is open. Essentially this integral
representation is obtained by suitably reparametrizing a strictly surrounding
path. Lifting this reparametrization to R, the integral representation theorem is
proved in the general case of a microfibration p: R — FE.

Theorem 5.15 (Integral Representation). Let p: E — B be an affine R1-bundle
over a manifold B and let p: R — E be a microfibration. Suppose 3 € T'(R),
f € T'(E) are sections such that for all b € B, f(b) € Conv(Ry,3(b)). Each C-
structure (g, G) over B with respect to f, 3 can be reparametrized to a C-structure
(h, H) such that for all b € B (recall h: [0,1] — T'(R)) :

£(b) = /0 po h(t,b) dt.

Proof. Let (g,G) be a C-structure over B with respect to f, 3. Projecting into
E, (pog,po @) is a C-structure on E with respect to f,p o 8. The integral
representation of f is obtained from the strictly surrounding path pog: [0,1] —
['(E) by a suitable internal reparametrization of the domain of ¢g: f(b) = fol po
g(1(s,b),b)ds for a suitable function u: [0,1] x B — [0,1] (cf. II Theorem 2.12
for details). Let (h, H) be the C-structure on R with respect to f, 3 obtained by
the internal reparametrization, h(t,b) = g(u(t,b),b), H(t,s,b) = G(u(t,b),s,b),
for all (t,s,b) € [0,1]? x B. Evidently, for all b € B, f(b) = fol po h(t,b)dt, and
the theorem is proved. [l
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Remark 5.16. The various complements to Proposition 5.8 on the existence of C-
structures: relative theorem; C'*°-structures; parameters; ample relations (Com-
plements 5.11-5.14) in turn yield respective complements to the Integral Rep-
resentation Theorem 5.15, by making further requirements on the surrounding
path that appears in the integrand of the integral representation. To illustrate,
we state only a complement on C'*°-structures, leaving the statement of the
other complements to the reader (cf. II Complements 2.13-2.15, in case R C FE
is open).

Complement 5.17 (C°-structures). Suppose that p: E — B is a smooth affine
Re-bundle. If f,po € T'(E) are smooth sections then there is a smooth C-

structure (h, H) with respect to f, 3 such that for allb € B, f(b) = fol poh(t,b)dt.

§3. The C-Approximation Theorem

5.3.1. To conclude this chapter, we generalize the main analytic results of Chap-
ter III to the case of microfibrations p: R — E. The key point here is that
the main approximation results, The One Dimensional Theorem, (IIT Theorem
3.4), and the C*-Approximation Theorem, (III Theorem 3.8), are obtained from
the integral representation theorem by further internal reparametrizations of
the surrounding path in the integrand, based on the rapidly oscillating func-
tion 6.: [0,1] — [0,1] introduced in III Proposition 3.1. Lifting back to R, the
corresponding approximation theorems are proved for general microfibrations
p: R — E.

For example, let p: £ = B x R? — B be a product R?-bundle over a split
space B = C x [0,1]. Recall that the section g € I'(E) is C' in ¢ € [0,1] if the
corresponding evaluation map evg € C°(B,R) is continuously differentiable in

€ [0,1]; 9:g € T(F) denotes the corresponding section. The above discussion
of the generalization of the analytic results in Chapter III to the microfibration
case applies to prove Theorem 5.18 and Complement 5.19 below. Details, left to
the reader, are adapted easily from the analogous proofs provided below for the
C+-Approximation Theorem 5.20 and Complement 5.21 in the microfibration
case.

One-Dimensional Theorem 5.18. Let p: E — B be a Fuclidean RY-bundle over a
split compact Hausdorff space B = C x [0,1]. Let p: R — E be a microfibration
and suppose 3 € T(R), fo € T(E), fo is C' int € [0,1], are sections such that
for allb € B,

8tf0(b) S COHV(R{,,ﬁ(b)).

For each € > 0 there is a section f. € T'(E), which is C* in t € [0,1], and a
homotopy F = F: [0,1] — I'(R) such that the following properties obtain:

(i) limeo || fe — foll =0 (|| || is the sup-norm on C°(B,RY)).
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(ii) Fo =0; po Fy = 01 fc € T(E) i.e. the section O f. lifts to Fy € T(R).

(iii) Relative Theorem: Suppose in addition K C B is closed such that O fy =
pof3 on Op K. Let N be a neighbourhood of the image 3(B) in R. One may
choose F' so that over Op K the image of F' lies in N:ev F: [0,1]xOp K —
N.

Complement 5.19 (Strong Relative Theorem). Suppose in addition K C B is
closed such that Oifo = po f on Op K. For € > 0 sufficiently small then, up
to a small perturbation on Op K, the section f. € T'(E) and the homotopy F =
F.:[0,1] = T'(R) can be chosen to satisfy the additional properties (i) fo = fo
on Op K; (ii) F is constant on Op K : for all t € [0,1], F; = on Op K.

Let B =[0,1]", and recall the spaces C*>"(B,R?), s > r > 0, and the norms
| [|*" introduced in Chapter III. In the usual manner, the space of C"-sections
of the product bundle 7: B x R? — B is identified with C"(B,R?).

C+-Approximation Theorem 5.20. Let p: E — B be the product R2-bundle over
the n-cube B, n > 1, and let p: R — E be a microfibration. Let also P be
a compact smooth manifold (a parameter space) and let s > r > 1 be integers.
Suppose go: P — I'(E) is smooth (i.e. the evaluation map is smooth) and 3: P —
['(R) is continuous such that po 3: P — T'(E) is smooth and such that for all
(p,b) € P x B:

9; 90(p, b) € Conv(Ry, B(p,b)).

For each € > 0 there is a C*-map g.: P — T'(E) and a homotopy F' = F,: [0, 1]
P — T(R) such that for all p € P the following properties obtain:

(i) lime—o [lge(p) — go(p)||*" = 0, uniformly in p € P.

(ii) Fo(p) = B(p); po F1(p) = 07 ge(p); po F': [0,1] x P — I'(E) is smooth.

(iii) (Relative Theorem) : Suppose in addition K C P X B is closed such that, as
maps in CO(P x B,RY), O7go = po 3 on Op K. Let N be a neighbourhood
in P xR of the image (m X ev 3)(P x B) (m1: Px B — P is the projection
map). One may choose F' so that over Op K the image of F lies in N: for
allt € [0,1], (my xev Fy)(OpK) C N.

Proof. The approximation (i) excludes the pure rth order derivatives 9] . However
the approximation (i) is C%-close in the derivatives a{, 0 <j <r—1,and C*-close
in the derivatives in the coordinates u € I"~*.

Employing the microfibration id xp: P x R — P x E and the R?-bundle
id xp: PxFE — Px B, there is no loss of generality in supposing that P is a point
and that K is closed in B. Thus § € I'(R) and N is a neighbourhood of 3(B)
in R. Applying the Integral Representation Theorem 5.15 there is a C-structure
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(h, H) with respect to ! go, 3 such that po H: [0,1]> — I'(E) is smooth and
such that for all b € B,

1
a[go(b):/ poh(sb)ds; evH([0,1]* x OpK) C N.
0

Thus the smooth parametrized family of paths p o h: [0,1] — I'(E) strictly
surrounds the derivative 9] gy and provides the above integral representation.
The theorem now formally follows from the C*-Approximation Theorem III 3.8
by employing p o h instead of h. Thus for each ¢ > 0 there is a C'*°-function
0.: [0,1] — [0,1] and a smooth section g. € T'(F) such that conclusion (i) is
satisfied and (b = (c,t) € I"~! x [0,1] = B),

8:96(07 t) =po h(ee(t)v (C> t)) (51)

Furthermore, let F' = F,: [0,1] — I'(R) be the homotopy obtained by the inter-
nal reparametrization of H,

F(s,c,t) = H(0(t),s,c,t), 0<s<1. (5.2)
Since H(t,0,b) = B(b), H(t,1,b) = h(t,b), it follows that Fy = 8 € I'(R) and
po Fy = 07g., which proves conclusion (ii). Conclusion (iii) follows from the
above properties of H, relative to Op K (cf. Remark 5.16). O

Complement 5.21 (Strong Relative Theorem). Suppose in addition K C P X B
is closed such that, as maps in C°(P x B,R%), 0ygo = po 3 on Op K. For
e > 0 sufficiently small then, up to a small perturbation on Op K, the map
ge: P — T'(E) and the homotopy F = F,: [0,1] x P — I'(R) can be chosen to
satisfy the additional properties (i) g. = go on Op K; (ii) F is constant along
Op K: for allt € [0,1], F; =0 on Op K.

Proof. Again we may assume that the parameter space P is a point. Let g. €
I'(E), F = F.: [0,1] — T'(R), as in conclusion (iii) (relative theorem). Let U be
a neighbourhood of the image po §(B) in E and let v: U — R be a continuous
lift such that pov = idy, v(U) C N, vopo 3 = 3. Employing Complements
5.11, 5.12 one may assume that over Op K the C-structure (h, H) above is a
continuous lift of the form (h, H) = (v o m,v o M) where (m, M) is a smooth
C-structure over Op K in E with respect to 9] go, p o § such that,

ev M([0,1)> x Op K) C U.
In particular for all (b,t) € Op K x [0,1] (b= (c,t) € I"™! x [0,1]),

poF(u,(c,t) =M(O(t),u,(ct), 0<u<l (5.3)
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Applying the C*+-Approximation Theorem III 3.8 (iii), for ¢ > 0 sufficiently
small, there is a smooth section g, € I'(E) and a smooth homotopy G =
G.: [0,1] — T'(E) such that the following properties obtain:

(iv) g/ = go on (a smaller) Op, K; g’ = g. on B\ Opo K, where Op; K C Opo K;
Opo K C Op K.

(v) Go = pof € I'(E); G1 = 0jg.; for all t € [0,1] Gt = po 3 on Op1 K
(constant homotopy); the image ev G([0,1] x Op K) C U.

(vi) For all t € [0,1] the homotopy Gt = po F; on B\ Opo K.

Since H = vo M: [0,1]*> — Tpy x(R) it follows from (vi), (5.2) and the above
expression (5.3) for po F' over Op K that vo G = F: [0,1] — I'gp g\ op,x (R)
i.e. the lift of the perturbed homotopy G matches up with F' on B\ Ops K. The
Complement follows by replacing the section g. with the section g/ € T'(F) and,
over [0, 1] x Op K, by replacing the homotopy F with the lifted homotopy v o G.

O

Remark 5.22. Employing (5.1), (5.2) above, except for a small perturbation
over Op K, the images of the smooth section g. € T'(F) and of the homotopy
F:[0,1] — I'(R) (the parameter space P is here identified to a point) are con-
tained in the image of the C-structure (h, H). This small perturbation in the
Strong Relative Theorem is an essential feature of the inductive proof of the h-
principle over a system of charts: employing Theorem 5.2.1, holonomic sections
and homotopies are constructed relative to constructions caried out inductively
in previous charts. Thus the geometry must be modified over Op K by suitable
cut-off functions in order to ensure that g/ = go and the homotopy F' is constant
(=) on Op K. These modifications by cut-off functions are controlled to lie in
a preassigned neighbourhood N of G(B) in R.

Corollary 5.23 (Ample Relations). Suppose in addition p: R — E is ample.
Let f: P — T'(R) be continuous, where P is a compact smooth manifold, and
let s > r > 1 be integers. For each smooth map go: P — T'(E) the following
properties obtain:

For each ¢ > 0 there is a smooth map g.: P — T'(E) and a homotopy
F =F.:[0,1] x P — I'(R) such that for all p € P, conclusions (i), (ii), (iii) of
the C-Approzimation Theorem 5.20, and also Complement 5.21 are satisfied.

Proof. Since p: R — E is ample then for all (p,b) € P x B,

3¢ 90(p,b) € Conv(Rs, 5(p, b))-

Thus the main hypothesis of the C*+-Approximation Theorem 5.20 are satisfied,
from which the corollary follows. O



CHAPTER 6

THE GEOMETRY OF JET SPACES

§1. The Manifold X+

6.1.1. Let p: X — V be a smooth fiber bundle, fiber dimension ¢, over an n-
dimensional manifold V. Let 7 C T(V) be a codimension 1 hyperplane field on
V (dim7 = n — 1). Recall the smooth affine bundle of jet spaces pl_,: X" —
X(=1 "y > 1. Associated to the hyperplane field 7 is a manifold X+ and a
natural affine R?-bundle p'| : X (") — X+, defined below, whose local structure
provides the natural geometrical setting for applications of the main analytic
approximation results of Chapter III, in particular the C-Approximation The-
orem 3.8. This bundle “factors” the affine bundle pi_,: X" — X~ in the

following sense. There is a natural affine bundle p;- ;: X+ — X("=1) such that,

X _PL oyl
p:—ll lpi_—l (61)
X (r=1) X (r=1)

The manifold X is constructed in terms of the following “1-jet” relation on the
space of sections I'"(X) of the smooth bundle p: X — V. Let f € I'"(X). Note
that the (r—1)-jet extension 571 f € (X ~D)isa C' map 571 f: V — X1,
We define the following equivalence relation on sections f,g € I'"(X) at each
x € V with respect to the hyperplane 7, C T,(V). For each x € V sections
fig € T"(Xy), U a neighbourhood of = in V', have the same L-jet at © € V if
the following conditions are satisfied in some (hence all) local coordinates:

(1) 77 f(x) =57 tg(x)(=y) € X"~V ie. f, g have the same (r — 1)-jet at x.

(i) D" f) = D(j"'g): 7o — T,(X"~Y) ie. the derivatives at = of the
(r — 1)-jet extensions of f, g are equal when restricted to the hyperplane
Te C T (V).

The L-jet relation is an equivalence relation, for which the set of all equivalence
classes [f]*(x), z € V, is denoted by X . Evidently the 7-jet relation on I'"(X{)
is compatible with the 1-jet relation at each x € V. Hence there is a natural
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projection map p’| : X — X+ [f]-(x) — [f]*(z). Similarly there is a natural
projection map p- ;: X+ — XU [f]1(z) — [fl,_1(z).

Let v = (vi,...,v,) be a basis of R". A polynomial p = > h%, €
H,(n,q), ca €RY, Ja] =7, h = (hq,...,h,) € R™ (cf. 1 §1.2.1 for this notation),
is written p = p* + p,, where p,(h) = p(0,...,0,h,) € H,.(n,q); p* = p — pp.
Thus p,(h) = hl,c, ¢ € R?; analytically, rp,(h) = hl (0/0h,)"p(h). Thus, with
respect to the basis v, there is an induced splitting,

Hr(n,q) = Hi-(n,q) x LY p— (p*,py).

We employ weighted coordinates on H,(n,q) (cf. I §1.2.1) in what follows. In
these coordinates, we identify L9 = R?: p,(h) = h],c € L9 has coordinates
rlc € RY. Let f € C"(U,W) where U C R™, W C RY are open. With respect to
the above splitting, for each x € U,

1 .
D" f(@)(h) = (D* f(x)(h), —ronf(2)) € M, (n,q) x L.
Explicitly, the polynomial D= f(z)(h) has weighted coordinates (9%f(x)) €
R4 =4 where 0% runs over all multi-index rth order partial derivatives such
that 0% # 0], (the pure derivative 0! is excluded).

Let JH(U,V) = J~YU,V) x H*(n,q). Thus J"(U,V) = J-(U,V) x LA.
There is a continuous map, 7,.: C"(U,W) — C(U,J+(U,V)), f — j+f, the
perp-jet extension of f, such that for all x € U,

5T f(@) = (5" f(x), D () € THU, V).

Thus in weighted coordinates, 5" f(z) = (j1 f(z), 0% f(x)). Let ~ be the relation
on U x C"(U,V): (z,f) ~ (y,9) if and only if z = y and j* f(x) = jltg(x) i.e.
f,g have the same perp-jet extensions at z. Let X = R" x R? — R? be the
product R? bundle; let 7 = kerdh,, C T(R™) be the integrable codimension 1
hyperplane field, with respect to coordinates (hi,...,h,) in the basis v of R™.
Then ~ is an equivalence relation on germs of functions at x. Furthermore, the
map [f]*(z) — j1f(x) is well-defined and induces a bijection X+ — J+(U, V).
In this way we identify X+ = J+(U, V).

Returning to the bundle p: X — V and to the hyperplane field 7 above,
let z € V and let v = (v1,v2,...,v,) be a basis of T,,(V) that is adapted to 7:
v; € Tz, 1 < i <n-—11ie. (v1,v2,...,0,-1) is a basis for 7,. Let f € I'"(X).
With respect to local coordinates in V' x X at (z, f(x)) we assume f € C"(U, W)
where U, W are open sets respectively in R™, RY. We write 0,,, for the derivative
in the direction v; € R™, 1 <1i <n (9,, = J/0u; in local coordinates (u1, ..., u,)
in the basis v of R™). We employ directional derivatives since in general 7 is not
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integrable on a neighbourhood Op z i.e. global smooth coordinates on Op x for
an adapted basis at each point of Op x do not exist in general. Thus with respect
to the adapted basis v of T, (V),

75 = (7 (@), D" ()
= (jrilf(x)a agf(m)) S Jril(Uv W) X Hr(nvq) = JT(Uv W)?

where 0 = 01 0 982 o --- 0 98" runs over all rth order derivatives; |a| = p; +
po+ -+ pp =7 For each index a, 05 f(x) € RY. In these coordinates define,

Jf(@) = (" f(x), D f(x))
= (" f(@), 05 f(2)) € J"HUW) x Hyr(n,q) = JH(U, W),

where 05 runs over all rth order derivatives such that 07 # 9, i.e. only the pure
rth order derivative 0, is excluded. In particular, j" f(z) = ( Lf(@), 0 f(x)).
Note that [f]*(z) = [g]l( ) implies that j7~!f(x) = j"lg(x) and from (ii),
0y f(x) = Ogg(x) for all rth order derivatives 05 # 0 (the pure derivative
0y, is the only rth order derivative that does not occur in condition (ii) for the
L-jet relation). Thus if sections f,g € I'"(Xy) have the same L-jet at = then
jtf(x) = jtg(z) in the above coordinate representation with respect to the
adapted n-frame v i.e. the coordinate notation j* f(x) above is well-defined on
1 -jet equivalence classes.

The set X+ is naturally topologized as a manifold, the manifold of L-jets
of germs of C"-sections of the bundle p: X — V, whose charts are equivalent
to JH(U, W) above. f € T"(X) induces a section j*f € I'(X1), z — [f]*(z),
where [f]1(x) € X1 is represented in these charts by the above coordinates

L(fv)(x) € JH(U, W) with respect to an adapted basis v of T},(V). In particular
dim X+ 4 ¢ = dim X,

Let v = (v1,v2, ++ ,Uy), w = (w1, ws, -+ ,wy,) be continuous tangent n-
frame fields adapted to 7 on Op zy. Thus each derivative 0,,, 1 <i <n —1, is
a linear combination, with coefficients that are continuous functions in the base
space coordinates in Op xo, of the derivatives d,,,, 1 < j <n — 1. Consequently,
a change of adapted n-frames from v to w induces an invertible transformation,
represented by a square matrix whose entries are continuous functions of the
base space coordinates in Op z, from the coordinates of j1 f(x) with respect to
the n-frame v to the coordinates of j* f(z) with respect to the n-frame w. If
7 is a smooth hyperplane field then the changes of coordinates with respect to
smooth adapted n-frames is smooth.

The bundle p: X — V includes smooth transition maps gap: AN B —
Diff (F') that are associated to overlapping charts A, B in the base manifold



90 VI. THE GEOMETRY OF JET SPACES

V. Let f € I'"(X). Recall the change of coordinates formula, I (1.5), where
g=-evgap: forallx € AN B,

J"fl(x) = j"g o (id, fla)(x).

Restricting to L-jet extensions, j* f|g(z) = jtgo (id, f|4)(x), from which it fol-
lows that the induced change of coordinates map for overlapping charts J+ (A,
W1), J5(B,W3), on X+ is smooth if 7 is a smooth hyperplane field. Conse-
quently, if 7 is smooth then X+ is a smooth manifold; the projection maps
Pl Xt = XOD [ o [fleon, g X0 = X5 [f], e [ are smooth
and are equivalent respectively to the corresponding natural projection maps of
charts, p', : JT(U,W) — JH(U,W), p-y: JHU,W) — J =1 U, W).

The Affine Bundle p’ : X™ — X+, The projection map P X x1Lois
an R%-bundle for which, in local coordinates in a chart J”(U,R9) on X" the
fiber over jth(zg) € X+, h € T"(X), 9 € U, consists of all 7-jet extensions
J"(h + pn(z — x0))(z0) Where p,(h) = hl,c € L7 = R? (c € RY) in an adapted
basis v of T, (V). Furthermore, applying the change of coordinates formula to
f=gago(h+ py(x —x0)) it follows from the homogeneity of polynomials in
H,(n,q) that,

3 f (o) = j(gas © h)(o);
9y, f(xo) = 05, gap o (h+ pn(z — 20))(20)

Thus a change of coordinates on charts of X(") induces an affine transformation
of the Re-fiber over the base point j*h(zg) of the bundle p’} : X" — X+, The
“translation” term of the affine transformation is induced from the Chain Rule
by the derivatives D/h(z), 0 < j < r — 1, in the formula above for a;, f(zo). In
addition if w = (w1, ..., w,) is a change of adapted basis of T, (V') then 0, is a
linear combination of the derivatives d,,,, 1 < j < n. Hence the pure derivative
9y is a linear combination of all the derivatives 03, |a| = r. Since j*h(x)
includes all derivatives 95 # 0y, (in the adapted basis w) it follows that a change
of adapted basis in T, (V') also induces an affine transformation on the R4-fiber
over the base point j*h(zg) of the bundle p’ : X" — X*. One concludes
therefore that the R%-bundle p'} : X" — X< is affine. Similar considerations
show that the bundle pt ,: X+ — X~ is an affine bundle and that the
affine structures on the bundles p'| : X - x+ P Xt — X =1 are both
compatible with the affine structure on the bundle p/_,: X" — x (=1,

X+ for Split Manifolds. Suppose that V = V' x [0,1] i.e. V is a split smooth
manifold, and 7 C T(V) is the codimension 1 hyperplane field that is tangent to
the slices V' x {t}, 0 < t < 1. In particular 7 is an integrable hyperplane field.
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Conversely, if 7 is an integrable codimension 1 hyperplane field then locally V'
splits as above such that 7 is the hyperplane field that is tangent to the slices.
Since V splits there are preferred locally adapted tangent n-frames v such that
0y, = 0. Hence, in local coordinates with respect to a preferred adapted n-
frame,
T f@) = (5 f(2), 0] f(x)) € X~ x RY.

If in addition p: X — V is the product R?-bundle over a split manifold V,
X =V xRY, then the above coordinate representation with respect to a preferred
adapted n-frame induces a splitting on r-jet spaces,

X = x+ xR
As an example, let U be a chart on the base manifold V such that U N oV = 0.
Then U is diffeomorphic to the n-cube [0,1]™. Hence U is a split manifold with

respect to each of the coordinates in [0,1]". Over U the bundle p: X — V is
locally a product R%-bundle, for which the above splitting of r-jet spaces obtains.

§2. Principal Decompositions in Jet Spaces

6.2.1. Principal Subspaces in X, The affine bundles Dyt X xtr=1),
P X — X1 have the same total space X (™). Employing the commutative
diagram (6.1), it follows that each affine fiber Xfur), w e XY of the affine
bundle p’_,: X" — X (=1 is foliated by a family of parallel g-planes, the fibers
of the affine R%bundle p} : X" — X that lie over w € X("=1. This family
of parallel affine ¢g-planes in X is called the principal direction induced by the
hyperplane field 7 in the fiber Xg). Each of these g-planes is a principal subspace
of the family. Consequently, each fiber Xq(f) is foliated by a principal direction,
which in turn is parametrized by the codimension 1 hyperplane fields 7 C T'(V').
Principal subspaces play an important role in the general theory. We prove below
an algebraic lemma which has the geometrical consequence that any two r-jets
21,20 € XU can be joined by a continuous path in X\, continuous also with
respect to the end points z7, 29, that is composed of (piecewise linear) segments,
each of which lies in a principal subspace with respect to some codimension 1
hyperplane field defined locally on Opz C V, 2 = s(w) € V (s: X~V -V
is the source map). This geometrical property underlies the theory of iterated
Convex Hull extensions developed in Chapter VIII.

6.2.2. Let f € I'"(X). Suppose f(U) C W, where U, W are charts respectively
on the base V' and the fiber F'. In local coordinates,

3T f) = (7" f(a), %D’"f(x)) € J7H U W) x He(n,q). (6.2)

where H,(n, q) is the fiber of the affine bundle p;_,: X — X (r=1),
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Let 2,21 € Xq(ur) be r-jets in the same affine fiber, w € X"~V In terms
of the local coordinates (6.2), throughout this chapter we employ the succinct
additive notation: z = z; + p where p € H,(n,q) (addition in the second factor).
Explicitly, if z = 5" f(x), 21 = j"g(z) then p = D"(f — g)(z) € H,(n,q).

Let p’, : X" — X be the affine R%-bundle associated to a codimension 1
hyperplane field 7 C T(V'). In what follows we give an algebraic characterization
of the principal subspaces of the affine space Xq(f) associated to the hyperplane
field 7. In local coordinates on V' let ¢ = > a;dx; be a 1-form at x € V such
that 7, = ker/. For each r» > 1, the linear function ¢ € H;(n,1) induces a
homogeneous polynomial function (a monomial) ¢" € H,.(n,1) (symmetric r-fold
tensor product of £), such that for all h € R™,

0" (h) = (¢(h))" € R.

Explicitly in contracted notation ¢" = Z‘a‘:r r!/ala, dz®. For each vector ¢ =

(c1,¢2,-+ ,¢q) € R?let £ - ¢ € H,(n, q) be the polynomial function, with values
along the line through ¢ € R? such that for all h € R",
" -c(h) = (L(h))"c € RL. (6.3)

Lemma 6.1. Suppose f,g € T"(X) have the same (r —1)-jet extensions at x € V:
JT () = j7 Yg(x) € XD In the local coordinates (6.2), f, g have the same
L-jetatx €V ie. j=f(x) = jtg(x) € X+, if and only if there is a vector ¢ € RY
such that,

D" f(z)=D"g(x)+ " -c.

Proof. Let v = (v1,v2, -+ ,v,) be a basis of T,(V) adapted to 7,: v; € 74,
1 <i<n—1. Employing I (1.2) with respect to the adapted basis v of R", for
all h e R,

D(f @) = 3 Sheas(r — g)(o).
|a)=r ’

Thus j1f(z) = jtg(x) if and only if 9¢(f — g)(x) = 0 for all derivatives in the
above sum such that 9 # 9, . Consequently the equality of L-jets is equivalent
to,
D'(f = g)(@)(h) = hy0;, (f — g)(x) € RY.
where h = (hy, ha, -+ , hy,) in the adapted basis v. Since ¢(h) = hpl(vy,), {(v,) #
0, one obtains the equivalent condition (k = 1/4(vy,)),
D" f(x) = D"g(z) + " - c,

where ¢ = k"0, (f —g)(z) € R?, which proves the lemma. O
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Remark 6.2. Let z = j"f(z), z1 = j7g(z) be r-jets in X () that lie in the same
principal subspace. Thus j* f(x) = jtg(z) and, by the lemma, there is a vector
¢ € RY such that in local coordinates D" f(z) = D"g(x) + ¢" - c. Employing the
local coordinates (6.2) in X,

2= (j""g(x), D"g(x) + L7 ¢) € J"THR", R) x Hy(n, q).

Employing the additive notation above, we write z = z; + £" - ¢ in the local co-
ordinates (6.2). In this notation, one has the following explicit algebraic charac-
terization of principal subspaces. An r-jet z € X () lies in the principal subspace
through z; if and only if; in the above local coordinates, there is a vector ¢ € R?
such that,

z=z1+/L0" -c.

Corollary 6.3. Let X\ be an affine fiber of the affine bundle X — X (=1,
w € XY Recall the principal direction on Xq(f) with respect to the affine
Ri-bundle X" — XL, For all z1,2 € Xl(,f), the translation T: X7 - XQ(UT),
T(z) = z+ (22 — 21), induces an affine isomorphism from the principal subspace
through z1 to the principal subspace through zo.

Proof. Let 11 € Xq(,f) be in the principal subspace through z;. In the above local
coordinates, y; = z1 + £" - ¢, where ¢ € R?. Since T'(y1) = 22 + £ - ¢, it follows
that T induces an affine isomorphism of principal subspaces. O

6.2.3. An important geometrical problem in X (") for the general theory of Convex
Hull extensions, discussed below, is the problem of sufficiently many principal
directions: for all r-jets 21, 22 in X\ the problem is to construct r-jets y; € x0,
1 < j <m, such that y; = 21, ¥m = 22 and such that the r-jets y;_1,y; lie in a
principal subspace R; associated to a codimension 1 hyperplane field 7; C T,,(V)
(x =s(w) € V), 1 <j < m. If the successive 7-jets y;_1,y; in this sequence are
joined by a continuous path in the principal subspace R; = R?, one obtains a
principal path in Xg) joining 21, 2o, in terms of which we reformulate as follows:
for all r-jets 21, 22 in X\ the problem is to construct a principal path in X
joining z1, zo. Theorem 6.7 below solves this problem in a continuous manner i.e.
that depends continuously on the r-jets zq, 25.

Proposition 6.4. There is a basis of H,(n, 1) consisting of monomials of the form
6, 1 < p < dimH,(n,1)(= dr(n)), where £, € Hi(n,1) is linear and for all
h € R™,

C(h) = (Lu(h)" €R, 1< pu<de(n).



94 VI. THE GEOMETRY OF JET SPACES

Proof. The proposition is a well-known result in algebra that real homogeneous
polynomials of degree r in n variables are represented as sums of rth powers
of linear forms in n variables. A modern reference is Reznick [35], p.30. This
proposition extends easily to the following corollary on homogeneous polynomials
with values in RY.

Corollary 6.5. Let (], 1 < p < d.(n), be a basis of H,(n,1) consisting of
monomials. For each polynomial map p € H,(n,q) there are vectors ¢, € R,
1 <u<d.(n), such that,

Proof. In the basis (£,), p = (p1,p2-..,pq), Where p; = Zu CLKL, 1<i<yq.
Employing (6.3) it follows that,

p=(> chly,....> L)
"

o
= (eply, ity ... cler)
m
d,(n)
=D o
p=1
where ¢, = (c},,¢,,...,¢l) € R%, 1 <y < d,(n), which proves the Corollary. O

Corollary 6.6. Let f € C°(Z,H,(n,q)) be a continuous map, Z a topological
space. There are continuous map F,, € C°(Z,R?), 1 < pu < d,(n), such that,

dr(n)

f=> 0,-F.
pn=1

In addition F), is smooth, 1 < u < d.(n), if Z is a smooth manifold and f is a
smooth map.

Theorem 6.7. Let f, g € ngm(X(’“)) be continuous sections of r-jets over Opx C
V such thatp]_,of=pl_j09¢€ ngx(X((Jrfl)) i.e. f,g induce the same (r —
1)-jet sections over Opx. There are smooth, integrable, codimension 1 tangent
hyperplane fields ; on Opx C V, 1 < j < d,(n), and continuous sections
y; € Topx(X1), 0 < j <d.(n), such that yo = f, Yd,(n) = g and such that:
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(i) pr_qoy; =pi_10 f(=w) €Tpp.(XT™V), 1 < j <d.(n) i.e. the sections
f,y; induce the same (r — 1)-jet sections.

(i) For allu € Opx, successive r-jets y;_1(u),y;(u) lie in a principal subspace
Rj(u) C Xfur()u) associated to the hyperplane 7;(u) C T,(V), 1 < j < d.(n).

(iii) The sections y; € Top (X M), 1 < j < d.(n), are smooth if f, g are smooth
sections.

Proof. Let N be a neighbourhood of 571 f(z) in X (=1 such that the restriction
bundle p;._: X](\;) — N is trivial. One may assume that N = J"~!(R",RY) and
that,

X = JH R, RY) x Ho(n,q).

In these coordinates, since f, g induce the same (r — 1)-jet sections over Op x
it follows that over Op x, in additive notation (addition in the factor H, (n,q)),
f =g+ p where p € C°(R",H,(n,q)). Employing Corollary 6.6, it follows that
there are continuous functions G, € C°(R™,RY), 1 < p < d,(n), such that

dr(n)
f=g+) 6 Gy (6.4)
pn=1

Let yo = g and in the above local coordinates let y,, € I'oy (X (T)) be the section,

173
Yyp=9+ > ;-G 1< p<d.(n)
! ; (6.5)

=yu-1+4, Gy, 1< p<d.(n).

Employing Corollary 6.6, the functions G,, hence the sections y,, defined above
are smooth if in addition f, g are smooth, 1 < i < d,.(n). Since the 1-forms ¢,
on R™ are constant, hence closed, they pull back to closed smooth 1-forms (same
notation) on Op z for which the corresponding codimension 1 hyperplane fields
7, = ker{,, on Op x are smooth and integrable, 1 < i < d,.(n). Employing (6.5)
and the algebraic characterization of principal subspaces provided in Remark
6.2, it follows that for all w € Opx successive r-jets y,_1(u),yu(u) € x0,
w = pl_; o f(u) € X"V lie in a principal subspace R,,(u) associated to the
hyperplane 7, (u) = ker £, (u) C T,,(V'). Setting pu = d,(n) in (6.5) it follows from
(6.4) that yg4 () = f, which completes the proof of the theorem. O

Remark 6.8. The proof of Theorem 6.7 implies the following pointwise result
which we record separately: Let 20,21 € X, w € XD, Let 2, = 20 + p,
where p = Zj 0% -cj € Hy(n,q). The sequence of r-jets y; € XQ(UT), 1<j<d.(n),
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defined inductively by yo = z0, y; = yj—1 + £} - ¢j, 1 < j < d,(n), satisfies the
property that yg,(,) = 21 and that successive r-jets y; 1,y; lie in a principal
subspace R; associated to the hyperplane 7;(z) = ker ¢;(z) (z = s(w) € V).

6.2.4. Principal Paths. Let h: [a,b] — R? be continuous. Associated to each
partition, a = tg < t; < -+ < t,, = b, of the interval [a, b] is the piecewise linear
path i’ which affinely interpolates between h(t;_1), h(t;) on the interval [t;_1, ],
1<i<m:forallte [ti—lyti}a

ti—t t—1i—1

h(ti—1) +

W(t)= ——— —
®) ti — 1t ti —t;i1

h(t;), 1<i<m.

In case t; = t;—1 then h/(t;) = h(t;). This construction is uniformly continuous in
the sense that for each € > 0 there is a § > 0 such that for all partitions of mesh
< 0 the corresponding piecewise linear path h' satisfies ||h — h/|| < e in the sup-
norm topology. Let r-jets 2o, 21 € X\, w € X"~V A piecewise principal path in
x{ joining zg to 21 is a piecewise linear path p: [a, b] — I(UT), p(a) = zo, p(b) =
21, such that, with respect to some subdivision a = tqg <t; <to <---<t,, =b
of [a, b], successive pairs of points p(t;_1),p(t;) lie in a principal subspace R,
1 < 5 < m. For example, employing Remark 6.8, there is a piecewise principal
path in XTSJT) joining zg to z; which interpolates linearly, as above, between the
points y;_1,y; on the interval [¢t;_1,t;], 1 <1i < d,(n), with respect to a partition
a=tyg <ty <--- <ty () = b, of the interval [a, b]. Employing Theorem 6.7, the
piecewise principal path p = p(zo, z1) constructed above is continuous in the end
points zg, 2.

Lemma 6.9. Let d be a metric on X and let ¢ > 0. For each path h: [0,1] —
ij) there is a piecewise principal path p: [0,1] — XI(UT) which is an e-approxi-
mation to h: for all t € [0,1], d(h(t),p(t)) < e.

Proof. With respect to a subdivision 0 = tg < t; <ty < --- < ¢, =1 of [0,1],
there is path p(t) in x& joining h(0) to A(1) such that on each subinterval
[ti—1,ti], p(t) is a piecewise principal path joining h(t;—1),h(t;), 1 < i < m. Let
h(t;) = h(ti—1) + gi, where g; € H,.(n,q), 1 < i < m. Evidently, ¢g; approaches
0 € H,(n,q), 1 <i<m, as the mesh of the partition of [0, 1] approaches 0. The
metric d restricted to the fiber X’ = H,(n,q) induces a metric on the linear
space H,(n,q). Since metrics on finite dimensional linear spaces are equivalent,
it follows that, for a sufficiently small mesh, d(h(t),p(t)) < € for all ¢ € [0, 1].

U

Let f,g € I'(X() be continuous sections such that p’ , o f = pl_, o
g € T(XU"=1Y) ie. the sections f,g have the same (r — 1)-jet components. A
piecewise principal homotopy of sections that joins f to g over a subspace A of
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the base manifold V is a homotopy H: [0,1] — I'4(X ™)) such that Hy = f|4,
Hy, = g|a, and such that for all z € A, H;(x) is a piecewise principal path in
the fiber Xg)x); w(x) =pl_, o f(x) € X"V, Employing Theorem 6.7 it follows
that locally for each x € V there is a piecewise principal homotopy of sections
H:[0,1] — oy (X™) that joins f to g over Opz.

Although Theorem 6.7 and the local construction of piecewise principal
paths above are sufficient for our purposes it is interesting to extend the above
construction of a local piecewise principal homotopy H over Op x to a piecewise
principal homotopy of sections that joins f to g globally over the base manifold
V. Indeed, this global picture is the one advocated in Gromov [18]. The point
here is that locally in each fiber Xl(f) the space of piecewise principal paths is con-
tractible. Proceeding inductively over a covering by charts of V', as in the proof
of the existence of global C-structures, II Proposition 2.3, this contractibility re-
sult is employed to construct a piecewise principal homotopy of sections globally
over V which joins f to g. Details are sketched as follows.

Lemma 6.10. Let P C C(]0, 1],XI(UT)) denote the subspace of piecewise principal
paths in a fiber X3 which join f(z) to g(x) (x = s(w) € V). The space P is
contractible.

Proof. Let F: [0,1] — X be a piecewise principal path, Fy = f(z), F1 = g(z),
which is constructed as above in §6.2.4 with respect to the fixed family of prin-
cipal subspaces specified in Remark 6.8. We show that P strongly deformation
retracts to F. To this end let G € P. Let H: [0,1]? — X" be the homotopy
defined as follows: For each s € [0, 1],

(i) H(s,u) =G(u), s <u<1.

(ii) H(s,u), 0 < u < s, is a piecewise principal path in Xg), constructed as
above in §6.2.4, that joins f(z) to G(s) on [0, s| (to ensure continuity of H,
one rescales a fixed partition of [0, 1] to [0, s]).

Thus H is continuous; for all s € [0,1] the path H,(-) € P; for each s, the
path H(s,u), u € [0, s], is piecewise principal with respect to the fixed family of
principal subspaces specified in Remark 6.8. For all v € [0,1] H(1,u) = F(u);
H(0,u) = G(u) i.e. the homotopy continuously deforms the path G to the path
F through piecewise principal paths in P. Furthermore the deformation H is
continuous in G € P. O

Employing Theorem 6.7 and the existence of fiberwise piecewise principal paths
as constructed above in §6.4, Lemma 6.10 extends as follows to charts of the
form Opx on V. Details are left to the reader.

Corollary 6.11. Let f,g € T'op. (X)) be continuous sections such that pl_; o
f=pl_10g € Top (XU V). Let P € C°[0,1],Top(X™)) be the subspace
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of piecewise principal homotopies which join f to g over Opx. The space P is
contractible.

Proposition 6.12. Let f,g € T(X")) satisfy p’._, o f =pl_, 09 € T(XTV) ie.
the sections f,g have the same (r — 1)-components. There is a global piecewise
principal homotopy H : [0,1] — T'(X ")) which joins f to g over V.

Proof. We follow the structure of the proof for the analogous construction of a
global C-structure, IT Proposition 2.3, which is based on the contractibility of the
space of C-structures. Employing Theorem 6.7 and the construction of piecewise
principal paths in §6.2.4, for each x € V a piecewise principal homotopy of
sections exists which joins f to g over Opx. In order to patch together these
piecewise principal homotopies on overlapping charts the contractibility of the
space of piecewise principal paths, Corollary 6.11, is employed inductively over
a covering of the base V' by charts, the inductive step of which is as follows.
The proof of the following lemma is analogous to II Lemma 2.5 and therefore is
omitted.

Lemma 6.13. Let K, L C V be closed and let Gg respectively G1 be piecewise
principal homotopies of sections which join f to g over Op K, respectively Op L.
There is a piecewise principal homotopy of sections H which joins f to g over
Op (KUL) such that H = G over (a smaller) Op1 K and H = G over Op (L \
Op(KNL)).

Returning to the proof of the proposition, there are countable locally finite
open covers {W;}, {U;} of the base manifold V such that for all i, W; C U,
and there is a piecewise principal homotopy of sections which joins f to g over
each U; (U; = Opx;). Inductively on n, let K = |J_, W;, a closed subset of
V', and suppose H,, is a piecewise principal homotopy of sections which joins
f to g over Op K. Applying Lemma 6.13 to the closed set K and to W, 1,
there is a piecewise principal homotopy H,, 1 of sections which joins f to g over
Op (KUW ;1) such that H, 1 = H, over Op K. Since the cover {IW;} is locally
finite it follows that the homotopy H = lim,, .., H, is well-defined, continuous,
and also H: [0,1] — I'(X(") is a piecewise principal homotopy of sections that
joins f to g over the base manifold V. O

Theorem 6.14. Let f,g € T(X")) satisfy pl_, o f = pi_,0g € T(XTV).
There are sections f; € T(XM), 1 <i<m, fi = f, fm = g, such that for all i,
pr_qofi =pl_qof, and such that for allx € V, successive sections f;(z), fiy1(x)
lie in a principal subspace, 1 <i <m — 1.

Proof. The proof is by induction over a finite cover of V' by charts, each of which
is at most a countable union of disjoint charts of the form Opx, based on the
following construction. Let K, L be closed in V, L a chart of the form Opx.
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Suppose the theorem holds over Op K: there are sections f; € T'op x (X)), 1 <
i <p, fi =f, fp = g,such that for all z € Op K successive sections f;(x), fit+1(x)
lie in a principal subspace. We show that the theorem extends over Op K U L. In
case KNL = (), employing Theorem 6.7 on L, the extension to Op K UL is trivial.
In case K N L is not empty, employing Tietse’s Theorem, one extends f; (same
notation) across the chart L to Op K UL, 2 < i < m — 1. Applying Theorem
6.7 to the sections f;, f;11 over L, one employs bump functions in the chart L to
show that for each i the section f; “bifurcates” over L to sections g, ..., gle (n)?

gt = fi, géT(n) = fit+1, such that gj- = fiover Op K, 1 < j < d.(n), and such

that for all © € L successive sections g;-(x), gj- 41(z) lie in a principal subspace.
Details are left to the reader. O

Remark 6.15. A unified and simpler proof of Theorems 6.12, 6.14 is possible if
Proposition 6.4 extends to establish the connectivity of the space of monomial
bases of H,(n,q): up to a change of sign of a linear form, any two monomial
bases are connected by a homotopy of monomial bases. The algebraic literature
does not seem to address this question.



CHAPTER 7

CONVEX HULL EXTENSIONS

§1. The Microfibration Property

7.1.1. The h-principle. Let p: X — V be a smooth bundle, ¢g-dimensional fibers,
over a smooth n-dimensional manifold V, n > 1; s: X(") — V is the source map.
Let p: R — X (") be a microfibration. We recall the notation introduced in I §3. A
section a € I'(R) (sopoa = idy ) is holonomic if there is a C"-section f € I'"(X)
such that j” f = poa € T'(X (). The relation R satisfies the h-principle if for each
a € I'(R) there is a homotopy of sections H: [0,1] — I'(R), Hy = «, such that
the section H; is holonomic. The h-principle is required to be a relative condition
in the following sense. Let K C V be closed and suppose « is holonomic on K:
there is a C"-section g € T"(X) such that poa = j7g € T'g(X)). Then in
addition we require that for all ¢t € [0,1], H; = a € 'k (R) (constant homotopy
over K).

Let 7 € T(V) be a codimension 1 hyperplane field on V. Associated to 7
is the affine R%-bundle p"} : X(™ — XL (cf. VI §6.1.1). Thus we have data as in
Chapter V, §5.2.1:

R —~ , x(

Let « € I'(R) and let f € I'"(X) be a C"-section such that for all z € V,
i"f(x) € Conv(RZ(z), a(z)). (7.1)

where z(z) = jtf(x) € X*. Thus in this notation for all € V, the r-jets
p o a(z),j" f(x) both lie in the principal subspace given by the R%-fiber over
j* f(z) in the bundle p'} : X" — X+, The condition (7.1) states (cf. V §5.2.2)
that for each z € V, the r-jet 57 f(z) lies in the convex hull (in this principal
subspace) of the p-image of the path component in R, to which a(x) belongs.
The above hypothesis (7.1) on «, f is very strong and implies that, in local
coordinates, the r-jets po a, j" f(x) agree on all the “1”-derivatives. Employing
the topological and analytic machinery of Chapter V, the h-Stability Theorem
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7.2 proves that, under the hypothesis (7.1), the h-principle applies to « if in
addition 7 C T(V) is a smooth, integrable, codimension 1 hyperplane tangent
field. In fact a more refined result is proved, including a relative theorem and
a C-density result. The entire Chapter VII is devoted to the proof of the h-
stability theorem. The homotopy in the h-stability theorem can be chosen to be
holonomic at each stage, thus generalizing the corresponding results of Gromov
[18].

The h-stability theorem is the key structural result that is employed induc-
tively in the general theory of convex hull extensions. The h-stability theorem is
used in Chapter VIII to prove the C"~!-dense h-principle for short maps (The-
orem 8.4), and also in Chapter IX to solve non-linear systems of PDEs. Thus
the h-stability theorem lays the groundwork for the applications of convex inte-
gration theory to the global solution of non-linear systems of PDEs studied in
Chapter IX. These applications of the h-stability theorem do not require that
the relation R be ample, thus generalizing considerably the corresponding results
proved by Gromov for ample relations R. The results proved in Chapter IV for
open ample relations in spaces of 1-jets X1 are consequences of the theory of
ample relations in Chapter VIII.

7.1.2. Convex Hull Extensions. Let p: £ — B be an affine R%-bundle over a
manifold B and let p: R — E be continuous (not necessarily a microfibration).
Let m: E* — R be the pullback bundle, fiber R?, along the map po p: R — B.
Thus E* = {(a,z) € Rx E | pop(a) = p(z) € B}; m(a,x) = a € R. The induced
bundle map p*: E* — FE is the projection (a,z) — = € E. Let R* C E be the
“convex hull relation” in E: R* = {(a,z) € E* | x € Conv(Rp,a) where b =
p(z) € B}. There is an inclusion map i: R — R*, a — (a, p(a)), and an induced
projection map 7: R* — R, (a,x) — a. The bundle projection map p*: E* — E
restricts to a projection map (same notation) p*: R* — E.

*
Ex 2

ﬂ'l lp
R —— B
pop

We identify R C R* via the inclusion i: R — R*. Note that a section 5 € T'(R*)
consists of a pair of sections 3 = («, f) where a = mof8 € I'(R), f = p*off € I'(E).
Thus associated to the relation p: R — FE is the convex hull relation R* C E*,
about which we have the following important microfibration property.

Lemma 7.1. Suppose p : R — E is a microfibration. The projection map p*: R*
— E is a microfibration (known as the convex hull extension of R).
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Proof. Let F: P x [0,1] — E, g: P — R* be continuous maps, P a compact
polyhedron, such that p* o g = Fy: P — FE. In particular, for all p € P (b =
poF: P x]0,1] — B):

Fy(p) € COHV(Rb(pyo), mog(p)). (7.2)

Since p: E — B is a bundle it follows that the composition po p: R — B is a
microfibration. We therefore have the following commutative diagram:

PX{O} W—Og>R

i| [

P x[0,1] —— B
poF

By the microfibration property, there is an € € (0, 1] and a continuous lift G: P x
[0,€] — R such that: (i) popoG =poF: P x|[0,¢] — B; (it) Gy = wo g. Let
H: Px|0,¢] — E* be the continuous map, H(p,t) = (G(p,t), F(p,t)). Evidently,
p*oH =F:P x[0,¢] — E; Hy = (Go, Fv) = g.

To complete the proof of the lemma, we show that there is a § € (0, ] such
that in addition H(P x [0,4]) C R*: for all (p,t) € P x [0,4],

F(p,t) € Conv(Ry(p,e), G(p, 1)) (7.3)

This is a somewhat delicate point whose proof requires the local existence theory
of C-structures established in Chapter V. Since Gy = 7 o g it follows from (7.2)
that the convex hull condition (7.3) holds along P x {0}. Applying V Lemma 5.9
(the local existence of C-structures) to the microfibration id xp: PxR — Px E,
for each ¢ € P there is a neighbourhood Op (¢,0) in P x [0,1] such that (7.3)
is satisfied for all (p,t) € Op (g,0). since P is compact there is a 6 € (0, 1] such
that (7.3) is satisfied on P x [0,4], and the lemma is proved. O

Thus the lemma provides a microfibration p*: R* — E, the convezr hull
extension of the relation R with respect to the affine bundle p: E — B. We
consider now the case of a microfibration p: R — X and the affine R%-
bundle p’} : X(") — X' associated to a codimension 1 tangent field 7 C T(V).
Let Conv, R denote the corresponding convex hull extension of the relation R
over X ("), There is a natural inclusion i: R — Conv, R and a projection map
p*: Conv, R — X (a,z2) — z. Applying the lemma, p*: Conv; R — X () is
a microfibration that depends on the tangent field 7 C T'(V).

Conv, R _, X ()

lpi

Xl



104 VII. CONVEX HULL EXTENSIONS

Geometrically Conv, R is described as follows: (a,z) € Conv, R if and only if
the r-jets p(a),z € X0 w = p’_1(z) € X"=Y both lie in a principal subspace
(an RY-fiber) of the bundle p, : X — X such that the following convex hull
condition obtains:

z € Conv(Ry,a); b=7p"(2) =p] opla) € X+

Thus z lies in the convex hull of the p-image of the path component in Ry to
which a belongs (cf. V §5.2.2 for this notation). This complicated microfibration
encodes the convex hull information required for the general theory. We identify
R C Conv, R via the inclusion map i: R — Conv, R, a +— (a, p(a)).

§2. The h-Stability Theorem

7.2.1. A section ¢ € I'(Conv, R) consists of a pair of sections («a, g) where a =
mop € I(R), g = p* o € T'(XM). In particular, with respect to the bundle
pl: X — XL phopoa =y ogec T(X1). The section ¢ is holonomic if
g = j" f for some C"-section f € I'"(X). Explicitly, if ¢ = («, j" f) € T'(Conv, R)
is holonomic then for all z € V,

J"1(@) € Conv(Ryy,al@)); ba) = - f(x) =l opoale) € X (7.4)

Employing the inclusion R C I'(Conv, R), ¢ = («, 5" f) € I'(R) is holonomic if
and only if a € T'(R) is holonomic (poa = j"f)).
With these preliminaries, the work of this chapter is the proof of the following

result which is the main inductive step for the proof of the h-principles in Chapter
VIIIL.

Theorem 7.2 (The h-Stability Theorem). Let p: R — X () be a microfibration
and let 7 C T(V) be a codimension 1 tangent field on V that is smooth and
integrable. Let ¢ = (a,j" fo) € T'(Conv, R) be a holonomic section as in (7.4)
for a C"-section fo € T"(X). Let N be a neighbourhood of j* fo(V) in X+. There
is a homotopy of holonomic sections H: [0,1] — I'(Conv, R), Hy = (a¢,7"9:),
t € [0,1], such that the following properties obtain:

(i) Hy = ¢; Hy € T(R), hence oy is holonomic: poa; = j g1 € T'(XM).
Thus, each holonomic section of Conv, R can be continuously deformed
through holonomic sections in T'(Conv, R) to a holonomic section of R. In
particular, employing the homotopy oy, the h-principal holds for the section
aeT(R).

(ii) (C*-Dense h-Principle): For all t € [0,1], the image j*g/(V) C N. In
particular 5= o poay(V) = jtg (V) C N.
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(iii) (Relative Theorem): Furthermore, let K = {x € V | poa(zx) = j" fo(z)}
i.e. a is holonomic over K. Then one can choose the homotopy H so that
for allt €[0,1], H, = ¢ on K (constant homotopy on K ).

Proof. In order to apply the analytical and topological machinery of Chapter
V, the C"-smoothness of the data f; € I'"(X) needs to be refined, rel K, to
C*>°-smoothness on V' \ K, and then the set K in the relative theorem needs to
be replaced by Op K. The smoothness problem is treated first.

Lemma 7.3. There is a (small) homotopy rel K of holonomic sections ¢, =
(o, 7"gr) € T(Conv, R), t € [0,1], po = ¢, such that g1 is smooth on V \ K.

Proof. Let B C X be the embedded submanifold B = ;" fo(V). Since ¢ is
holonomic then p* o ¢ = j"fo € T(X (). Applying V Theorem 5.3 to the mi-
crofibration p*: Conv, R — X () and to the smooth bundle s: X(") — V' there
is a neighbourhood U of B in X and a continuous lift v: U — Conv, R such
that: (i) p* ov =idy; (it) vo j"fo = ¢ € T'(Conv, R).

Applying smooth approximation theory I Theorem 1.1, there is a homotopy
rel K, g € I"(X), t € [0,1], go = fo, such that g; is smooth on V' \ K and such
that for all ¢ € [0,1], j7¢+(V) C U. Setting ¢y = voj g, € I'(Conv, R), t € [0, 1],
it follows from property (¢) for the lift v that p* o, = j"¢g; i.e. ¢; is a homotopy
of holonomic sections. Furthermore ;" (g;)(w) = 5" fo(w) for all w € K. Hence
for all t € [0,1], ¢ = ¢ € I'k(Conv, R) (constant homotopy over K). Since
p* o1 =j"g1 is smooth on V' \ K, the lemma is proved. O

Employing Lemma 7.3, the data ¢ = («a,j"fo) € I'(Conv, R) is assumed
from now on to satisfy the additional hypothesis that fj is smooth on V' \ K. In
general the closed set K in the relative theorem is not subject to a priori control.
In order to apply the analytical machinery of Chapter V, the closed set K in the
relative theorem is replaced with Op K. This is stated as a separate lemma.

Lemma 7.4. There is a homotopy rel K of holonomic sections, o1 = (ay, j" fo) €
I'(Conv,.R), t € [0,1], po = ¢, such that po oy = j"fo on Op K, and po oy is
smooth on V' \ K.

Proof. As explained in the introduction, employing V Corollary 5.5, up to a small
homotopy rel K, oy € T'(R), t € [0,1], oy = v, one may assume po a; = j" fo
on Op K, and that p o « is smooth on V' \ K. However, the condition ¢; =
(o, 7" fo) € T'(Conv, R), t € [0, 1], requires also the convex hull property (7.4)
with respect to the bundle p’, : X" — X*: for all (t,z) € [0,1] x V/,

i" fo(x) € Conv(Ry(a), t(z)). (7.5)

To ensure (7.5), the homotopy «; is constructed more carefully. Since 7 is
smooth, it follows that p'| : X — X1 is a smooth bundle. With respect to
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the microfibration p: R — X and the smooth bundle P X0 — X+ let
B=aos€cT(R), g=7j"foosec(X") where s: X+ — V is the source map.
Let L = j*fo(K) Cc X+, M = g(X+) c X Since poa = j" fy on K it follows
that po8 =g on L.

R —L2 5 x0 M

lpl

Xt —— L

Applying Theorem 5.3 to the above data, there is a ¢-disk bundle neighbourhood
U of M in X(") and a continuous lift v: U — R such that pov = idy; vopo = .
Employing V Corollary 5.5 and the lift v: U — R, there is a small homotopy rel
L, 3, €T(R), t € [0,1], such that:

(i) Bo=pB;pofr1=gonOplL.

(ii) po By is smooth on X+ \ L.

(iii) for all (t,y) € [0,1] x X+, po Bi(y) € U.
Let ay = B0t fo € T(R), t € [0,1]. Employing (i), (ii), (iii), the homotopy
« satisfies the properties: ag = a; poay = j" fo on Op K; p o a is smooth on
V\K.

For all y € X1, Bi(y) € Ry, t € [0,1], is a path from 3(y). Hence, for all

reV, ux)e ’Rb(x), t €[0,1], b(z) = jt fo(x), is a path from a(z). Employing
(74) at ¢ = (a, j" fo) € T'(Conv, R), it follows that for all (¢,x) € [0,1] x V,

J"fo(z) € Conv(Ry(zy, t(x)), blx) = jJ‘fo(CL') e X+,
Setting oy = (i, 5" fo) € T'(Conv, R), t € [0, 1], the lemma is proved. O

Returning to the proof of the hA-stability theorem, employing lemmas 7.3,
7.4, the holonomic data ¢ = («,j" fo) € I'(Conv, R) is assumed to satisfy the
conditions: fo € T"(X) is smooth on V' \ K; poa € T(X () is smooth on V' \ K;
poa=7j"fyon Op K.

Since the codimension 1 tangent field 7 is smooth and integrable, then
locally at each point x € V there is a chart Opx = U which is a split manifold
diffeomorphic to U x [0, 1] = I" =1 x [0, 1], and the restriction of 7 to U is tangent
to the submanifolds Uy x {t}, 0 < ¢ < 1. Employing VI §6.1, in local coordinates
adapted to 7 over the split manifold U ((u,t) € Uy x [0, 1]),

X{) = X x RY,

where the R4-factor in this product decomposition corresponds to the pure deriv-
ative ;. Thus in the above local coordinates, fo € C*°(I",R?) incase U C V\ K.
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Following the general proof procedure of Chapter IV, let (W;)i>1, (Ui)i>1
be locally finite coverings by closed charts of V' \ K7 where K; is a closed neigh-
bourhood of K in Op K such that for all i > 1: (i) W; C intU;; U; = "1 x [0, 1]
is adapted as above to the integrable codimension 1 tangent field 7; U; C V' \ K.
In particular the sections, fo € T'(X), poa € T(X (")), are smooth on each chart
U; of the cover.

The proof procedure is an inductive process over successive charts U;, i > 1,
the main step of which is the following local extension lemma. Let U C V be
a closed chart which is a split manifold as above with respect to the integrable
tangent field 7. Let Ry, X (UT), X (Jj denote the subspaces over U of these spaces.
Thus p: Ry — X(UT) is a microfibration, p’| : X(UT) — X[Jj is smooth affine R?-
bundle, and in local coordinates adapted to 7, X((]T) = Xﬁ x RY.

Local Extension Lemma 7.5. Let ¢ = («,j"g) € I'(Conv, R) be holonomic such
that g, poa are smooth sections over U. Let A,W C V be closed sets, W C int U,
where U is a closed chart on V' that is a split manifold as above for the smooth
integrable codimension 1 field 7. Suppose that the following properties obtain:

(i) poa=j"g on Op A i.e. « € T(R) is holonomic on Op A.
(ii) jtg(V) C N i.e. g is a Ct-approzimation to fy.

There is a homotopy of holonomic sections oy = (ay,j"¢") € T'(Conv, R), t €
0,1], po = ¢, ar € T(R), £* € T"(X), such that:

(iii) For all t € [0,1], £* = g and ¢y = ¢ on Op AU OpV \ U, the sections
0t eT7(X), poay € T(X™M) are smooth over U for all t € [0,1].

(iv) For all t € [0,1], the image j-¢' (V) C N i.e. for all t € [0,1], ¢* is a
C*-approzimation to fj.

(v) poay = j"0Y on Op AUDPp W i.e. ay € T(R) is holonomic on Op AUDp W.
Thus the homotopy oy € T'(R) is constant on Op A and it connects oy = «,
which is holonomic on Op A, to oy which is holonomic on Op AU Op W.

Proof. From (iii), for all ¢ € [0,1], the functions ¢! and the homotopy ¢; are
constant on V' \ U i.e. all the changes to g and to ¢ occur inside the chart U.
The purpose of the local extension lemma is to improve the holonomicity of the
section av on Op A (cf. (i)) to holonomicity of the section oy on Op AUOp W (cf.
(v)) where W is a closed chart in the interior of U. This is the essential inductive
step in the proof procedure.

Let B be the smoothly embedded submanifold j+g(U) C X+ and let
pg: Y — B be a tubular m-disk neighbourhood of B in X+, m +n = dim X,
whose m-disk fibers are vertical (= ker Ds) along B with respect to the source
map s: X+ — V. Employing local adapted coordinates, Y = J+(I" RY) (a
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linear space of “1”-derivatives). Employing property (ii) of the data for g one
may assume that Y C A. For each subspace Z C Y, one has the microfibration

p: Ry — X(ZT), where in the above adapted local coordinates, X(ZT) = Z x R4,
and R = (¢ 0 p) ' (2):

Ry 25 X =2 xR1E5 Z2c X+

Note that the restriction (same notation) g € C°°(I",R?) in the above local
coordinates on the split manifold chart U = I", where I"™ = I"~1 x [0, 1] in split
coordinates. Let m: E — I"™ be the product R?-bundle over U = I" equivalent
to the trivial bundle p} : X'7) — B that is obtained by pulling back along the
embedding jtg: I" — B. Let p: S — E be the microfibration obtained as the
pullback of the microfibration p: Rp — X](;) along the bundle map £ — Xg).
Let 8 € I'(S) be the pullback of the section «os € I'(Rp). Let also K = ANI";
L = jtg(K) C B. In what follows, we identify T°(E) = C>(I",R9).

E —— X

TR

J

Since ¢ = (a,j"g) € I'(Conv, R) it follows that with respect to the pullback
bundle 7: E — I, for all z = (u,t) € "1 x [0,1],

0y g(z) € Conv(S;, B(x)). (7.6)

Since poa = j"g on Op A, it follows that the pullback po = 0] g on Op K. Ap-
plying the C*+-Approximation Theorem V 5.21 (without parameters) one obtains
the following theorem.

Theorem 7.6. For € > 0 sufficiently small there is a smooth map g. € C>(I"",R?)
and a homotopy F = F,: [0,1] — I'(S) such that:

ror—1 _ 0

(p1) lime—o [lge — g1

(p2) Fo=0;poFy =0[ge: I — RY; for allt € [0,1], po Fy, € C>°(I™,RY).

(p3) ge =g on Op K. For allt € [0,1], F; = f € Ty k(S) (constant homotopy
on Op K).

The entire analytic theory of Chapter V is required to produce the smooth
map ¢g. and the homotopy F; of Theorem 7.6 with respect to the pullback bundle
m: E — I and the microfibration p: S — E. We employ Theorem 7.6 as follows
to construct the component ¢* € T'"(X) of the homotopy ¢; = (v, 0") €
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I'(Conv,.R),t € [0, 1], required for the conclusions of the Local Extension Lemma
7.5. Since the closed chart W C int U there is a smooth cut-off function p: V —
[0,1] such that p =1 on OpW and =0 on OpV \ U (a neighbourhood of the
complement of U). For each ¢ € [0, 1] define a section ¢! = (L € I (X)) as follows:

) = { 9(x) + tu(z)(ge — g)(x) € C(I",RY) ifxeU
| g() o e opTTT

Since = 0 on Op AU it follows that ¢! € T"(X), t € [0,1], is well-defined and
smooth on U.

Evidently, ° = g; #* = g. on OpW. Since g. = g on Op K it follows that
¢t = g on Op A (constant homotopy). Furthermore over the chart U, employing
the norm estimate in Theorem 7.6 for the map g, for all ¢t € [0, 1], lim._o |[¢! —
g||""~! = 0. Consequently, for ¢ > 0 sufficiently small, it follows that for all
t € [0,1], j44U) C Y ie. jtet jtg are C-close. More precisely, for each
bundle neighbourhood N(B) of B in Y, it follows that for € > 0 sufficiently
small, for all t € [0,1] j+¢*(U) C N(B), hence j:¢'(U) C N.

The construction of the component a; € T'(R) of the required homotopy
0r = (g, 570" is decidedly more complex, and is completed in Lemma 7.13
below. It is for this purpose that the normal bundle pgp: Y — B in X' is
introduced. For € > 0 sufficiently small, the sections j*g., j+g are C°-close in
Y. Furthermore, employing the microfibration p: R — X (") the C-structure in
S employed to construct the homotopy F, in Theorem 7.6 pushes forward and
extends to a C-structure over Y. In particular one obtains a C-structure over
the base j1¢L(I") C Y which fiberwise strictly surrounds j"¢%, an essential step
in the proof of the Local Extension Lemma 7.5. The details of the above steps
are delicate and occupy the next several lemmas. The extension of C-structures
into Y is proved in Lemma 7.10. The situation is analogous to the push forward
problem encountered in the proof of the C°-dense h-principle, IV Remark 4.5, in
the special case of open relations R € X(1): the sections jLﬂﬁ,ng are C%-close;
however because of the presence of the rapidly oscillating function 6. the pure
derivatives 970,07 g, s € [0,1], do not satisfy uniform approximations as € — 0.
Special arguments are therefore required to construct a homotopy of sections
a; € T'(R) such that (ay,j"¢) € T'(Conv, R), t € [0, 1].

We first recall some details concerning the homotopy F' in Theorem 7.6.
(cf. V Remark 5.22). Since po 3 = 9] g on Op K, employing V Complement 5.11,
there is a smooth C-structure (m, M) with respect to the sections 9] g, 3, where
m: [0,1] — T'(S), m(0) = B, such that for all x € I"™ the path p o m,(z) in
E., u € [0,1], strictly surrounds 9 g(x). Furthermore, there is a ¢-disk bundle
neighbourhood T of the graph of po 8 € T'(E) and alift v: T — S, vopof = f,
pov = idyp, such that on Op K (m, M) is a continuous lift: (m, M) = (vomg,vo
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My), where (mq, My) is a smooth C-structure over Op K with respect to 0} g,
po B3 €T (E) such that ev My([0,1]2 x Op K) C T. Employing V Theorem 5.21,
the homotopy F': [0,1] — I'(S) has the following form (z = (¢, t) € I~ x [0, 1];
s €[0,1]):

M(O(t),s,c,t) €S, ifxel\OpK

7.7
vo Fl(z) ifreOpK. (7.7)

Fy(c,t) = {
where Ops K C Op K. The homotopy F’: [0,1] — I'p, x(T) satisfies the prop-
erties:

(i) Fg=pofB=07g, F{ = 0]g..

(ii) F. = po 3 (constant homotopy) on (a smaller) Op; K.

(iii) Fl(z) = Mo(0c(t),s,x) on Op K \ Opo K.
Remark 7.7. Except for a small perturbation in the tube T to ensure that the
homotopy F' = voF’ is constant = 3 on Op1 K, the image of F' is contained in the
image of the C-structure M. The construction of F’ makes essential use of the
contractible ¢-disk fibers of the bundle 7T'. This split definition for constructing
the homotopy F in the tube T so that it is constant on Op K (cf. (p3)) is employed

again in Lemma 7.12 to construct a suitable extension of the push forward of F
over a neighbourhood N (B).

In what follows B(y;r) C R is the ball of radius 7, center 3. The balls obtained in
the following technical lemma and corollary are required to establish the convex
hull properties of Proposition 7.14.

Lemma 7.8. Let (m, M) be the C-structure above with respect to 0 g, 3. There is
a § > 0 such that for all (t,z) € [0,1] x I",

B(0;g(x);6) U B(pomf(t,z);d) C Conv(Sy, B(x)).
Proof. The homotopy m: [0, 1] — T'(S) satisfies the properties: (i) m(0) = (3; (i7)
the projection pom: [0,1] — I'(E) is a path that strictly surrounds the section
0; g in each fiber. By compactness there is a §; > 0 such that for all x € I™,
B(0;g(x); 61) C Conv(Sy, B(x)).
Again, since m(0) = 3 it follows that for all (u,z) € [0,1] x I™,

pomy(x) € Conv(S,, B(x)). (7.8)

Employing (7.8) it follows from V Proposition 5.8 applied to the bundle [0, 1] x
E — [0,1] x I"™ that there is a parametrized family of C-structures (h, H),



§2. THE h-STABILITY THEOREM 111

with respect to m, 3, where h: [0,1]> — T'(S), h(0,0) = 3, such that for all
(u,v,2) € [0,1]% x I", the path po h(u,v,r) in E,, v € [0,1], strictly surrounds
pom(u,x). By compactness, there is a do > 0 such that for all (¢, ) € [0,1] x I"™,

B(pom(t,z);02) C Conv(Sy, B(x)),
which completes the proof of the lemma. O

Corollary 7.9. There is a 6 > 0 such that for all € > 0 sufficiently small and all
xel,
B(9] ge(x);0) C Conv(S,, B(x)).

Proof. Recall the ¢-disk bundle 7" C E over the base section p o S(I™), and the
continuous lift v: T'— S, pov =idp, vo po § = (. Joining points in the ¢-disk
fibers of T" to the base and then employing the lift v, it follows that for all x € I"™
(T, is the g-disk fiber of the projection 7w: T'— I™),

T, C Conv(S,, f(x)).

Employing (7.7), for € > 0 sufficiently small, the homotopy F’ lies in T" and
satisfies F| = 0} g, over Op K i.e. for all x € Op K, 9] gc(z) C T}, In fact, from V
Theorem 5.20, the homotopy F” lies in the interior of the tubular neighbourhood
T (If T =T(o) (radius o), then the homotopy F’ can be chosen to be in T'(¢/2),
provided € > 0 is sufficiently small). Hence the corollary is proved over Op K.

Employing (7.7) it follows that for all z = (¢,t) € I"™ \ Op K:
po Fi(x) =0;ge(x) = po M(0e(t),1, ).

By construction of the C-structure (m, M), the contracting homotopy M runs
back and forth along the strictly surrounding homotopy m: [0,1] — T'(S). Em-
ploying Lemma 7.8, it follows that there is a § > 0 such that for all x € I\ Op K,

B(0] ge(x);0) C Conv(S,; B(x)),
which completes the proof of the Corollary. O

Returning to the proof of the local extension lemma, since XS(,T ) =Y x R¢
in local adapted coordinates, the source map s: X+ — V induces a bundle map
sxid: Xl(,r) — E, (y,v) — (s(y),v) € I" x RY = E, which is an isomorphism on
each fiber.

sxid
—_—

X\ =y x Re E

| |

Y — "



112 VII. CONVEX HULL EXTENSIONS

o~
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FIGURE 7.1

s*f e F(X}(,r)) is the pullback of a section f € T'(E): for all y € Y, s*f(y) =
(y, f(s(y))) € Xl(/r). Similarly C-structures in E pull back to C-structures in
x{,

Let G =50} g, Ge = s*0] ge € F(XS(,T)) be the pullbacks respectively of the
sections 0] g, 0;gc € I'(E): for all y € Y,

Gy) =(v,09(s(v))); Ge(y) = (1,94 9.(s(y)) € X =Y xR (7.9)

Let (m/, M'), M": D* — T'(Rg), be the push forward of the C-structure (m, M).
Note that the push forward of the section M(1) = g € T'(S) is the section
M'(1) =aos eI'(Rg). Thus (m/, M’) is a C-structure with respect to G,a0s
over B C Y. Let N(B) C Y be an m-disk bundle neighbourhood of B. For
notational convenience in what follows, for each C' C B let N(C) denote the
restriction of N(B) over C: N(C) = s~!(s(C)) N N(B).

Lemma 7.10. There is a neighbourhood N(B) of B inY , a sectiony € I'(Rn(p)),
and a C-structure (j,J) in R over N(B) with respect to the sections G,~ such
that the following properties are satisfied:

(i) v is an extension of the section a«os € ['(Rp); poy =G on N(OpL).
(ii) The C-structure (j,J) extends the C-structure (m’, M") over B.
(iii) (poj,poJ) = (s*(pom),s*(poM)); poJ: D* — F(X](\;()B)) is smooth.
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Proof. Applying V Theorem 5.1 to the bundle id xpg: D? x Y — D? x B, it
follows that there is an m-disk bundle neighbourhood N(B) of B in Y and a
continuous extension J: D* — I'(Ry(p)) such that:

(ps) For all w € D?, J, = M! € T(Rp) i.e. J restricts to M’ over B.
(ps) The projection po J = s*(po M): D* — F(Xj(\;()B)). Explicitly, for all
(u,y) € D* x N(B),

poJu(y) = (y,m20poMu(s(y))),
where my: = I" x R? — RY is the projection map.
Since (m, M) is a smooth C-structure, employing (ps), p o J is smooth. Let
J(1) = v € I'(Ry(p))- Since J extends M’, it follows that v = M'(1) = aos along

B i.e. v extends a o s. Recall that po = 0]¢g on Op K and M(1) = 3 € I'(S).
Employing (ps), (7.9), it follows that:

pory(y) = (.0 g(s(y) = Gly) € Xy forallye N(OpL).  (7.10)

Hence conclusion (i) of the lemma is proved. Let j: S* — T'(Ry(p)) be the
restriction of J to S* = dD?. From (ps), po j = s*(pom) and hence:

(poj.pod)=(s"(pom),s*(po M)).

Since the homotopy p o m strictly surrounds the section 9)g € I'(E) it follows
that the homotopy poj: S' — F(Xng)) strictly surrounds the section G =

s*0{g € F(Xng)). Thus the pair (j,J) is a C-structure with respect to G,~
and, employing (7.10), po~v = G on N(Dp L), which completes the proof of the

lemma. O

Recall the lift v: T — S, where T is a ¢-disk bundle neighbourhood of the
image p o B(I") C E. Applying V Theorem 5.3 to the section v € I'(Ry(p))
there is a g-disk bundle neighbourhood T of the image p o yv(N(B)) in X](J,’() B)
and a continuous extension (same notation) v: T — R such that vopo~y = 7;
pov =idp.

Note that po 3 = 0ig on UpK and from Lemma 7.10 poy = G =
s*0yg on N(OpL) = s~ (Op K) N N(B). Let Ty, respectively T, denote the
subdisk bundle of T" over the base 0jg(Op K) in E, respectively the subdisk
bundle of T over the base G(N(Op L)) in XX(,T). With respect to the bundle map,
sxid: N(OpL) x R? — Op K x RY, employing G = s*0] g, if the ¢-disk bundle
T, has sufficiently small radius,

(s x id)"Y(T,) c Tq. (7.11)
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Corollary 7.11. One may suppose in addition that the C-structure (j,J) = (KO
Jo,v o Jo) over N(Op L) where (jo, Jo) = (s*mq, s*My) is a C-structure in T
over N (Dp L) with respect to the sections G, po-y.

Proof. Recall that over Op K the C-structure (m, M) = (v o mg,v o M), where
(mo, M) is a C-structure over Op K in the g-disk bundle T, with respect to
07 g,p o (. Setting (jo,Jo) = (s*mg,s*Myp), employing (7.11), it follows that
(jo, Jo) is a C-structure over N(Op L) in the ¢-disk bundle T'¢ with respect to
G,pon.

Employing V Theorem 5.1 one obtains a neighbourhood N(B) of Bin Y, a
C-structure (same notation) (j,JJ) over N(B) which satisfies the conclusions of
Lemma 7.10 and such that in addition (j, J) = (v o jo,v0Jy) on N(Op L) where
(4o, Jo) is a C-structure in T'g as above. O

Working in the bundle 7: E — I™, the smooth map g. and the homotopy
F = F,:[0,1] — I'(S) were constructed in Theorem 7.6 to satisfy the properties
(pi), 1 <14 <3, and for which the homotopy F' is given explicitly by the formula
(7.7). In the next lemma, which is central for the constructions that follow,
employing the C-structure (j,J) given in Lemma 7.10, one extends the lift s*F
over B to a homotopy P in R over N(B) such that Py = 7 and such that
poP; = G. = s*0; g.. The split definition (cf. (7.7)) of the homotopy F over Op K
and I™ \ OpoK necessitates a corresponding split definition (and verification
of properties) of P over N(OpL) and N(B) \ N(Op2L) where N(OpsL) =
s~ (Op2K) N N(B). Since F': [0,1] — Doy i (Ty), employing (7.11), note in
particular that s*F’: [0,1] — T'n(opz)(T¢). In what follows we employ the
equivalent formulation of C-structures on domains D?,[0,1]? (cf. §5.2.2).

Lemma 7.12. Let P: [0,1] — I'(Rn(p)) be the homotopy (cf. (7.7)): for all
(u,y) € 10,1] x N(B),

= { 00 7y ENE)\NDpaD

voPlly)  ifyeNOpL). (7.12)

where P' = s*F": [0,1] — T'n(op L)(Tg). The homotopy P satisfies the following
properties: for all u € [0, 1],

(i) Ph=r;poPr=Ge; poP:[0,1] — F(X](\:()B)) is smooth.

(ii) P, =7 € (Rnop,1)) (constant homotopy on a smaller N(Op1L)).

Proof. Employing Corollary 7.11, J = v o Jy on N(Op L), and Jy = s*M,. By
construction (cf. (7.7)), for all x = (¢,t) € Op K \ Opo K,

F;(x) - MO<96(t>v u, 37)
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Since P’ = s*F’, it follows that for all (u,y) € [0,1] x N(Op L) \ N(Op2L),

P;(y) = J0(96(t>7u7y)7

Since J = v o Jy on N(OpL) it follows that the homotopy P is well-defined,
continuous and that p o P is smooth.

To complete the proof of conclusion (i), we work in N(Op L) and then in
N(B) \ N(Op2L). Employing (7.7), the homotopy F’ satisfies the properties:
over Op K,

Fy=poB=20.g; F|=0]g.

Since P’ = s*F’" over N(Op L), it follows that over N(Op L),
Py=5s"0g=G; P|=5s"0]g.=G.. (7.13)

Employing (7.10), G = p o~ over N(OpL) i.e. P = po~ and hence Py =
vopoy =+ on N(OpL). Since the C-structure (j, J) satisfies J(¢,0) = ~ for all
t € [0, 1], it follows that Py =~ on N(B).

From (7.13), po P, = P{ = G. on N(Op L). Employing (7.7) and (p2) of
Theorem 7.6 for the homotopy F, for all z = (¢,t) € I™ \ Opo K,

0l ge(z) =po Fi(x) =po M(0.(t),1,x).

Since poJ = s*(po M), G. = s*0] g, it follows that po P, = G, on N(B), which
completes the proof of conclusion (i).

Since F) = po 8 = 0;g on (a smaller) Op; K (constant homotopy), em-
ploying (7.10), for all w € [0,1], P, = s*F, = G = po~ on N(Op;L). Hence
P, =voP, =~on N(Op;L) (constant homotopy) which proves conclusion (ii),
and the proof of the lemma is complete. O

Recall the given data ¢ = (a, j"g) € T'(Conv,; R). Let oy € T'(R), t € [0, 1],
be the homotopy:

[ a(z) ifxeOpV\U
aule) = { Pon(H0(x)) iz eU. (7.14)

Since 1 = 0 on Op AU, it follows that on U, oy = Py(j+¢g) near the boundary of U.
From Lemma 7.12, Py = 7, and from Lemma 7.10, the section v € I'(Ry(p)) is an
extension of the section aos € I'(Rp). In particular, yojtg = a € T'(Ry) which
proves that the homotopy «ay is well-defined, continuous, and for all ¢t € [0, 1],
poa; € T(X™M) is smooth on U.
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Lemma 7.13. The homotopy o € T(R), t € [0,1], satisfies the following proper-
ties: for all t € [0, 1],

(i) ap=a; p opoay =j 0t € T(X1); poay is smooth on U.

(ii) poag =j"0* on OpW.

(iii) ay = a on Op A (constant homotopy).

Proof. As explained above, ayp = Py(j~g) = a on U hence ag = a. Since
P, € T(Ry(py) is a section, then for all y € N(B), p'} o po Pi(y) = y; set-
ting y = j1¢!(x) it follows that p’, o poa; = j-¢*, which completes the proof of
conclusion (i).

Recall that ¢! = g, on OpW and, from Lemma 7.12, po P, = G, on N(B).
Consequently employing (7.9), for all z € Op W,

poai(z) =po Pi(jge(x)) = (jge(w), 0 ge(w)) = j7 (),

which proves conclusion (ii). Recall that £ = g on Op A and, from Lemma 7.12,
P, =~ on N(OpL) (constant homotopy). Also from Lemma 7.10, v = c o s
along B = j1g(U). Consequently, for all (¢,z) € [0,1] x Op K (K = AnU),

@y (x) = Pu@y (i 9(2)) = 777 9(x)) = alz),
which proves conclusion (iii), and the proof of the lemma is complete. O

Let or = (o, j70") € T(R) x I'"(X), t € [0,1]. Employing Lemma 7.13, one
verifies the following properties:
(i) @0 = (,5"g) = ¢
(ii) ¢¢ = ¢ (constant homotopy) on Op A.
(iii) poay =570 on OpW.
(iv) For all t € [0,1] j2¢4(V) C N.
Consequently the homotopy ¢y, t € [0, 1], satisfies all the conclusions of the local

extension lemma except possibly the convex hull property ¢; € T'(Conv, R),
t € [0,1], which is proved separately in the following proposition.

Proposition 7.14. For ¢ > 0 sufficiently small, ¢ = (o, j"¢%) is a homotopy in
I'(Conv, R): for all (t,z) € [0,1] x V,

§70 (@) € Conv(Ry,(2), au());  by(w) = e (z) € X+

Proof. On OpV \ U, {' = g, a; = «a (constant homotopy). By hypothesis ¢ =
(a, j"g) € T'(Conv, R) i.e. the lemma is trivial on Op V' \ U.
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Lemma 7.15. Recall that on U = I™, £°(= ) = g+ su(ge — g) € C(I",R?). If
e > 0 is sufficiently small then for all (s,x) € [0,1] x I"™,

0yl (x) € Conv(S,, B(x)).

Proof. Calculating successive derivatives in t € [0, 1], on obtains,

oy e* =y g + spd; (ge +anpa” )8 P (ge — 9)
= ;9 + spoy (ge — )+5( )

where £, is a constant which depends only on p, 1 < p < r, and, from the norm
estimate (py) for g in Theorem 7.6, the error term lim._,oE(€e) = 0. Thus for
each z € I", up to a small perturbation by the error £(¢), 0j ¢*(x) is a convex
combination of the derivatives 9] g(x), 9f g.(x). Employing Lemma 7.8, Corollary
7.9, there is a 0 > 0 such that for all € > 0 sufficiently small, and all x € U,

B(0;g(x);0) U B(9; ge(x);0) C Conv(Sy, B(x)).

Since any convex linear combination of the derivatives 9] ¢g(x), 0} g.(x) lies in
the convex hull of the above g-balls of radius J, one concludes that, for € > 0
sufficiently small, 9] ¢*(x) € Conv(S,, 5(z)), and the lemma is proved. O

Returning to the proof of the proposition, let f“(:ff):s*aﬂgef(X](\:()B)):
for all (v,y) € [0,1] x N(B),

£ ) = (3, 000 (s(y))) € X7 = X+ x RO

In particular, the push forward of the section 9] ¢ € I'(E) to the bundle p’| : X5 (r)
— B is the restriction of the section fV along B: fU(b) = (jtg(x),0¢?(x ))
where b = jlg(r) € B. By construction, the push forward of 8 € T'(S) is
the section ao s € F(Xg)). The C-structure (m, M) employed in the proofs
of Lemma 7.8, Corollary 7.9, pushes forward to a C-structure (m’, M'), where
M':[0,1]> — I'(Rp). With respect to the C-structure (m’, M"), it follows from
Lemma 7.15 that for all € > 0 sufficiently small and all (v,b) € [0,1] x B,

Y (b) € Conv(Ry, o s(b)).
Furthermore, from Lemma 7.10, the section v € I'(Rn(p)) is an extension of

the section awo s € T'(Rp), and also the C-structure (j,JJ) over N(B) is an
extension of the C-structure (m’, M’). Since B is compact, it follows that there
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is a neighbourhood N(B) of B in Y such that for all € > 0 sufficiently small and
for all (v,y) € [0,1] x N(B),

fY(y) € Conv(Ry,v(y)).

For € > 0 sufficiently small, j-¢(U) C N(B). Consequently, setting y = j~¢*(x)
(= by(z)) € N(B), for € > 0 sufficiently small and for all (v,z) € [0,1] x U,

Fo(bo()) = (709 (2), 0;¢" (x)) = "€ () € Conv(Ry, (2, 1(bo(@))).  (7.15)

Employing the definition (7.14), for all x € U ay(x) = Ppa)(bi(x)) € Ri,(2)-
Since Py = v it follows that the homotopy, s — P, ()s:(b:()), s € [0, 1], is a path
in Ry, (») that connects Py(bi(x)) = v(be(x)) to ay(x). Consequently, employing
(7.15), for all (¢t,z) € [0,1] x U,

§70 () € Conv(Ry, (z), (),

which proves the proposition, and the proof of the local extension lemma is
complete. 0

Returning to the proof of the h-stability theorem, employing inductively the
Local Extension Lemma 7.5, the proof procedure of Chapter IV applies to the
data: (i) ¢ = (a, 5" fo) € T'(Conv, R); (ii) the closed set K = {x € V | poa(zx) =
J" fo(z)}; (4i7) the locally finite covers (W;);>1, (U;)i>1 of V' \ K1, to construct a
sequence of holonomic homotopies, (p: = (af, j7¢) € T'(Conv, R));>0, t € [0,1],
¢9 = ¢ (constant homotopy), £i is smooth on V \ K for all i,¢, such that the
following properties are satisfied for all i > 1:

(p1) For all t € [0,1], ¢} = ¢! on OpV \U;; ¢ = ¢ on Op K (constant
homotopy).

(p2) ¢ “1 Thus o)) = ol Y 0 = 071,

(p3) For all t € [0,1], the image j7¢(V) C N.

(ps) Forallt € [0,1], ¢} = @i ' on Ui_1 Op W;, a constant homotopy (Wy = 0).

(ps) poat =j"¢t on UODpW (thus poal =708 on OpW; C Uj;).

Concatenating the homotopies ¢!, i > 0, one obtains a homotopy of holo-
nomic sections ¢; = (ay, j" fi) € T'(Conv, R), po = ¢, such that: (i) poay = j" f1
(a1 is holonomic); (i7) ¢ = ¢ on Op K (constant homotopy); for all ¢ € [0, 1]
(V) C N, and hence the proof of the h-stability theorem is complete. [

7.2.2. Approximations. Let p: £ — B be an affine R%-bundle and let p: R — FE
be a microfibration, where (R, d) is a metric space. Recall V §5.2.2 the convex
hull Conv(Ry,a) where a € Ry. For each § > 0 and each (b,a) € B X Ry let
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Conv® (Ry, a) denote the convex hull (in the fiber Ej) of the p-image of the path
component of a in Ry N B(a;J).

Suppose f € T'(E), 8 € T'(R) satisfy the convex hull condition: for all b € B,
f(b) € Conv®(Ry, 3(b)). Then V Proposition 5.8 generalizes in the obvious way
to prove the existence of a C-structure (h, H) with respect to f, 3 such that in
addition, for all (s,t,b) € [0,1]> x B, d(B(b), H(s,t,b)) < §. Since dimV = n,
it follows from dimension theory, Hurewicz and Wallman [24], that there is an
open cover (U;);>1 of V for which each open set in the cover meets non-trivially
at most (n+1) open sets of the cover. The following refinement of the h-stability
theorem is employed in Chapter IX to solve closed relations in jet spaces; details
are left to the reader.

Complement 7.16 Approximations. Suppose in addition to the hypotheses of the
h-stability theorem, (R,d) is a metric space and there is a 6 > 0 such that for
allz eV,

7" folz) € Convé(Rb(gc),a(:r)); b(x) = jJ—f(J(.T) e X+,

The homotopy Hy = (ay,j"g:) € T'(Conv,R), t € [0,1], in the conclusions
of the theorem can be chosen so that in addition for all (t,z) € [0,1] x V,
d(ag(x), a(r)) < (n+1)4.

7.2.4. We discuss below a different relative version of the h-Stability Theorem
7.2 that is closer to the approach in Gromov [18]. Let p: R — X (") be a microfi-
bration. Let U C V be open and let 7 C T(U) be a codimension 1 hyperplane
tangent field on U. In particular 7 need not extend continuously to a tangent

field on V. Associated to 7 is the affine R%-bundle p’| : X[(]r) — X

We extend the definition of Conv,; R € R x X" (cf. §7.1.2) to the case
that 7 C T(U): (a, z) € Conv, R if and only if: (i) s(z) € V\U and p(a) = z, or
(ii) s(z) € U and z € Conv(Ry,a), where b = p', (z) € X+ There is a natural
inclusion map i : R — Conv,; R, a — (a,p(a)), and a natural projection map
p*: Conv, R — X (a,z) 2

A section («, g) € I'(Conv, R) consists of continuous sections o € I'(R), g €
['(X ™), such that: (i) for all z € V\U, poa(z) = g(x); (i) for all z € U, g(z) €
Conv(Rp(z), a(x)), where b(z) = jg(z) € X+. A section (o, g) € T'(Conv, R) is
holonomic if g = j" f for a (unique) section f € I'"(X). In particular p o o(z)
Jf(x) for all z € V\ U.

Theorem 7.17. Let U C V be open and let 7 C T(U) be a codimension 1 tangent
field on U which is smooth and integrable. Let o = (v, j" fo) € T'(Conv, R) be a
holonomic section. Let N be a neighbourhood of the image j=* fo(U) in X[Jf. There
is a homotopy of holonomic sections H: [0,1] — T'(Conv, R), Hy = (o, j"g:),
t €10,1], such that:
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(i) Ho = @; Hy € T(R), hence oy is holonomic: poa; = j7g; € T(X1).

(ii) For allt € [0,1], the image j*g;(U) C N.

(iii) For all (t,xz) € [0,1] x (V\U), Hy(x) = p(x) (constant homotopy).
Briefly, to prove the theorem, up to a small homotopy rel V'\ U, one may assume
that fo is smooth on U and that po« is smooth on U (cf. Lemmas 7.3, 7.4). One

then proceeds as in the h-Stability Theorem 7.2 (non-relative case) with V = U.
Details are left to the reader.



CHAPTER 8

AMPLE RELATIONS

§1. Short Sections

In this chapter the h-stability theorem VII Theorem 7.2 is applied to prove
the C"'-dense h-principle Theorem 8.12 for ample relations p: R — X, a
central result of the general theory. Recall that Theorem 7.2 is proved in the
strong form i.e. the asserted homotopy is holonomic at each stage. This strong
form of h-stability is exploited in §8.1.2 to develop a theory of short sections,
which provides a natural context for studying non-ample relations. A principal
result is the C"~!-density h-principle Theorem 8.4 for short maps. A strong
Weak Homotopy Equivalence Theorem 8.15 is proved, and in §4 we generalize
to h-principles relative to an open set Rg C X("). The chapter includes several
examples covered by the main theorems.

8.1.1. Iterated Convex Hull Extensions. Let U C V be open and let 7, C T(U),
1 <i < m,m > 2, be codimension 1 tangent hyperplane fields on U. Let

Pl X ((JT ) X:- be the affine R%-bundle associated to the hyperplane field 7; on

U,1<i<m.Letp: R — X (UT ) be continuous (not necessarily a microfibration).

For example R is the restriction over X[(JT ) of a relation over X (). Employing

VII §7.1.2, there is an iterated sequence of convex hull relations over X[(JT ) de-
fined inductively as follows with respect to the sequence of affine R%-bundles
P X((]T) — Xj- associated to 7; C T'(V') (Convo(R) =R; po =p: R — X((]r)):

Conv;(R) = Conv,, (Conv;_1(R)) 1<j<m. (8.1)

Thus Conv,;(R) C R x X((JT) X e X X((JT) ((+1) factors). There is a natural
projection p;: Conv;(R) — Xg), (a,21,22,...25) — z; (projection onto the
last factor), 1 < j < m. There is also a natural inclusion i: Conv,;_;(R) —
Conv;(R), a— (a,pj—1(a)),1 < j < m. The composition of these inclusion maps
induces an identification by inclusion Conv,;(R) C Convi(R),0 < j <k <m.In
particular, R C Conv;(R), 1 < j < m, and there is a sequence of commutative

D. Spring, Convex Integration Theory: Solutions to the h-principle in geometry and topology, Modern 121
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diagrams, 1 < 7 < m:
R —— Conv;(R)

p:_lopl lpi_lopj (8.2)
X (r=1) X(rfl)

The geometric properties of the convex hull extensions Conv;(R), 1 < j < m, are
somewhat subtle and are deferred to §8.1.3, where illustrative examples are given
of iterated convex hull extensions that occur in topology and in PDE theory. In
this section we develop the formal properties of convex hull extensions, based on
the h-stability theorem, VII Theorem 7.2.

Remark 8.1. As a preliminary remark to these geometrical properties of
Conv,,(R), let ypmi1 = (a,21,22,...,2m) € Conv,,(R), where a € R, z; € Xl(,f),
w=pl_,o0pla) € XUV 1 < i< m. Thus the rjets p(a),z;, 1 < i < m,
all lie in the same affine fiber Xq([) of the bundle X — X =1 Furthermore,
the r-jets p(a), z1, respectively z;_1, z;, both lie in a principal subspace (an R9-
fiber) of the bundle p’| : X((JT ) X i+ associated to the tangent hyperplane field
71, respectively both lie in a principal subspace of the bundle p’ : X,(JT) — Xf
associated to the tangent hyperplane field 7, 2 < ¢ < m. In particular, em-
ploying VI §6.2.4, there is a principal path in var) connecting z,, to p(a). Note
that (a, 21,29, ,2m-1) € Conv,y,_1(R), and pp, (Yms1) = zm € Xg). Further
geometrical details of (8.1) are provided in §8.1.3.

Since the relation p;: Conv;(R) — X ((]T ) is the convex hull extension of the

relation p;_;: Conv;_1(R) — X ((]r ) with respect to the tangent hyperplane field
7j, 1 < j < m, employing VII Lemma 7.1, one obtains by induction the following
result.

Lemma 8.2. Let p: R — X((JT) be a microfibration. Then p;: Conv,;(R) — X[(]T)
is a microfibration, the iterated jth convex hull extension of R, 1 < j < m.

A section ¢ € I'(Conv,, (R)) consists of an m-tuple of sections, ¢ = (¢, g1,
92, 9m), « €'(R); g5 € F(X[(JT)), 1 < j < m, such that for each x € U,

o(z) = (a(z), g1(x),. .. gm(x)) € Conv,,(R).

Employing Remark 8.1, for each z € U po a(z),g;(x) € XM 1<i< m,

w(x)?

where w(z) = pl_; 0o poa(z) € X"V ie. all these r-jets lie in the same affine
fiber X"

w(z)’

In particular if g = p._;0poa € F(Xg_l)), then @« € I'(R) is a

continuous lift of g into R, and g; € F(X[(Jr)) is a continuous lift of ¢ into X[(}n)7

1<j<m.
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Since pmoY = gm € I‘(XI(JT))7 it follows that ¢ € T'(Conv,,(R)) is holonomic
if and only if there is a C"-section h € T"(Xy) such that g, = j"h: pm o =
Jj"h e I'(X, [(JT )). Furthermore, with respect to the identification above by inclusion
R C Conv,,(R), ¢ € I'(R) if and only if the m-tuple ¢ = (o, poa,...,poa). In
particular, ¢ € I'(R) is holonomic if and only if « is holonomic on U: p,, o ¢ =
poa =j"h.

8.1.2. Short Sections. We assume throughout this section that p: R — X ((Jr) is
a microfibration and that the tangent hyperplane fields on U are smooth and
integrable. The pair (o, f) € I'(R) xI'"(Xy) is a formal solution to the relation R
if pr_jopoa=j""1f¢€ F(X[(Jrfl)). Hence o € T'(R) is a continuous lift of j7 =1 f
into R i.e. a solves the relation R up to jets of order (r —1). Employing iterated
convex hull extensions on U (cf. §8.1.1), a C"-section f € T (Xy) is defined to
be short if for some m > 1 there is a holonomic section ¢ € I'(Conv,,(R)) such
that p,, o =j"f € F(X((JT)). Thus ¢ = (@, 91, -, 9m—1,4"f), where a € T'(R);
in particular pi_, opoa = j771f € T(X(T=1) ie. the pair (a, f) is a short
formal solution to R. The problem of this chapter is to change a formal solution
(e, f) through a homotopy of formal solutions into a solution (/3,g) of R i.e.
pof=j"g. In case f is short, this is accomplished in Theorem 8.4 below.

Lemma 8.3. The space S = {f € T"(Xy) | f is short} is open in T"(Xy) in the
fine C"-topology.

Proof. Let f € S be short: j"f = p,, o ¢, where ¢ € I'(Conv,,(R)). Applying
Lemma 8.2, p,,: Conv,,(R) — X ((JT ) is a microfibration. Employing V Corollary

5.3, there is a neighbourhood T of the image j"f(U) C XI(JT) and a continuous
lift v: T'— Conv,,(R), pmov =idr; voppop = ¢. Theset Ny = {g € I'"(Xy) |
j"g(U) C T} is a neighbourhood of f in the fine C"-topology. For each g € Ny
let ¢, = voj"g € Conv,,(R). It follows that p,, o ¢, = j"g i.e. g is short and
the lemma is proved. O

Theorem 8.4. Let f € S be short with respect to ¢ € I'(Conv,, (R)):
o= (091,92 gm-1, 5 f); @ €T(R)g €T(X)) 1 <i<m—1.

Let N be a neighbourhood of the image j"~* f(U) C X[(Jrfl). There is a homotopy
of holonomic sections,

<Pt — (atagiagéa e 7g'fn—17jrft) S P(COHVm(R)), t S [07 1]7

such that the following properties obtain:
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(1) o = ¢; ¢1 € T(R), hence oy is holonomic: poay = j" f1. Thus the section
@ is continuously deformed through holonomic sections of Conv,,(R) to a
holonomic section of R. In particular, employing the homotopy oy, t € [0, 1],
the h-principle holds for o € T(R).

(ii) (CTt-dense principle) : For all t € [0,1], the image ;" f,(U) C N.

(iii) (Relative Theorem) : Let K = {x € U | po a(z) = g;(x) = j"f(z),1 <
i <m —1}. Then one can choose the homotopy p; so that for all t € [0,1],
o1 = ¢ on K (constant homotopy on K ).

Proof. Applying the h-stability theorem VII Theorem 7.2 to the data consisting
of the microfibration p,,—1: Conv,,_1(R) — X ((]T ) and the section ©, there is a
homotopy rel K of holonomic sections H; € I'(Conv,,(R)), t € [0, 1], such that:
(i) Hy € I'(Conv,,—1(R)); (23) for all ¢t € [0, 1], pl._ 0ppmoH(U) C N (in fact, the
homotopy H; satisfies a C---density result in X.-); (iii) for all t € [0,1], H; = ¢
on K (constant homotopy on K). Since H; € I'(Conv,,,—1(R)) is holonomic, the

h-stability theorem again applies, and an obvious induction proves the theorem.
O

8.1.3. In order to apply Theorem 8.4 suitable geometric criteria are required in
order to recognize short sections. For this purpose a detailed geometric descrip-
tion of Conv,,, (R) is provided in Proposition 8.5 below. The geometric content of
iterated convex hull extensions serves also for the analysis of general non-ample
relations over jet spaces, in particular for the PDE theory in Chapter IX. It is
somewhat remarkable however that in the case of ample relations over jet spaces
this rather technical geometric analysis can be avoided. Indeed, following Gro-
mov [18], the theory of iterated convex hull extensions proceeds algebraically,
based on Gromov’s observation that the ampleness of a relation extends to the
ampleness of all of its iterated convex hull extensions. This basic fact is proved
in Corollary 8.10. Indeed, Gromov [18] does not discuss the detailed geometry
of iterated convex hull extensions. Consequently his main results (for the most
part) are stated in terms of ample relations only, which was sufficient for his
purposes. Iterated convex hull extensions are studied from three perspectives:
analytically in Proposition 8.5; algebraically in Lemma 8.9; affine geometrically
in §8.4.2 (Lemma 8.39).

Employing (8.1) an (m + 1)-tuple yma1 = (a, 21, 22, - - -, 2m) € Conv,,(R) if and
only if,
Zm € Conv(Ry, ym); b =p (2m) € Xih,

where R, = (p'} 0 pm—1)"1(b) is the fiber in Conv,,_1(R) over b € X,-, and
Ym = (a,21,22,...,2m—1) € Rp. In particular, z,,,—1(= pm-1Ym)), zm lie in the
principal subspace over b in the bundle p’, : X [(Jr ) Xn%b.
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Hence there is a path y!, = (a*, 2}, 25,...,28 1) in Ry, 4%, = ym, t € [0,1],
such that the path of r-jets 2%, | (= pm-1(yL,)), t € [0,1], surrounds z,, in the
R-fiber over b with respect to the bundle p’| : X (UT ) X;L. These considerations

motivate the following iterative process for characterizing Conv,,(R).

Proposition 8.5. Let y = (a,z1,...2m) € R x [[}" X[(;). The element y €
Conv,,(R) if and only if there is a sequence of j-parameter families of paths,
T(j) = (t1,...,t;) € [0,1) (continuous in each variable, not necessarily jointly
continuous),

y;f’(mfj) _ (aT(m—j)’Z?(m*j)’ o T(m J))

_ (CT(m—j)vij(m’j)) e Convj(R), 0<j<m,

where yﬁ(o) =y, yg(m) =aT(™) € R, and such that the following properties are
satisfied for all T(j) € [0,1)7, 1 < j < m:

(p1) Z/?"”’O =(a,21,...25), 1 <j<m.
(p2) y]T(T DO = (Tm=D 1< j <m (4 4 =c=(a,21,....2n-1) in case
j=m).

(p3) pj (ij(m ])) ij(m_j) € X[(]r) (the last component), 1 < j < m.

(pa) The r-jets p(aT(m)),le(mfl) both lie in a principal subspace over the base
point bT(m=1) = pj_(le(mfl)) € Xi- of the bundle p'} : X[(JT) — Xi. The
path p(a” (M=) s € [0,1], surrounds z, T(m=1),

(ps) Successive r-jets zT(m J), ij_&n 371 both lie in a principal subspace over the

base point b=~ = pr (211 € X4 of the bundle p s X —
Xa+17 L <j <m—1. The path ZT(m 7702 s € [0,1], surrounds ZJTJET a 1);
1<j<m-—1

Proof. The element y = (¢, z,,) € Conv,,(R) if and only if there is path y2,_, €
Conv,,—1(R), ¥°,_1 = ¢, s € [0,1], of the form,

y'fnfl = (aS7 Zi ey anfl)
= (¢ z,_1) € Convy,—1(R),
such that the projected path p,,—1(ys,_1) = 25 s € [0, 1], surrounds the r-jet
Zm in the principal subspace in the bundle p'| : X " - XL over the base point
b=1p" (z2m) € X;- associated to 7,,.

m—1
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Similarly, the path y5,_; = (¢®,25,_;) € Conv,,_1(R) if and only if for each
€ [0, 1], there is a path y*" , € Conv,, o(R), 5, = ¢*, t € [0,1], of the form,

yfrlt—Q = (aS)t’ Zf’ta s >Z7swlt—2)
= (¢!, 25" ) € Conv,, _2(R),

t € [0, 1], surrounds the r-jet
2, in the principal subspace in the bundle p’} : X" — X | over the base
point b% = p, (25,_;) € X;-_, associated to 7,,—1. An obvious induction proves
the proposition. O

such that the projected path p,,_o(y>",) = 2"

m—2>

Informally the geometrical content of Conv,,(R) is as follows. y€Conv,,, (R)
comes equipped with a path y2,_,, s € [0,1], in Conv,,_1(R) whose projection
zy,_1 surrounds the r-jet z,, in a principal subspace of the bundle p’ : X ((JT ),
XL for each point on this path, there is a path y>" ., ¢ € [0,1], in Conv,,_2(R)

m—2
. . ot . . .
whose projection z," , surrounds the r-jet 2% _; in a principal subspace of the

bundle p’| : X[(JT) — X .. and so on for m steps to obtain: for each point

on a (m — 1)-parameter family of paths y?""’t’”_l in Convy(R) there is a path
att-tmin R, t,, € [0, 1], whose projection p(a?~tm) surrounds the r-jet i "
in a principal subspace of the bundle p’| : X ((]T) — Xi.

The construction of C-structures (V Proposition 5.8) restores joint con-
tinuity of the variables in the base V' and successive parametrized families of
surrounding paths i.e. the separate continuity in Proposition 8.5 poses no tech-
nical problems.

8.1.3. Examples. We illustrate the geometry of iterated convex hull extensions
with an example from non-linear PDE theory (Chapter IX) and an example from
local immersion theory.

PDE Example. Let U C R? be open and f = (f1, f2) € C'(U,R?) such that
((z,y) are coordinates in U):
<6wf1>2 + (8xf2)2 - A(jof> (83)
(8yf1)2 + (ayf2)2 = B(jofa awf) (8-4)

where A, B are continuous positive functions. Let 7y = 0,, 70 = 0,. Thus 71,7
are codimension 1 tangent fields on U. Let p: Xy x R?2 — U be the product
R2-bundle over U. We identify I'"(X) = C"(U,R?).

Let R C X,(J1 ) = U x R? x R? x R? be the closed relation defined by the
equations (8.3), (8.4):

r2+w2

P>+ ¢

(z,y,u,v)

=A
= B(x7 y7 u7 /U7 T? w)

(xay>uvvvpaqyr»w) €ER & {
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Here (p,q) € R? corresponds to the derivative d,; (r,w) € R? corresponds to
the derivative 9,. Let ¢ € C'(U,R?) and let a triple ¢ = (a,21,22) € R X

X(l) X X(l) be defined as follows at (z,y) € U: a = (j%(x,9),p,q,7,w) € R;

2 = (1%(x,y),0,9(x,y),rw) € X5 20 = jlg(z,y) = (°9(x,y), d,9(x,y),

1

Or9(2,y)) € X
Note that zq, z2 lie in a principal subspace of the bundle X ((]1 ) Xi- with
respect to the tangent field 71; «, z; lie in a principal subspace of the bundle
Xy m X5 with respect to the tangent field 5. Suppose there is a 2-parameter

famlly of paths, (a®?, 25, 22), a®° = «, 20 = 21, (s,t) € [0,1]?,
a*t = (j%9(z,y),p™" > 1% w*) € R

25 = (°9(x, ), yg(x,y), %, w*) € X

such that the following properties are satisfied:

(i) The path of 1-jets zj, s € [0,1], surrounds 2, i.e. the path (r® w*) € R?,
s € [0, 1], surrounds 0, ¢(z,y) (in a principal subspace of the bundle X [(]1 )
Xi).

(ii) For each s € [0,1], the path of 1-jets a®t t € [0, 1], surrounds z{ i.e. the
path (p>?,¢*%) € R?, t € [0,1], surrounds 9, g(z, y) (in a principal subspace
of the bundle X((Jl) — X3).

Let Convi(R) = Conv,,(R); Conve(R) = Conv,, (Conv,,(R)). For all (s,t) €
[0,1]2, let p*F = a®t € R; ¢* = (a®0,27) € R x X[(Jl). Employing (i), (ii), the
hypotheses of Proposition 8.5 are easily verified with respect to the 2-parameter
family %, %, ¢. Consequently, under the hypotheses (i), (ii), for all s € [0, 1],
¢ € Convy(R); ¢ € Conva(R).

The restrictions imposed by the conditions (i), (ii) on the first derivatives
0:9(z,y), Oyg(z,y) determine the conditions for a short section g € C*(U,R?).
Explicitly ¢ = (g1,92) € S (the space of short sections) if and only if for all
(x,y,s) € U x [0,1] the following conditions obtain:

(0291(2,9))” + (0ag2(z,9))* < A(G°(9(2,y)) (8.5)
(Oyg1(z,9))* + (Oyg2(x, ) < B(j°g(z,y),7°, w®).

Thus g € C*(U,R?) is in S if and only if: there is a map (r,w) € C°(U,R?), and
for each (x,y) € U there is a path as above (r*(z,y),w*(z,y)) € R?, s € [0,1],
such that (7%)% + (w®)? = A(j%9) and conditions (8.5), (8.6) hold.

Since the constant maps from U to R? satisfy the short section conditions
(8.5), (8.6) it follows that S is non-empty. Let g € S be a short section. There
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exists a holonomic section ¢ = (o, 21, j'g) € I'(Convy(R)) as above. The inclu-
sionmapi: R — X (Ul ) is not a microfibration since R is a closed subspace whose
interior is empty. However, passing to an open neighbourhood Op R in X, ((Jl ), the
inclusion is a microfibration. Applying Theorem 8.4, one obtains the following

global existence and C°-density theorem for approximate solutions to the system
of PDEs (8.3), (8.4).

Theorem 8.6. Let g € S be a short section for the system (8.3), (8.4), and let
o = (o, 21,7'g9) € T(Conve(R)) as above. Let also OpR be a neighbourhood of
R in X((Jl) and N be a neighbourhood of the image j°g(U) in X(UO). Then there
is a homotopy of holonomic sections, ¢; = (ay,2,7'g;) € T(Conva(OpR)),
ar € T(OpR), t €10,1], such that the following properties obtain:

(i) wo=¢;p1 € T(OpR)), hence oy is holonomic: ay = 21 = jtg1. Thus, em-
ploying the homotopy oy, t € [0,1], the h-principle holds for a € T(OpR).

(ii) (C°-dense principle) : For all t € [0,1], the image j°g;(U) C N.
(iii) (Relative Theorem) : Let K = {(z,y) € U | a(z,y) = j'g(z,y)}. Then one

can choose the homotopy ¢ so that for allt € [0,1], ¢ = ¢ on K (constant
homotopy on K ).

The system (8.3), (8.4) is a particular case of triangular systems of PDEs that
are studied in Chapter IX. Theorem 8.5 is the first step in an inductive process
for constructing C!-solutions to (8.3), (8.4). In Chapter IX a sequence of open
“metaneighbourhoods” of R in X[(J1 ), the intersection of whose closures is R,
is employed to construct (as in Theorem 8.6) a sequence of approximate (-
solutions which in the limit converges to a C'*-solution to the system (8.3), (8.4).
The C°-density principle also applies in the limit.

Immersion Example. Let p: Xy = U x R? — U be the product R?-bundle over
an open set U C R™, 1 <n < ¢. We identify I'"(Xy) = C"(U,R?). The manifold

X((Jl) is a product,
n+1
X =vUx [] R
1

With respect to coordinates (uq,us,...,u,) € U, a section f € I''(X) induces
the 1-jet section j'f € F(X[(Jl)) (0; = 0/0u;, 1 <i<mn):

G (@) = (x, f(2),00f(2), 0of (2),....0nf(x)) € XD forall z € U.

Let 7, = kerdu; C T(U), a codimension 1 integrable tangent hyperplane field on
U,1<i<n,and let pi: Xl(]l) — XZ»l be the product R?-bundle associated to
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the hyperplane field 7;, 1 < i < n. Thus X(Ul) = Xt x RY, where the Ri-factor
corresponds to the derivative 9;, 1 < i < n.

Let R C X Z(]l ) be the immersion relation that corresponds to the problem
of immersing U in R%: (z,y, a1, as,...,a,) € R, x € U (the source), y € R? (the
target), if and only if the vectors o; € R, 1 < i < n, are linearly independent.
Thus R is open in X [(Jl ) and the inclusion map i: R — X(U1 ) is a microfibration.

In case ¢ > n, we show that the immersion relation R is ample (cf. §8.2.1
for a more general discussion). For each i, 1 < i < n, let Ry be the fiber in
R over b € X;- with respect to the map ph:R — Xt (thus R, C bx R? =
R?). R is ample in the following sense: for each b € X;-, R}, is path connected
and the convex hull of R, (in R?) is the ambient space R?. Indeed, let b =
(T,9, 01,y 1, Qit1, -, 0p) € Xi-. Thus,

(xvya ag, .. 'O‘ifl)ﬂvaiJrlv' . '7an) S Rbu

if and only if # € R?\ L, where L is the (n — 1)-dimensional subspace spanned
by the remaining vectors «;, j # i. In case ¢ > n L C R? has codimension > 2,
from which it follows that R is ample in the above sense.

With respect to the tangent hyperplane fields 7; € T'(U), employing (8.1),
let Convy(R) = Conv,, (R); Conv;(R) = Conv,, (Conv;_1(R)), 1 <j < n.
Let g € CY(U,RY). For each z € U let ¢(z) = (y(2),21(x),...,2,(z)) € R x
[y X(Ul) such that:

7('11) = (jog(ﬂ]'),C%l,Oéz,.. . aan) S R7
J

zi(z) = (j%(x),019(x), ... 0ig(x), Qiy1, ... ) € Xl(Jl)7 1<i<n.
In particular, z,(x) = j'g(z). Successive 1-jets v(z),z1 (), respectively z;(z),
zit1(x), differ only in the 0;-factor, respectively in the 9;11-th factor i.e. these
successive pairs of 1-jets lie in a principal subspace of the bundle X[(J1 ) Xf,
1< <n.

In §8.2.1, employing the ampleness of R, it follows formally from Corollary
8.10 that ¢ € I'(Conv,(R)). We prove this fact directly by an explicit con-
struction in order to illustrate both the intricacies of convex hull extensions and
also how the geometry of convex hull extensions applies in the classical case of
immersion theory.

Lemma 8.7. Let ¢ > n. For all x € U the element,

p(x) = (V(x), 21(2), .., 2n(2)) € Convy(R)  (2n (@) = j'g(2)).
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Proof. For each z € U, let oft € R, ° = a,, t; € [0,1], be a path that
surrounds 0,¢(x) and such that for all t; € [0, 1],

(1°g(z), 1,0, ..., n_1,0lt) € R.

The existence of such paths !l follows from the ampleness of R. By downward
induction, employing the ampleness of R, for each x € U there is a parametrized
family of paths atl’tz’ wIn-itl ¢ R4 1 < i < n, such that the following properties
are satisfied:

(1) Qb0 «;; the path aﬁl""’t”’i’s, s € [0, 1], surrounds 0;¢g(x).

(3

(ii) For all (t1,...,tu—i41) € [0, 1] 4HL,
(jog(x)7 Oy eeny QG 1, atl’ tn*i+1,a§i.l..,tn7i’ o 705;511) cR.

Employing the above parametrized family of paths, associated to ¢ = (v, 21, . . .,
jlg) is the auxiliary n-parameter family, (t1,ts,...t,) € [0,1]™:

(yttn (), zil’ (), 21 (x),5'g(z)) € R x HX[(}),
such that for all x € U,
7 ) = (gl a0 el € R
2 @) = (°9(@), 0 g<:c>, - igla) el el € X,
(zn

1<i<n (z) = j'g(x)).

This auxiliary parametrized family satisfies the following properties:

(ili) 700 =7; 220 =z, 1 <i <.

(iv) Attt ot differ only by the elements o', 8;g(z) in the 0;-
component. Hence 'ytl’“"t",zil"“’t"’l lie in a principal subspace Rj, of the

bundle X;; M Xi-. Furthermore, employing (i) above, the path ~*1

5€[0,1], is a path in Ry, which surrounds zi" ™ i.e. ozil’ 1S s e 0, 1],
surrounds 0 g(x).

: t1,tn—i tiyeestn—i— :

(v) Successive elements z;' 241 ' differ only by the elements
t1yeeytn—i
i+1

. . - . 1
successive elements lie in a principal subspace Ry, ., in the bundle X(U) —

i+1
X4, Furthermore, employing (i) above, the path Zitnmi g e [0,1],

K2

, Oiv19(x) in the 9;11-component, 1 < i < n — 1. Hence these
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tyetni1 - . t1 et
surrounds z; 1’7" in Ry, ie. the path o777, £, € [0,1], sur-

rounds 0;+19(x), 1 <i<n-—1.

Returning to the proof of the lemma, for each (t1,...t,) € [0,1]" let yo'~ " =
,ytl,...,tn c R7 Yn = @, and let,

t1yeestn—i _ [ t1,eitn_4,0,...,0 _t1,-stn—i,0,...,0 t1,eestn—i
yi1 bl —</Y bl v 1Yy 7,217 ? L ’7"',Zi7 ’ )

erx[[xy), 1<i<n-1.
1

'H)tnfi

The sequence yfl’ , 1 <4 < n, satisfies the following properties.

(vi) Employing (iii), y?"“’o =(v,21,22,...,%25), 1 <j<n—1
(vii) py(ylt iy = gt e x 1 <i <o

t1,estn—i _ ¢ ti,etn—i,0 _t1,.tn— .
(viii) y; = (y;,.4 )24 ), 1 <i<n.

Employing properties (iv) to (viii), one verifies that for all (¢1,...,%,) € [0, 1],
the sequence yfl"“t”’i, 1 <i < n, satisfies the hypotheses (p1) to (ps) of Propo-
sition 8.5. One concludes that y """ € Conv;(R), 0 < i < n. In particular,

Yn =@ = (v,21,22,- -, 2n) € Conv, (R), which proves the lemma. O
Applying Theorem 8.4 one obtains the following local immersion theorem.

Theorem 8.8. Let ¢ = (a,21,29,...,2n-1,j'9) € I'(Conv,(R)) as in Lemma
8.7;9 € CHU,RY), a € T(R). Let N be a neighbourhood of the image j%g(U) C
Xg)). There is a homotopy of holonomic sections p; = (o, 24, ..., 25 _1,j51g:) €
I'(Conv,(R)), t € [0,1], such that the following properties obtain:

(i) wo = ¢; 1 € T(R), hence oy is holonomic: a1 = jlgy i.e. the h-principle
holds for a € I'(R).

(ii) For allt €10,1], j°g:(U) C N.

(iii) Let K = {x € U | a(z) = j'g(x)}. Then one can choose the homotopy ¢y
so that for all t € [0,1], ¢ = ¢ on K (constant homotopy on K ).

Let f € CY{V,W), and let p: X =V x W — V be the product bundle over
the base manifold V', where V, W are smooth manifolds, dimV =n, dimW = g,
1 < n < q. One identifies T"(X) = C"(V,W). Let R ¢ X)) be the immersion
relation. Suppose there is a section a € I'(R) such that p! ca = jOf = f € T'\(X).
Thus the pair («, f) is a formal solution to the immersion problem of immersing
V into W, and « agrees with f on the O-jet level i.e. « is a continuous lift of f
into R. Employing a locally finite cover of V' by charts (cf. the proof procedure,
Chapter IV), the local immersion theorem 8.8 applies locally in each chart to
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prove the h-principle for «a: there is a homotopy oy € T'(R), t € [0,1], g = «,
such that o is holonomic. Furthermore, there is a C%-density result with respect
to f € I'(X). Thus, in case ¢ > n, convex hull extension theory, applied to the
ample immersion relation R € XM, reproves the main immersion result, IV
Theorem 4.9. This application is a special case of the general theory of ample
relations p: R — X > 1, that is developed in the next section.

§2. h-Principle for Ample Relations

8.2.1. Let p: R — X be continuous. The relation R is ample if for all 2 € V and
all codimension 1 tangent hyperplane fields 7 C T'(Op x), the following convex
hull condition obtains with respect to the affine R%-bundle p : X[(JT ) X
associated to 7 (U = Opx): For each b € X+ let Ry, = (p', o p)~1(b) C R, the
fiber over b for the map p"} op: Ry — Xi=. Then for all (b,a) € X x Ry, (cf. V
§5.2.2 for this notation):

X" = Conv(Ry, a). (8.7)

Thus for each r-jet z in the principal subspace over the base point b in the bundle
P X(UT) — Xi&, there is a path a; € Ry, agp = a, whose image p(a;), t € [0,1],
surrounds z. In case the map p is not onto X ("), by convention (8.7) is vacuously
true if Ry = 0.

The condition (8.7) is affine invariant, hence independent of the local adap-
ted coordinates in Op x employed to define X7-. Hence (8.7) is verified pointwise
at x € V and depends only on the hyperplane 7(z) C T,.(V).

An equivalent formulation of ampleness, closer to Gromov [18], is as follows.
The (first) principal extension of R with respect to the hyperplane field 7 is the
subset Pr,(R) C R x X (") such that (a, z) € Pr,(R) if and only if p(a), z lie in a
principal subspace of the bundle p’| : X[(Jr) — X[Jj associated to 7. Let 7, 1 < i <
m, m > 2, be a sequence of codimension 1 tangent hyperplane fields on an open
set U in V. The iterated extension relations Pr;(R), Conv,;(R) C R x [[ X,
0<j<m (Prg(R) = Convg(R) =R) are defined inductively as follows:

Pri(R) = Pr; (R); Pr;(R) = Pr,, (Pr;_1(R))
Convy(R) = Conv,, (R); Conv;(R) = Conv,, (Conv;_1(R))
Evidently, Conv;(R) C Pr;(R), and there is a natural projection map onto the
last factor p;: Pr;(R) — X)) (a,21,...,2j) — z;, 1 < j<m.

Following Gromov [18], a relation p: R — X (") is ample if for all U open
in V and all codimension 1 tangent hyperplane fields  C T'(U),

Pr;(R) = Conv,(R). (8.8)
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Evidently (8.8) is equivalent to the property (8.7). More precisely, Gromov de-
fines R to be ample if and only if the algebraic condition Pro, R = Conv, R
obtains. These “infinite” principal and convex hull extensions, not defined here,
are essential to Gromov’s algebraic formalism for studying ample relations. In
the above notation, Gromov’s ampleness condition is equivalent to: for all m > 1,
Conv,,(R) = Pr,,,(R). The equivalence (8.8) (the case m = 1) is Gromov’s suf-
ficient condition for ample relations, as is confirmed in Corollary (8.10) below.
Principal extensions of ample relations are important because of their algebraic
properties, developed below, which finesse the elaborate technicalities expressed
in Proposition 8.5 for iterated convex hull extensions.

KP(G) oa f/

\ R

Tt

FIGURE 8.1

Let p: R — X be continuous. The algebraic analysis of iterated principal
and convex hull extensions depends on the following geometrical homeomorphism
(an involution: h o h =1id).

h Pr,,(Pr,(R)) = Pry, (Pr(R)),  (a,u,y) = (a,2.y).

(reversing the indices 1,2) where the ordered points p(a),u,y,x are the vertices
of a parallelogram in the affine fiber XIET) (b € X+ is a base point), such that
p(a), u, respectively u,y lie in a principal subspace associated to 71, respectively
a principal subspace associated to 7o. The restriction of A is an injection (same

notation),
h: Pr.,(Conv,, (R)) — Conv,, (Pr.,(R)). (8.9)

To prove (8.9) we verify explicitly imh C Conv,, (Pr,,(R)). To this end let
(a,u,y) € Pr,,(Conv,, (R)). There is a path a; € Ry, ap = a, t € [0, 1], such that
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the path p(a;) surrounds u in the corresponding principal subspace associated
to 71. Employing the translation 7' Xér) — Xér), T(z) = z+ (y — u), observe
that T'(u) = y; T(p(a)) = x. The path p(a;) translates under T' to a path x,
xo = x, which surrounds y. Furthermore, for all ¢ € [0, 1], p(a;) — xz; = y — u, i.e.

for all t € [0,1], p(at), z; lie in a principal subspace associated to 7o, from which
it follows that h((a,u,y)) = (a,z,y) € Conv,, (Pr.,(R)).

Lemma 8.9. Let R be an ample relation over X(™). Then Pri(R) is ample over
X,

Proof. Employing (8.8) we prove Pr,, (Pr;, (R)) = Conv,, (Pr;, (R)). This follows
formally from two applications of the above involution h:

Prr, (Prs, (R)) = Pro, (Prr, (R)) = Prr, (Convr, (R))
2, Conv,,(Pr;, (R)) C Pr,(Pr,, (R)). O
Corollary 8.10. Suppose R is an ample relation over X ). Then Pr;(R) is ample
over X, and Pr;(R) = Conv;(R), 1 < j < m.

Proof. Employing the lemma, Pri(R) = Pr,, (R) is ample over X (™). Hence from
(8.8),

Pra(R) = Pr,,(Pri(R)) = Conv,,(Pri(R))
= Conv,,(Conv,, (R)) = Convy(R).
Thus, if R is an ample relation over X" it follows that:
Pry(R) = Conva(R). (8.10)

Suppose inductively on j > 1, Pr;(R) is ample over X () and that Prj(R) =
Conv;(R). Thus (in abbreviated notation),

Pry(Prj11(R)) = Pra(Pr;(R))
= Convy(Prj(R)) by (8.10)

8.11
= Conv; (Pri1(Prj(R))) by (8.8) (8:11)
= COHVl (PI‘J‘+1 (R))
Employing (8.8), it follows from (8.11) that Pr;y;(R) is ample. Similarly,
Priy1(R) = Pri(Pr;(R
j+1(R) = Pri(Pr;(R)) (8.12)

= Convy(Prj(R)) = Conv;;1(R)).

Thus (8.11), (8.12) prove the inductive step, and the corollary is proved. O
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8.2.2. Recall that a formal solution to the relation p: R — X (") consists of a pair
(o, f) € T(R) x I (X) such that pl_,opoa=j""1f e (X" V)ie acT(R)
is a continuous lift of the section j”~!f into R. Recall also the space of short
sections for the relation R (cf. §8.1.2).

Lemma 8.11. Suppose R is ample over X7 Let (cr, f) be a formal solution to R.
Then locally over each chart U of V' the section f is short i.e. there are smooth
integrable codimension 1 tangent hyperplane fields 7, C T(U), 1 <i < m, and a
holonomic section ¢ € Conv,,(Ry) (au, fu denote the restrictions to U ),

o= (au,z1,22,- ., 2m-1,] fu) € Conv,,(R),

such that the following relative property obtains:
Let K={x e U |poa(x)=7"f(z)}. Then z(x)=j"f(z), 1 <i<m—1.

Proof. Employing VI Theorem 6.8 to the sections po ay,j" fu € I‘(X[(Jr)), there
is a section ¢ = (ay, 21, ... 2m-1,J" fu) € Prp(R), m = dim H(n, 1), associated
to smooth integrable codimension 1 tangent hyperplane fields 7, € T'(U), 7; =
ker ¢;, where the monomials ¢}, 1 <1i < m, form a basis of H(n, 1), and such that
conclusion (1) obtains. Since R is ample over X ("), employing Corollary 8.10,
Pr,,(R) = Conv,,(R), and the lemma is proved. O

Theorem 8.12. C*~'-dense h-Principle. Let p: R — X be a microfibration and
suppose R is ample over X ("), Let (o, f) be a formal solution of R: pl._jopoa =
JrLf e (X D). Let N be a neighbourhood of the image j7~ f(V)) in X (=1,
There is a homotopy of formal solutions (cu, ft), (ao, fo) = («a, f), t € [0,1],
such that the following properties obtain:

(i) poag =j"f1 i.e. the h-principle holds for a € T(R).
(ii) (CTt-dense principle) : For each t € [0,1], the image "~ (V) C N.

(iii) Let K ={x € V| poa(x) = j"f(x)}. One can choose the homotopy (o, ft)
so that for allt € [0,1], (o, fi) = (o, f) on K (constant homotopy on K ).

Proof. Since p" : X(") — X(=1) is a smooth bundle and p: R — X() is a
microfibration, employing V Theorem 5.3, Corollary 5.5, up to a small homotopy
of formal solutions (o, f;), t € [0,1], one may assume: (i) po«, f are smooth on
V\K; (it) poa=j"fon OpK.

Following the general proof procedure of Chapter IV, let (W;)i>1, (Ui)i>1
be locally finite coverings by closed charts of V' \ Op; K where Op1 K C Op K,
such that for all¢ > 1: (2) W; C int Uy; (40) U; = I™ (n = dim V'); (déid) U; C V\ K.
In particular the sections poa € I'(X("), f € T(X) are smooth over each chart
U, i> 1.
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Furthermore one may assume that with respect to the smooth integrable
codimension 1 tangent hyperplane fields 7; C T'(U;), 1 < j < m, (that are
employed in Lemma 8.11), there is a sequence of closed charts Zf inU;,1<5<
m, such that:

(p) Z) cint 27T 1<j<m—1;, W, Cint Z}; Z" C int U;.
(p2) The chart Z7 = I"~1x[0, 1] is a split manifold with respect to the integrable
tangent hyperplane field 7; C T'(U;), 1 < j < m.

The proof procedure is an inductive process over successive charts U;, ¢ > 1, the
main step of which is the following local extension lemma.

Local Extension Lemma 8.13. Let ((,g) be a formal solution to R. Let U = I™
be a closed chart on V', and let A,W C V be closed sets, W C int U, such that g
is smooth on U and such that the following properties obtain:

(i) There is a sequence of split manifold charts Z7, 1 < j < m, W C int Z!;
Z™ CintU, that satisfy (p1), (p2) above.
(ii) poB=3"g on Op A i.e. f € T(R) is holonomic on Op A.

(iii) The image j"~tg(V) C N i.e. g is a C"‘-approzimation to f.

Then there is a homotopy of formal solutions (B¢, gt), (8o, g0) = (8,9), t € [0,1],
such that the following properties obtain:
(iv) For allt €[0,1], (Bt,9:) = (B,9) on Op AUDpV \ U.
(v) For all t € [0,1], the image j"1g;(V) C N.
(vi) po 1 =j"g1 on Op AU OpW. Thus the homotopy By € T'(R) is constant

on Dp A and it connects By = [ which is holonomic on Op A to (3, which
is holonomic on Op AUOp W.

Proof. Employing the inclusion R C Conv,,(R) (cf. §8.1.1), and applying Lemma
8.11, there is a section,

Y = (BUle?ZQv . '7Zm*17.jTgU) = (a7jTgU) € F(Convm(RU))?

where o € I'(Conv,,,—1(Ry)) and such that ¢ = (6y,5"9u,-..,7 9u) on Op AN
U. Employing Lemma 8.2, the projection p,,—1: Conv,,_1(Ry) — X(UT) is a
microfibration. Since g is smooth on U, applying VII Local Extension Lemma
7.5 to the split manifold Z™ (with respect to the smooth, integrable, tangent
hyperplane field 7,,,), and to the closed set Z™~! C int Z™, there is a homotopy
of holonomic sections ¢; € I'(Conv,,,(Ru)), vo = ¥,

Spt = (/Bltjaziv . '72727,—17].7‘9%]) = (atvaga')a Qg S F(COHVm_l(RU)),

such that the following properties are satisfied for all ¢ € [0, 1]:
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(vil) ¢t = ¢ on Op A|JOp (0Z™) (constant section); the map gf; is smooth on
U. In particular, 3, g}, extend to sections (same notation) g}, € I'(R),
respectively gf, € I (X), such that 8}, = (3, respectively gf, = g on V'\ Z™.

(viii) The image 5"~ 1g'(V) C N.

(i) 1 000 (= 2y) = 77gh on (Dp ANT)UDp 27,

Therefore the homotopy a; € I'(Conv,,_1(Ry)) is constant on Op AN U and it
connects ag = « which is holonomic on Op A N U to oy which is holonomic on
(Op ANU)JOp Zm~1. In particular, oy = (8L, 5798, -+, g8) on Op ANU.

Employing (vii), (8%,g}), t € [0,1], is a homotopy rel V' \ U of formal
solutions to R such that (3%, g%) = (8, g9). Employing (ix), the restriction (same
notation) a; € I'(Conv,,—1(Rzm-1)) is holonomic: p,,—1(ay) = j"gl; on Z™~ 1.

Since the section gf; is smooth on U, there is an obvious downward induction
beginning with the holonomic section ¢; € I'(Conv,,(Ry)), such that applying
VII Local Extension Lemma 7.5 inductively on j to the split manifolds Z™~7
(with respect to 7,,—;), 1 < j < m —1, (at the jth level all the changes occur in
the manifold Z™~7) and then concatenating the resulting homotopies that are
obtained inductively at each stage, one obtains a homotopy of formal solutions
(7%, ht) to the relation R, (vY,hY) = (3, g), a homotopy of holonomic sections
H; € T(Conv,,(Ry)),

Ht:(V;]?yiw"?yfn—lvah%]) t€[071]7
such that the following properties obtain for all ¢ € [0, 1]:

(x) Hyo = ¢; Hi = ¢ on Op AJOp (0Z™) (constant section); the map h' is
smooth on U. In particular, all changes occur in Z™ C U. Thus ! = 3,
respectively ht = g, on Op A|JOpV \ Z™.

(xi) The restriction (same notation) H; € I'(Ropw ) is holonomic: poy! = j7h!
on Op W. Explicitly,

Hy(z) = (v*(z),5"h"(2),...,7"h (x)) € R for all x € Op W.

(xii) the image j"1h*(V) C N.

Employing (xi) the homotopy of formal solutions (v, j”h?) is such that po~! =
J"h! on Op AU Op W, and the approximation property (xii) is satisfied, which
completes the proof of the local extension lemma. O

Returning to the proof of the theorem, employing the Local Extension
Lemma 8.13 inductively to the pair of charts (W;,U;), ¢ > 1, and to the closed
set Op; K, one obtains a sequence of homotopies of formal solutions (ai, f) to
R, t € [0,1], such that the following properties are satisfied for all i > 1:
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(1) (ad, £8) = (@, f); (o}, fi) = (abTh, fi1) i.e. successive homotopies match
up.

(2) For all t € [0,1], (af, f{) = (af), f§) on OpV \ U; i.e. the changes to o, f}
occur only in the chart U;.

(3) For all t € [0,1], the image j"~1f}(V) C N.

(4) For all t € [0,1], (af, f}) = (o, f) on Op 1 K.

(5) poat =j"fi on s, OpW;.

Concatenating the sequence of homotopies of formal solutions (ai, f{), one ob-
tains a homotopy of formal solutions (v, f;) of R, t € [0, 1], such that (ag, fo) =
(v, f); for all ¢ € [0,1], the image j"~'f,(V) C N; for all t € [0,1], (ay, f1) =
(cr, f) on Op1 K; oy is holonomic on V:

poar=j"fion DleUWi =V,
i=1

hence the proof of the theorem is complete. O

Theorem 8.14. C’-dense h-principle. Let p: R — X) be a microfibration. Fix
i € {0,...,7 — 1} and suppose the composed microfibration p_ o p: R — X) is
ample for all s, i +1 < s < r. Then R satisfies the strong C*-dense h-principle
(cf. T §1.3.2).

Proof. Let a € T'(R) and let f € T%(X) such that j'f = pJ opoa € T'(X @), the i-
jet component of the section poa € T'(X (). The pair (a, f) is not quite a formal
solution to the relation pf, ,: R — X+ since one requires also f € I'"1(X)
i.e. fis a C'lsection (cf. §8.1.2). We arrange this latter condition as follows.
Since the projection map pf, , o p: R — X1 is a microfibration, employing V
Remark 5.4 and the Approximation Theorem I 1.1, there is a homotopy (ay, f) €
['(R)xT(X), (o, fo) = (v, f), t € [0,1], such that: (i) for all ¢ € [0,1], pf oy =
Jife; (i) f1 € THH(X) ie. fi is a C*Tlsection. Consequently, up to a small
homotopy of o € T'(R), one may assume that the pair (v, f) is a formal solution
to the relation pf,, o p: R — XV, Since the microfibration pl,; o p: R —
X (41 s ample, employing Theorem 8.12, there is a homotopy of formal solutions
(same notation) (ay, f;) € T(R) x T (X)), (ao, fo) = (a, f), t € [0,1], such that
o is holonomic: pl,; o poa = j*t fi. Similarly, employing the microfibration
Piioop: R — X (i+2) there is a homotopy of formal solutions, holonomic at each
stage up to jets of order (i+ 1), that connects a; to a holonomic section ay € R:
pioopoas = jT2fy where fo € I'""?(X). An obvious induction proves the
theorem. ]



§2. h-PRINCIPLE FOR AMPLE RELATIONS 139

8.2.3. Weak Homotopy Equivalence. Recall §8.1.2 that a formal solution to a
relation p: R — X () is a pair (a, f) where a € T(R), f € T7(X) such that p,_;o
poa=j""1f e (X"V). Let F = Fr denote the subspace of T'(R) x I'(X ()
consisting of all formal solutions of R. Let H C F be the subspace of holonomic
solutions: a formal solution («, f) is holonomic if in addition poa = 5" f. In case
R C X and p is the inclusion map, then (a, f) € H if and only if a = j"f.
The inclusion ¢: H — F is studied homotopically in this section.

The main work in immersion-theoretic topology over the past few decades
has been to show that in cases of relations R of geometrical and topological
interest, the inclusion i: H — F is a weak homotopy equivalence (cf. Hirsch
[21], Smale [36], Phillips [31], Feit [12]). The computations of m;(F), i > 0, can
be carried out in principle, and often in practice, by employing techniques from
algebraic topology. The main result of this section is the following theorem.

Weak Homotopy Equivalence Theorem 8.15. Let p: R — X () be a microfibration
and suppose R is ample over X"). Then the inclusion i: H — F induces a weak
homotopy equivalence.

The proof of this theorem follows from the C"~!-dense h-Principle 8.12
applied to parameter spaces of spheres S%, i > 0. In fact a suitable parametric
version of Theorem 8.12 proves the weak homotopy equivalence theorem. We de-
velop a somewhat different approach based on associated spaces of parametrized
r-jets. Let Z be an auxiliary smooth compact manifold. Let id xp: Zx X — ZxV
be the smooth bundle, (z,y) — (z,p(y)). Associated to this bundle are two jet
space bundles over Z x V (s denotes the source map): id xs: Z x X" — Z x V;
s: (Zx X)) - ZxV.

There is a natural projection 7: (Z x X)) — Z x X(") such that on -
jets, (57 f(z,2)) = (2,j"h.(x)) € Z x X, where f = (id xh) € T"(Z x X),
h € C°%Z,T"(X)). The projection 7 is compatible with restriction to (r — 1)-
jets: m(j""V f(2,2)) = (2,57 'h.(z)). Furthermore, in local coordinates, the
projection of derivatives D" f(z,z) — Dj h.(x) (Df, denotes derivative in the
V-variables) is linear in f. Hence there is an induced affine map on the fibers
such that at the level of r-jets (the base points m = j" =1 f(2,2); 7(m) = (2,w) €
Z x X(r=1),

T (Zx X)) = {2} x X0: 57 f(z,2) — (2,40 ha(z) € Zx X (8.13)

Let U C V be open and let 7 C T(U) be a codimension 1 tangent hyperplane
field on U. Associated to 7 is the codimension 1 tangent hyperplane field 7, =
T(Z) x T CT(Z xU). 77 is integrable if 7 is integrable. Let p’ : (Z x X)g,) —
(Z x X35, be the affine R9-bundle associated to 7z (restriction to W = (Z x U)).
Since local adapted coordinates for 7, embed into local adapted coordinates for
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T7(z,x), employing (8.13), it follows that the projection 7 induces a fiberwise
affine isomorphism of associated _L-spaces:

(Zx X)) —" Zx x{V)
| [ (8.14)

Lifting Properties. Let f = (id xh) € I'"(Z x X), h € CY(Z,T"(X)). Associated
to f, h are the section spaces:

Ly ={GeT((Zx X)) |pj_1oG=j""f}.
Ty ={geC'(Z (X)) | pr_jog. =4""h.) e (X" for all z € Z}.

Continuous Lift Lemma 8.16. There is a continuous lift A\: 'y, — 'y such that
the following properties are satisfied:

(i) for all g €Ty, moMg) =evg € T(Z x X)),

(ii) Let g € Ty, and let U C V' be open such that for all z € U, g, = j"h, on U.
Then for all (z,x) € Z x U, XNg)(z,z) = j"(id xh)(z,x) = j" f(z, ).

(iii) Let ¢°,g' € Ty, and let 7 C T(U) a codimension 1 tangent hyperplane field
on an open set U in 'V such that for all (z,7) € W = Z x U, gl(z), g?(x)
lie in a principal subspace of the bundle X(UT) — Xﬁ associated to 7. Then
for all (z,z) € W Ng')(z,2),\(¢*)(z,x) lie in a principal subspace of the
bundle (Z x X)%,;) — (Z x X)iy, associated to Tz (cf. (8.14)).

Proof. In local coordinates, there are two types of rth order components of r-jets
in (Z x X)) (i) rth order components that correspond to rth order deriva-
tives in the V-variables; (i) rth order components that correspond to rth order
derivatives that include at least one derivative in the Z-variables. The lift \ is
determined uniquely in local coordinates according to the following prescription
on rth order components:

For each g € T'j, there is a unique section G = A(g) € I'y such that (the
continuity of GG follows from the continuity in local coordinates below for G):

(1) oG =evg € T(Z x X)) ie. for all (z,x) € Z x X the components of
the r-jet G(z,z) that include only derivatives in the V-variables are given
by g.(z) € X,

(2) For all (z,x) € Z x X, in local coordinates, the 9%-component of the r-jet
G(z,x) is 9% f(z,x) for all rth order derivatives 9%, |a| = r, that include
at least one derivative in the Z-variables.
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Properties (i), (ii) are satisfied by construction. Let A\(¢*) = G?, i € {1,2}. Since
moG(z,x) =gl (x) € X" i€ {1,2}, employing the affine isomorphism (8.14)
induced by 7, conclusion (iii) follows. O

Let p: R — X be a relation over X("). Let Z x R — Z x X() be the
pullback relation over Z x X(") and let py: Rz — (Z x X)) be the corre-
sponding relation over (Z x X)) obtained by pulling back along the projection
7: (Z x X)) — Z x X, Since the pullback of a microfibration is a microfi-
bration, employing the fiberwise affine isomorphism (8.14), the following result
obtains.

Lemma 8.17. Let p: R — X be a microfibration which is ample over X ().
Then pz: Rz — (Z x X)) is a microfibration which is ample over (Z x X))
with respect to all tangent hyperplane fields 1.

The pullback Rz = 7*(Z x R) induces a continuous map on section spaces,
P:T(Rz) — I(Z x R) = C°(Z,I'(R)). In particular if P(8) = « then for all
(z,x) e Z XV,

TopzofB(z,z)=poas(z)e X, (8.15)
Let Q: T'(Z x X) — C°(Z,T'(X)) be the canonical homeomorphism. Explicitly,
Q(g) € C°(Z,T(X)) is the map z + h., where g = (id xh).
Let p=P x Q:T(Rz) xT(Z x X) — C°Z,T(R)) x C°(Z,T(X)).
Let F, denote the space of formal solutions of the relation R ;. H; C Fz denotes

the subspace of holonomic solutions. Thus (3, g) € Fz if and only if § € T'(Rz),
g € I'"(Z x X), such that on the level of (r — 1)-jets,

pr_iopzof=j"lgeT((Zx X)) (8.16)

Similarly, (8,9) € I'(Hz) if and only if pz o 8 = j"g. The relation between Fy,
F is as follows.

Lemma 8.18. ¢: Fz; — C(Z, F), respectively p: Hg — C°(Z, H).

Proof. Let (8,9) € Fz. Thus ¢(B,9) = (P(8),Q(g))- Let P(8) = a € C°(Z,
I'(R)), and let g = (id xh). Employing (8.15), (8.16), and the projection map
7 (Z x X)) — Z x X0~ one calculates: for each (z,2) € Z x V (one
identifies T'(Z x X('=1) = 00(Z, X("=1)),

mopl_1opz(B)(z,x) =m0 lg(z,x) =" hy(x) € X7V
= pr_1 © plaz)().

Hence p;_; o p(a.) = j"'h. = j"1(Q(9)(2)) ie. (P(B)(2),h.) € F, from
which it follows that (P(3),Q(g)) € C%(Z,F) i.e. ¢: Fz — C°(Z,F). A similar
argument on the level of r-jets proves that p: Hy — C°(Z, H). O
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Returning to the proof of the weak homotopy equivalence theorem, let
A: Z — F be continuous, A(z) = (s, f.) € I'(R) x I'"(X). Thus the section f,
is C" on V but only C° in z € Z. We perturb the map A as follows to obtain
smoothness also in the Z-variables.

Lemma 8.19. Let A: Z — F, respectively A: Z — H, A(z) = (o, f2), be contin-
uwous. Up to a small homotopy of the map A, one may assume that the section
g: ZxV = ZxX, (z,x) — (z, f.(x)) is smooth. Furthermore, let K C Z x V
be closed such that the restriction map (same notation) g: Op K — Z x X is
of class C", r > 0. Then one can choose the homotopy As, Ag = A, t € [0,1],
to be constant over (a smaller) Op1 K and such that the section g is smooth on

(ZxV)\OpK.

Proof. The lemma follows from smooth approximation theory, I Theorem 1.1,
and from the lifting properties V Theorem 5.3 applied to the microfibration
id x(ph_jop): ZxR — Zx X1 in the case of the map A: Z — F, respectively
the microfibration id xp: Z x R — Z x X(") in the case of the map A: Z — H.

O

Proposition 8.20 Parametric h-Principle. Let A: Z — F, A, = («., f.), be
continuous. Let K C Z x 'V be closed such that for all (z,z) € Op K, poa,(x) =
J"f2(x). There is a homotopy, H: [0,1]xZ — F, Hy = A, such that Hy: Z — H
and Hy = A over Op K (constant homotopy).

Proof. Employing Lemma 8.19, up to a small homotopy of A, one may as-
sume that the section g: Z x V. — Z x X, (z,2) — (z, f.(x)) is smooth on
(Z x V) \ Op K. In particular j7g € T((Zx X)), and Q(g) = f € C°(Z,T'(X)).

We lift a: Z — T'(R) back to 8 € I'(Rz) such that (3,9) € Fz. To this
end, let poa = J: Z — I'(X(). Employing Lemma 8.16 the lift A\(J) = G €
['((Z x X)) satisfies the properties:

r—1

(i) pr_1oG=j"""g.
(i) G=j"g on Op K.

Let 8 € T(Rz) be the restriction of the pullback 7*(id x«) to the image G(Z x
V) € (Z x X)), Employing (i), p’_, 0 pz o = j" g ie. (8,9) € Fz. Since
Q(g) = f it follows that ¢((8,g)) = («, f). Furthermore, employing (ii), (3, g) €
Hz over Op K.

Employing Lemma 8.17, the relation Rz is ample with respect to all codi-
mension 1 tangent hyperplane fields 7, and pz: Rz — (Z x X)) is a microfi-
bration. Applying Theorem 8.12 to the formal solution (3,g) € Fz there is a
homotopy of formal solutions (8, g:) € Fz, (50,90) = (8,9), t € [0, 1], such that
(61,91) € Hz, and (B¢, g:) = (8,9) on Dp K. Note that this application of The-
orem 8.12 requires the Local Extension Lemma 8.13 on charts only with respect
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to a sequence of integrable hyperplane fields (7;)z, 1 < ¢ < m = dimH(n, 1),
along which, employing Lemma 8.17, Rz is ample.

Let H: [0,1] — C°Z,F) be the homotopy H; = ¢((8,g:)), t € [0,1].
Thus Hy = A, Hy € C°%(Z,H) and H; = ¢((B,9)) = A over Op K (constant
homotopy), which completes the proof of the proposition. O

Remark 8.21. The homotopy (¢, g9:) € Fz constructed above satisfies the follow-
ing approximation property not required in the conclusion. Let A/ be a neigh-
bourhood of the image j"¢(Z x V) in (Z x V)"~V Employing Theorem 8.12(ii),
for all ¢ € [0, 1], the image j"¢:(Z x V) C N.

To complete the proof of Theorem 8.15, employing the Parametric h-Principle,
Proposition 8.20, the proof naturally splits into two parts (¢ = (ag, fo) € H is a
base point):

(1) The induced map i, : 7;(H, ) — m;(F, L) is surjective, for all j > 0.
(2) The induced map i, : ;j(H,¢) — ;(F,¥) is injective, for all j > 0.

Surjectivity. Let Z = S7 and let A: (Z,29) — (F,£) be continuous, A = (a, f),
where a: Z — I'(R), f: Z — I'"(X). Up to a small homotopy of A one may
assume A is constant on Op zg: A(z) = £ for all z € Op z5. Subjectivity then
follows from the Parametric h-Principle, Proposition 8.20, applied to the closed
manifold Z = S/ and the closed subset {zg} x V.

Injectivity. Let W = [0,1] x Z, Z = S7, and let Ag, Ay: (Z,29) — (H,{) be
continuous such that there is a homotopy rel zo, B: W — F, B; = A;, i € {0,1}.
Let B = (o, f), where a € CO(W,T(R)), f € C°(W,T"(X)). In particular, for
each z € Z, (a!, f!), t € [0,1], is a homotopy of formal solutions to the relation
R. Up to a small homotopy of B one may assume that: (i) B = ¢ on Op L,
where L = [0,1] x {20} C€ W (constant homotopy); (ii) B = Ag on Z x [0, €],
respectively B = A; on Z x [1 — ¢, 1] for a small € > 0. Injectivity then follows
from Proposition 8.20 applied to the closed manifold W and the closed subset
([0,1] x {zo} UOW) x V. O

Remark 8.22. The proof of injectivity yields additional information: the maps
A;: 87 — F,i=0,1 are homotopic by a homotopy B: [0,1] x $7 — F, which
itself is homotopic to C: [0,1] x S7 — H, rel L U (87 x {0,1}). The relative
homotopy from B to C', though not required, is a consequence of the general
theory.

To conclude this section we prove a generalized weak homotopy equiva-
lence theorem that respects holonomicity up to jets of a fixed lower order i,
i €40,...,7 —1}. The case i = 0 includes the classical results in Chapter IV.
Let p: R — X() be continuous. Define,

Hi = {(a, f) € D(R) x T*(X) | pj o poa = j'f}.
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In particular, H,, = H, the space of holonomic solutions to the relation R over
X H C H; for all @ < k.

Theorem 8.23. Let p: R — X) be a microfibration. Let i € {0,...,r — 1}
and suppose the composed microfibration p} o p: R — XG) s ample for all s,
1+ 1 < s < r. Then the inclusion H = H, C H; induces a weak homotopy
equivalence.

Proof. Let F; 11 be the space of formal solutions associated to the ample microfi-
bration p} , o p: R — X+ Thus H;y1 C Fip1, the subspace of holonomic
solutions, and F; 11 C H; is a proper subset i.e. the map f of the pair («, f) € H;
is of class C* rather than of class i + 1 (cf. §8.2.3).

To prove the theorem, let Z be an auxiliary compact smooth manifold of
parameters. Let A € C%(Z,'H;), A(z) = (a, f.). Applying Lemma 8.19, up to
a small homotopy, one may assume that for each z € Z, f. € T }(X) ie.
A € C%Z, Fiy1). Furthermore, this homotopy is rel K in case K C Z x V is
closed, and over Op K, the map (z,z) — (z, f.(x)) € Z x X is of class C" and
satisfies pl o po a,(x) = j" f.(x).

Applying Proposition 8.20, there is a homotopy rel K, A; € C°(Z, F;11), Ag = A,
t €[0,1], such that A; € C°(Z, H;11). Thus A; = (al, f1) satisfies the property
that for all z € Z,

Pl o poal = jifl e D(XU+D),

An obvious induction on j, i < j < r — 1, proves A is homotopic rel K to
B € C°%Z,H) (H = H,). For all k& > 0, setting Z = S* (for surjectivity),
Z = S* x [0,1] (for injectivity), the theorem is proved. O

In case i = 0 then (o, f) € Ho if and only if f is the 0-jet component of
poa € I'(X"). We therefore identify Hy = I'(R), (o, f) — «, to obtain the
following special case for ¢ = 0.

Corollary 8.24. Suppose the composed microfibration pl o p: R — X ) s ample
forall s € {1,...,r}. Then the H = H, — I'(R), («a, f) — «, induces a weak
homotopy equivalence.

In case R C X we identify H = I'r(X) = {h € T"(X) | j"h € T(R)}.
Assuming R € X is open, under the ampleness hypothesis of Corollary 8.24,
the map I'gr(X) — T(R), h — j"h, induces a weak homotopy equivalence,
which reproves the classical Weak Homotopy Equivalence Theorem 4.7 studied
in Chapter IV in case r = 1. However in case i > 1, Theorem 8.23 (cf. also
the approximation property in Remark 8.21) lies beyond the scope of classical
immersion-theoretic topology.
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63. Examples

8.3.1. There are two categories of applications of the main results of this chapter
on the h-principle to solving, i.e. constructing holonomic sections, of relations
over jet spaces. The first category of applications concerns the solutions of closed
relations i.e. systems of PDEs. The results of this chapter apply only to prove
the existence of approximate solutions to systems of PDEs which satisfy certain
convexity properties and for which the solutions satisfy a density property on
all lower order derivatives. This type of example is illustrated by Theorem 8.6
which is an application of the theory of short maps to the construction of ap-
proximate solutions to certain systems of PDEs. In Chapter IX this application
of the h-principle is extended to include a convergence process for a sequence of
approximate solutions in order to obtain, in the limit, C"-solutions to rth order
systems of PDEs which satisfy certain local convexity, “nowhere flatness”, con-
ditions. We defer to Chapter IX the development of this category of applications
of the h-principle.

The second category of applications, to which we now turn, concerns the
applications of the h-principle to solving open relations in jet spaces which are
of interest in topology and geometry. Let V, W be smooth manifolds, dim V' = n,
dimW =q. Let X =V x W — V be the product bundle, fiber W. In particular,
"x)=cr(v,w), r>0.

Let o € I'(R) be a continuous section of a relation p: R — X" Recall, I

§1.3.1, that local coordinates in X (") for the section poa € T'(X(") are of the
form (f € T'(X) is the 0-jet component of poc«; U is a chart on V): for all z € U,

poa(z) = (z, f(z), (ps(x))p1<r)

where ¢ € CO(U,R) for all multi-indices 3, |8| < r. The coordinates (¢g(x) €
R?)|5=p represent a polynomial map in Hy(n,q), 1 <p <r.

8.3.2. Free Maps. Let R” C X (") be the (generalized) free map relation in X ("):
In local coordinates on X (") as above, a(x) € R if and only if all of the vectors
v € R1, 1 < |B] < r, are linearly independent in R?. The free map relation is
non-vacuous if and only if ¢ > D, = dy + --- + d,, where d, = dimH,(n, 1),
1 < p < r. Since linear independence is an open condition it follows that R" is
open in X ("), Employing T (1.7), a section o € T(R") is holonomic i.e. o = j" f,
if and only if in local coordinates on all charts U of the manifold V' (f(U) C R?),
for all x € U the vectors,

o f

— 1 (2)eRY, 1<ij<ip<---<iy<n, 1<p<r
Ouil...auip() ’ S eEs e ’ ==



146 VIII. AMPLE RELATIONS

are linearly independent. A map f € C"(V,W) is free if j7f € I'(R"). In case
r = 2 then (cf. I §1.3.1) a = j2f € T'(R?) if and only if over all charts U C V,
for all x € U the vectors,

o e
Ou; 7 Ouj, Quy

1<i<n,1<j<k<n,

are linearly independent, which is precisely the classical free map condition on
amap f € C*(V,W) (¢>n+n(n+1)/2). In case r = 1 then R' ¢ X is the
immersion relation.

The projection map pJ: X () — X s> r, induced by the restriction of
jets [f]s — [f]» (cf. 1§1.2.1), induces a natural projection map p = p: R®* — R".
In local coordinates this projection map is just the restriction (pointwise) to
a subset of linearly independent vectors. Since R® is open in X (), employing
the bundle p5: X — X it follows that the projection p: R® — X is a
microfibration.

Lemma 8.25. R C X is ample if and only if ¢ > D, (known as the extra
dimensional case).

Proof. Let x € V and let 7 C T(Opx) be a codimension 1 tangent hyperplane
field. Associated to 7 is the affine R%-bundle p', : Xg) — X (U=9puz)). We
prove that for all (b,a) € Xz x Ry (cf. VIII §8.2.1),

XIET) = Conv(R},a),

if and only if ¢ > D,.. To this end let b = j* f(z) € X{+. With respect to a basis
v = (v1,...,vy,) of T,(V) which is adapted to 7 (cf. VI §6.1.1),

Jf(@) = (7 (@), 05 f(x), (8.17)

where |a| =7 and 0 # 07 i.e. only the pure derivative 9] is excluded. Since
a € Rjie a=(by) € XIST) = {b} x RY satisfies the free map condition, it
follows that all the derivative vectors, 0 f(z) € R, 1 < |a| < r, 7 # 0, are
linearly independent and span a subspace L of R%, dim L = D,.—1. Consequently
the fiber R} is the complement of the subspace L in X IET) = RY. In case ¢ = D,
the subspace L has codimension 1; hence the complement R} consists of 2 half-
spaces, each of whose convex hulls is itself i.e. condition (8.17) is not satisfied
and R" is not ample in the equidimensional case ¢ = D,.. In case ¢ > D,., then
the subspace L has codimension 2, from which it follows that the complement Ry
is path connected and whose convex hull is Xb(r) i.e. condition (8.17) is satisfied
and hence R is ample. U
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Analogous arguments prove the following extension of Lemma 8.25 to the mi-
crofibration p: R® — X, The extra dimensional case is not required in case
5>

Lemma 8.26. Let s > r > 1 be integers. The projection map p: R® — X() is
ample for all ¢ > D;.

Proof. Briefly, in the above notation, let a € R} and ¢ = (b,y) € Xb(r) where
y € R?\ L. There exists an extension of ¢ to an element o’ € Rj i.e. p(a’) = ¢
(restriction to a subset of independent vectors). Since s > r, up to a change in
sign of the last vector in a’, one easily proves that a’,a lies in the same path
component of R;. Consequently Xér) = Conv(Rj},a), which proves that R*® is
ample over X () in the case s > r. O

Theorem 8.27. Let R® C X(®) be the free map relation, s > 1. Suppose q > Ds.

(i) The inclusion i: R® — X satisfies the strong C"-dense h-principle for
allr, 0 <r<s-—1.
(ii) The inclusion map i: H — F (cf. §8.2.3) induces a weak homotopy equiv-
alence.
(iii) Let H, = {(a, f) e T(R®) x I"(X) | pS ox = j"f}. For all s > 1 > 0, the
inclusion H = Hs — H, induces a weak homotopy equivalence.

Proof. The projection map p: R® — X (") is a microfibration and, employing
Lemmas 8.25, 8.26, the relation R® is ample over X() for all 7, 1 < r < s. The
theorem follows from Theorems 8.14, 8.15, 8.23. U

As a particular example in case r = 1, s = 2, let a € T'(R?) such that
p?oa = jif, where f € CY(V,W) is an immersion i.e. j!f lifts to a which
satisfies the classical free map condition. If ¢ > n + n(n + 1)/2 it follows from
Theorem 8.27(i) that one can approximate f in the fine C'-topology by a free
map g € C?(V,W). In fact this application of Theorem 8.14 gives more precise
information. Let A be a neighbourhood of the image j'f(V) in X, There is a
homotopy a; € T'(R?), t € [0, 1], ap = «, such that the projection p} o ay = jlg,
where g; € CY(V,W), t € [0,1], is a regular homotopy of immersions, go = f, g1
is a free map, and for all ¢ € [0, 1], the image j'g;(V) C N. As explained in I
§1.3.2, this sort of result in the fine C'-topology cannot be proved by the covering
homotopy methods due originally to Smale [34] and generalized extensively in
Gromov [16].

8.3.3. Submersions of Open Manifolds. Let V, W be smooth manifolds such that
dimV =n, dmW =¢q,n > q. Let X =V x W — V be the product bundle,
fiber W. Let R € X be the submersion relation defined by germs of C*'-maps
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h:V — W of maximal rank ¢. As explained in T §1.3.1, a section « € T'(R),
whose 0-jet component is g € C°(V, W), corresponds to a bundle epimorphism
F:T(V) — T(W) which covers g. Since maximal rank is an open condition it
follows that R is open in X (1),

However R is not ample in X (). To see this, let € V and let 7 € T(Op z)
be a codimension 1 tangent hyperplane field. Associated to 7 is the affine R?-
bundle p! : X[(]l) — X (U = Opx)). We show that for all b = j* f(z) € X,
X,Sl) # Conv(Ry, a).

To this end let v = (vy,...,v,) be a basis of T, (V) which is adapted to
7. In local coordinates let a = (j*f(x),y) € Ry: the vectors 9,, f(x),y € RY,
1 <i<n-—1,span R%. Let L be the subspace of R? spanned by the derivative
vectors Oy, f(z), 1 < i < n —1. Thus dimL > ¢ — 1. In case L = R? then
X Igl) = R;. However in case L has codimension 1 then R, = R?\ L consists of

2 half spaces, each of whose convex hulls is itself i.e. X 151) # Conv(Ryp, a), from
which it follows that R is not ample. Simple examples show that in general the h-
principle fails for the submersion relation. However, in case the base manifold V'
is open then it is a classical result in immersion-theoretic topology, Phillips [31],
that the submersion relation R satisfies the weak homotopy equivalence property
which, in our terminology, is formulated as follows. Recall that F, H denote the
space of formal solutions, respectively the subspace of holonomic solutions, of the
relation R ¢ XM Classically, let Sub(V, W) denote the subspace of submersions
in C*(V,W). We identify Sub(V, W) = H via the homeomorphism h — (j'h, h).

Submersion Theorem 8.28 (Phillips). Let V, W be smooth manifolds such that
dimV =n, dimW = ¢, n > q. Let R € XV be the submersion relation. If V is
an open manifold then the map i: H = Sub(V,W) — T'(R), h + j'h, induces a
weak homotopy equivalence.

Consequently, in the case of the (non-ample) submersion relation R C X @,
Theorem 8.28 generalizes the weak homotopy equivalence result Corollary 8.24
if the domain V is an open manifold.

In what follows Theorem 8.28 is proved by convex integration. The point
here is that the open manifold V' admits of a handle decomposition by handles
of index < n — 1 i.e. handles of the form (D"~% §"F=1) x [-1,1]%, 1 <k < n,
whose cores D"* are not top dimensional. The existence of these extra “nor-
mal directions” in the factor [~1,1]¥ is essential to the proof of the theorem,
Phillips [31], which is based on a covering homotopy construction. The proof be-
low replaces the covering homotopy construction over these “thickened” cores by
convex integration with respect to a certain ample microfibration p: S — Y1),
where Y = D" F x W — D" % is the product bundle, fiber W, over the core
Dk k> 1.
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Proof of Theorem 8.28. We consider the following general data: Let V = V’ x RF
(a split manifold), dim V' =n — k, k > 1. We identify V' =V’ x {0} C V. Let
X =V x W — V be the product bundle, fiber W; let also Y = V' x W — V’
be the product bundle, fiber W over the submanifold V. Let R ¢ X be
the submersion relation. Let & C R be the subspace defined by 1-jets whose
source is in the submanifold V. § is a submanifold of codimension k of the open
manifold R.

Let p: S — Y be the projection map induced by the restriction of germs
of C'-functions to the submanifold V': p(jlh(z)) = j*(h|V')(x), z € V'. In local
coordinates that respect the splitting V.=V’ xRY, let a = (z,y,¢1,...,¢n) € S.
Then p(a) = (2,Y, 1, Pn_r) € YL,

Algebraically, in these local coordinates, p(z,y, A) = (z,y, B) where A is a
¢ x n matrix and B is the ¢ x (n — k) matrix obtained from A by deleting the
last k£ columns. Since R is the submersion relation then the above matrix A has
maximal rank ¢, from which it follows that the image p(S) € Y") consists of
1-jets of germs of C'-functions of rank > ¢ — k.

Lemma 8.29. The projection map p: S — YU is a microfibration and S is ample
over Y1,

Proof. The point of the lemma is that although the relation R ¢ X is not
ample, the above splitting of the manifold V' ensures that the corresponding
“over” relation p: S — Y is ample.

Let L, (n,q) denote the linear space of linear maps of rank > r from R"™ to
RY. Let m: L4(n,q) — Ly—r(n — k, q) be the linear map obtained by restriction
to the subspace R"~* c R™. In the above local coordinates for p: S — Yy,
plz,y, A) = (z,y, B), B =m(A). Since dr = 7 is onto it follows that the map p
is a submersion hence a microfibration.

We prove that S is ample over Y1), Let # € V/ and let 7 € T(Op x) be a
codimension 1 tangent hyperplane field. Associated to 7 is the affine R?-bundle
P, Y — Yk (U = Opa). We prove that for all (b,a) € Y+ x S, (cf. VII
8.2.1),

Yb(l) = Conv(Sy, a). (8.18)

Let b = jth(z) = (z,h(z),00h(z)...,00_k_1h(z)) € Y1 in the above split
local coordinates. Thus a = (b, ¢1,...¢k+1) € Sp i.e. the span of the vectors
Oih(x), 0 €RI, 1< j<n—k—1,1<i<k+1,is R.

To prove (8.18) fix (b, 2) € Yb(l) and let L C R? be the subspace spanned
by the n — 2 vectors obtained from a € §p by deleting @1, pi11:

L =span{0jh(z),p2,..., 0}, 1 <j<n—k—1
Thus dim L > g — 2. We consider the three cases, ¢ —2 < dim L < gq.
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(i) dimL = q. Let 2! € RY, t € [0,1], be a path that connects z° = ¢; to
2! = 2. Define a* = (b, 2%, ¢a,...,0r41). Then at is a path in Sy, a” = a,

such that p(a') = (b, 2) € Y;)(l), which proves (8.18).

(i) dimL = ¢ — 1. Let (2%, "), t € [0,1], be a pair of paths in R? such that
290 = (p1, 0p41), 21 = 2z, and for all t € (0, 1] the subspace spanned by
+
L, is RY. Define a® = (b, 2%, ¢a,...,!). Then a® is a path in S, a® = a,
such that p(al) = (b, 2) € Yb(l), which proves (8.18).

(iii) dim L = ¢ — 2. Let w € R?\ L. Since dim L' = 2 it follows that there is
a pair of paths in R?\ L, (w', ¢?), t € [0,1], (w°, ¢") = (1, ¢rt1), such
that w! = w and for all ¢ € [0, 1] the subspace spanned by L, w’, ¢t is RY.
Define a® = (b, w?!, 2,...,¢"). Then a® is a path in S, a® = a, such that
p(a') = (b, w), which proves (8.18) and the proof of the lemma is complete.

O

In what follows, Fs, Hs, denote the space of formal solutions, respectively the
subspace of holonomic solutions, of the relation p: S — Y1) (cf. §8.2.3). In
particular, (o, h) € Hs if and only if h € C*(V’,W) and the section a € T'(S)
satisfies p o & = j'h: in split local coordinates, for all z € V”,

a(z) = (x,h(x), 0 h(x),. .., 0h_kh(x),01(x),...,0r(T)),

where the n vectors 0;h(x), ¢r(z) € R%, 1 < j <n—Fk 1<r <k, span R7.
Suppose V' is compact. Applying the exponential map on T'(W) to the vectors
or(z) (along the image h(V’) ¢ W), 1 < r < k, for suitably small ¢ > 0 one
constructs a map,

p: T(Hs) — Sub((V’ x [—¢, €]"), W). (8.19)

such that the submersion p((«, h)) extends h on V’. Conversely, if geSub(OpV”,
W) then the restriction of the tangent map dg to the zero-section V' induces a
section (dg|V’', g|V') € T'(Hs). Throughout, the map pu is treated as an equiva-
lence (technically a weak homotopy equivalence).

Applying the Parametric h-Principle, Proposition 8.20, to the ample relation S
over YU one obtains the following result.

Corollary 8.30. Let A: Z — Fs be continuous, A(z) = (az, f.) € I'(S) x I'"(Y),
where Z is a compact smooth manifold (a space of parameters). Let K C Z x V'
be closed such that for all (z,x) € Op K, poa,(x) = jf.(z) (i.e. over OpK, A
is holonomic).

There is a homotopy H: Z x [0,1] — Fs, Hy = A, H; = A over Op K (constant
homotopy), such that Hy: Z — Hs.
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Returning to the proof of Theorem 8.28 (cf. Haefliger [20]), there is a smooth
proper Morse function f: V' — [0,00) which has no critical point of maximal
index n. At each critical point w € V there is a 6 > 0 such that ¢ = f(w) is the
only critical level in the interval [c — §,¢ + 6], For each t > 0 let V! = {z € V|
f(x) < t}. Then the manifold V¢*9 is obtained from V¢~ by adding a handle
(Dn=k gn=k=1y » [~1,1]*, where k > 1 is the index of the critical point w € V.

The proof proceeds inductively on the set of critical points {w;} which
are ordered so that the critical values ¢; = f(w;) are increasing. For notational
convenience, for each € € (0, 1] let,

Ac=D"F x[—e, ", B.=(OpdD" %) x [—e, " € D"F x [-1,1]%.
The main step in the proof of Theorem 8.28 is to prove that the restriction
map, p : Sub(A;, W) — Sub(B;, W), is a Serre fibration. To this end, let Z be

an auxiliary compact smooth manifold and consider the following commutative
diagram of continuous maps (A = A;; B = By),

Z x {0} —L— Sub(A, W)

zl lﬂ (8.20)

Z X [071] T? Sub(B,W)

The problem is to construct a continuous lift G: Z x [0,1] — Sub(A, W) such
that: (i) Go = f; (17) po G = F. In fact it is sufficient to construct a continuous
lift for a suitably small € > 0,
G': Z x [0,1] — Sub(A., W),

such that G, = f: Z x {0} — Sub(A,, W), and po G’ = F: Z x [0,1] —
Sub(B, W). Indeed, the submersion relation is stable in the sense of Gromov [16],
(cf. also Haefliger [20]). Consequently, employing a homotopy of diffeomorphisms
which connects the identity map to a diffeomorphism of D"~* x [~1,1]* into
a suitably small neighbourhood of D"~* x {0} U (9D" % x [~1,1]%), the lift
G’ extends to a lift G as above which satisfies the Serre fibration property.
Furthermore we assume that the evaluation mapsev f: Z x A —W,evF: Z x
[0,1] x B — W are of class C'.

Setting V! = D"~% x {0} (the zero-section), Y = V' x W — V', recall
the ample microfibration p: S — Y () defined above. Corollary 8.30 proves the
following lemma.

Lemma 8.31. Let P = Z x [0,1] and let 0: P — Fs, o(y) = (ay, hy), be contin-

uous such that p o ay,(x) = j'hy(z) for all (y,x) € Op K where,
K=(Zx{0}xV)Yu(PxoV')cPxV.

(Thus over Op K, o is holonomic.) There is a homotopy relOp K, H: P X

[0,1] — Fs, such that Hy =0, H;: P — Hs.



152 VIII. AMPLE RELATIONS

Employing the equivalence p: Hs — Sub(A., W) (cf. (8.19)), we construct the
map o of the lemma as follows. Over K the map o is given by the data of
diagram (8.20) restricted to A.. Explicitly, over Z x {0} x V', ¢ is defined by
the map f; over P x 9V’, o is defined by the map F. This data extends to
Op K. The extension of this data on Op K to o: P — Fs follows from bundle
considerations applied to a strong deformation retract on P x V' to the subspace
K. The map G = po Hi: P — Sub(A, W) solves the Serre fibration lifting
problem of diagram (8.20) at each of the critical points. The proof of Theorem
8.28 is completed by a taking the limit in a tower of weak homotopy equivalences
as detailed in Gromov [16], Haefliger [20], Phillips [31]. O

Remark 8.32. In case n = ¢ then Theorem 8.28 reduces to the classical classifica-
tion of immersions theorem in the (non-ample) equidimensional case, provided
the source manifold V' is open. Also, in case V is open, the techniques employed
in the proof of Theorem 8.28 easily adapt to prove the Weak Homotopy Equiv-
alence Theorem 8.27(ii) in the (non-ample) equidimensional case ¢ = D; for the
free map relation R* € X (). It is not clear to what extent Convex Integration
theory can be employed to replace the covering homotopy method of Gromov
[16] for proving classification theorems for open relations R C X (™) that may not
be ample, in case the base manifold V' is open. For example, Gromov [16] proves
the analogue of IV Theorem 4.13 for the classification of symplectic 2-forms on
open, even dimensional smooth manifolds V' (the corresponding non-degeneracy
relation on 2-forms is not ample). No proof of this result by Convex Integration
theory is known.

84. Relative h-Principles

8.4.1. Let p: R — Ry C X() be a relation over the subspace R in X ("), Recall
that elements in the extensions Pr, (R), Conv,(R), n > 1, consist of piecewise
principal paths in X (") respectively (cf. Proposition 8.5) certain families of sur-
rounding paths in successive principal subspaces in X ("), For certain problems
it is reasonable to ask whether these piecewise principal paths and families of
surrounding paths can be chosen to lie in the subspace Ry i.e. that all construc-
tions be carried out relative to the subspace Rg. For example, Rg C X is the
immersion relation and R C R represents immersions which satisfy some addi-
tional property, for example totally real embeddings (studied below). However, in
general the affine geometry of convex hull extensions imposes strong restrictions
on the subspace R in order to carry out the above programme of constructions
relative to Rg.

Define Pri(R|Ry) C Pri(R) to be the subspace of those pairs (a,z) €
Pri(R) for which (1 —t)p(a) + tz € Rp for all t € [0,1] i.e. the segment joining
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p(a), z is contained in Rg. Inductively we define,
PI‘n(RlR()) == PI‘1 (Prn_l(R|R0)|R0), n Z 2.

Thus y = (a,1,...,2,) € Pr,(R|Rp), n > 2, if and only if y € Pr,(R) and
each of the segments joining p(a), z1, respectively z;_1,z;, lies in the subspace
Ro, 2 < j < n. Let Convy(R|Rp) = Convy(R) N Pri(R|Ry); define inductively,

Conv,(R|Ro) = Convy(Conv,,_1(R|Ro)|Ro), n > 2.

In particular, Conv, (R|Ry) C Pr,(R|Rg) for all n > 1. There is the inclusion
map i: R — Conv,(R|Ro), a — (a,p(a),...,p(a)). The projection p: Pr,(R)
— X (a,2q,...,2,) — x, restricts to a projection map (same notation) p:
Conv,(R|Rg) — X (). In case Rop = X" then for all n > 1,

Pr,(R|Ro) = Pr,(R); Conv,(R|Ro) = Conv,(R).

Definition 8.33. Let Ry C X() be open. A relation p: R — Ry C X is
relatively ample with respect R if for all n > 1,

Conv,(R|Ro) = Pr,(R|Ro)

In case Rg = X() then R is relatively ample with respect to X () if and only if
R is ample.

Lemma 8.34. let Ry C X () be open. Let p: R — Ro be a microfibration. For all
n > 1 the projection map p: Conv,(R|Ro) — Ro is a microfibration.

Proof. The proof is by induction on n. The case n = 1 follows the proof of the
corresponding microfibration property VII Lemma 7.1 in the case Rg = X ) i.e.
since Ry is open the proof easily relativizes to Ry. Details are left to the reader.

O

Definition 8.35. A relation p: R — R C X" is relatively dense in an open set
Ro C X if for all open sets U C Ry and all principal subspaces R such that
RNU # () the following property obtains:

Conv, (p~ 1 (U)|U) = Pry(p~ 1 (U)|U). (8.21)
For example, let (a,z) € Pri(p~'(U)|U) with respect to a principal subspace

R. Employing (8.21) there is a path a; € p~'(U), ap = a, t € [0,1], such that
the path p(a;) lies in RN U and surrounds x. Let J be the segment in RN U



154 VIII. AMPLE RELATIONS

that joins p(a),z. Applying (8.21) to the open sets of the form Op J C Ry, one
concludes that J C p(R).

Gromov [18] introduced (8.21) as the main criterion for a relation R to be
relatively ample with respect to Rg. This is proved as Theorem 8.40 below. The
main construction of relatively dense relations is as follows. Let ¥ ¢ X ) be a
closed stratified subset such that the intersection ¥ N R is either equal to R or
has codimension > 2 in R for all principal subspaces R € X (). Consequently
for all open sets U ¢ X ("),

Conv, (U \ £)|U) = Pr, (U \ £)|U). (8.22)

It follows that the inclusion i: R = Ro\X — Ry satisfies (8.21) i.e. R is relatively
dense in Ry for all open subsets Ry in X("). For example, let X =V x W — V
be the product bundle, dim V = n, dim W = ¢. Let R* be the k-mersion relation
in XM Then R* is open, and in case k < ¢, R¥ is the complement in X of a
closed stratified subset X that has the codimension > 2 property above. Thus for
all open sets Rg € XM the relation R = R \ ¥ is relatively dense by inclusion
into Ro (R represents those germs of C! maps in Rq that have rank > k).

Theorem 8.36. Relative h-Stability. Let Ry € X be open, and let p: R —
Ro be a microfibration that is relatively dense with respect to Ry. Let ¢ €
I'(Conv,(R|Ry)) be holonomic, ¢ = (e, j" f). Let also N be a neighbourhood
of the image 7~ f(V) in X1,

There is a homotopy of holonomic sections, H: [0,1] — I'(Conv,(R|Ryo)), H; =
(v, 5" fr), Ho =, t € [0, 1], such that the following properties are satisfied:

(i) Hy = (1,77 f1) €T(R) ice. poag = 5" f1 € T(R).
(ii) For allt € [0,1], the image ;" 'g:(V) C N.
(i) Let K C V be closed such that ¢ € T'(R) on Op K i.e. for all x € Op K,
poa(x) = j" f(x). Then Hy = ¢ (constant homotopy) on (a smaller) Op, K.

Proof. The proof follows that of VII Theorem 7.2, subject to trivial modifications
relative to the open set Rg. In particular, the relative density property implies the
existence of a C-structure (h, H) with respect to j" fo, a such that for all (z,t) €
V x [0,1], (he(x), 5" fo(x)) € Pr-(R|Rp). Furthermore since Ry is open, the
extension of C-structures required by Lemma 7.10 also takes place in Pr.(R|Ry).
Details are left to the reader. O

Let Poo = Poo(R|Ro) consist of all pairs (a,y(t)) € R x C°([0, 1], Rg), such
that y(0) = p(a) and y(t) is a path in the fiber Ry N XZET), where the base point
b=pl_,0p(a) € XU~V There is an inclusion i: R — Puo, a — (a,C,), where
C, is the constant path at p(a) € Ro.
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Let p: P — Rp be the projection map p(a,y(t)) = y(1). Thus a section
¢ € I'(Pw) consists of a pair of sections ¢ = (a, h) where a € I'(R) and the path
h € C°([0,1],T'(Ryp)) is a fiberwise homotopy in Ry that connects the sections
poa,h(1l) € T'(Ryp). The section ¢ is holonomic if there is a C™-section g € I'(X)
such that h(1) = j7g € T'(Rg). The section ¢ € T'(R) if hy = p o a (constant
path).

In case p: R — Ry is relatively ample there is an interesting connection
to the theory of short sections in §8.1.2. This connection is useful also for the
proof of Theorem 8.37 below. Let ¢ = (a,h) € I'(P) be holonomic: h(1) =
§7f € T(X™M). In particular the pair (o, f) is a formal solution to the relation
R. Over a chart U C V, employing VI Lemma 6.9 and subsequent remarks
(or globally over V' employing VI Proposition 6.12) one approximates h(t)|U
rel {0,1}, by a sufficiently close piecewise principal homotopy in Ry i.e. one
may assume that, for m sufficiently large, over U the homotopy h(t)|U induces
a holonomic section (same notation) h € I'y (Pr,,(R|Ro)). Since R is relatively
ample over Ry, it follows that h € I'y(Conv,, (R|Ry)); furthermore, poh = 5" f|U
i.e. h is holonomic. In particular, the formal solution («, f) is short with respect
to the relation R. In this way, the theory of relatively ample relations falls within
the purview of the theory of short sections.

Theorem 8.37. (Relative C"~'-Dense h-Principle.) Let Rg be open in X("). Let
p: R — R be a microfibration that is relatively ample in Ry. Let ¢ = (a, h) €
I'(Px) be holonomic: h(1) = j"g € T'(Ry). Let also N be a neighbourhood of the
image j*"*g(V) in X1,

Then there is a homotopy of holonomic sections o = (v, hy) € T'(Pso), o = @,
hi(1) = j"gs, t € [0,1], such that the following properties obtain:

(i) p1 € T(R) i.e. hi(s) = poaqg = j g1 (constant path). Thus the homotopy
ap € T(R), t €10,1], solves the h-principle with respect to a € T'(R).

(ii) For allt € [0,1], the image ;" g:(V) C N.

(iii) (Relative Theorem) : Let K C V be closed such that ¢ € T'(R) on Op K i.e.
forallx € Op K, poa(z) = j"g(x); hi(z) = j7g(x) (constant path). Then
o1 = @ on (a smaller) Op,(K).

(iv) In particular, hi(1) = j"g: € T'(Ro), t € [0,1], is a homotopy of solutions
to the relation R that connects j"g to j"g1 = po a.

Proof. Note that, employing (i), (iv), (a4, g:) is a homotopy of short formal
solutions to the relation R, (ag, go) = (v, g), such that (aq,g1) solves R: poa; =

J 91
We follow the proof of Theorem 8.12 (C"~!-Dense h-Principle), subject to the
following modifications relative to the open set Ry € X (. Over a chart U =
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Opzon Vet = (8,f) € T'y(Px) be holonomic. Thus the path ¢; is a fiberwise
homotopy in Ry that connects the sections po 3,4(1) = j"f € Ty (Ro).

As explained above, employing VI Lemma 6.9 and subsequent remarks, one ap-
proximates £(t) rel {0, 1}, by a sufficiently close piecewise principal homotopy in
Ro. Since R is relatively ample over Ry, the homotopy #(¢) induces a holonomic
section (same notation) ¢ € I'yy(Conv,,(R|Ro)). One then formally follows the
proof of the Local Extension Lemma 8.13, employing the Relative h-Stability
Theorem 8.36 above to perform inductively the m successive convex integrations
over the chart U. Consequently one obtains a homotopy of holonomic sections
Yy € Ty (Convy, (R|Ro)), o = ¥, 11 € Ty(R). Employing the equivalence be-
tween elements of Pr,,(Rg) and piecewise principal paths in Ry with m-segments,
the homotopy ) induces a homotopy of holonomic sections (same notation)
y € Ty (Ps) that connects 1) to the holonomic section ¢; € I'yy(R). Proceeding
inductively over charts of V as in the proof of Theorem 8.12, the theorem is
proved. Details are left to the reader. O

Corollary 8.38. If R satisfies the C"~'-dense h-principle, then R also satisfies
the C"~1-dense h-principle.

Proof. Let (o, f) be a formal solution to R: the sections o € I'(R), f € I'"(X)
satisfy pl_; opoa = j7 1f € T(X"=Y). Let NV be a neighbourhood of the
image j7~' (V) € X("=1. By hypothesis on Ry, there is a homotopy of formal
solutions (ay, f) to the relation Ry, (av, fo) = (po a, f), such that:

(l) (al,fl) S F(Ro) ie.ap=j3"f1 € F(Ro)
(ii) for all ¢ € [0,1], the image 5"~ f,(V) C N.
Thus the path o € T'(Rg) connects ag = poa € T'(Ryg) to the holonomic section

a1 = j"f1 € T(Rp). Consequently (o, ;) € I'(Ps) is a holonomic section, to
which Theorem 8.38 applies, and the corollary is proved. ]

8.4.2. The Affine Geometry of Conv,,(R|Ry).

The following affine geometry is useful for studying iterated convex hull exten-
sions of arelation p: R — X ). Lety = (a, 21, ..., %) € Pr,,(R). Thus p(a), z;,
1 < j < m lie in an affine fiber X,ST) of the bundle p;_;: X" — X =1 p ¢
X (=1 Associated to y is the (possibly degenerate) parallelopiped P,, C X ér)
with vertex p(a), defined inductively as follows. P; is the line segment that joins
p(a) to x1. Assuming Pj_; is defined, let P, = Ute[o,l} T;(Pgx—1), the union of
the translates of Py_; in the direction of ¢(xy — zk_1), t € [0, 1], where,

Ti(2) =z + t(xgp — xp—1), 2<k <m.
In particular the edges of P, at the vertex p(a) are parallel respectively to the

successive principal subspaces R; associated to y € Pr,,(R), 1 < j < m. The
parallelopiped P,, depends continuously on y € Pr,,(R).
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Lemma 8.39. Let Ry C X ) be open and let p: R — Ro be a relation which
is relatively dense in Rg. Let y € Pr,,(R|Ro) and let P, be the parallelopiped
associated (as above) to 1. Let also W be a neighbourhood of P, in X("). Then
the following properties obtain:

(i) y € Conv,,(p~*(W)|W). In particular, y € Conv,,(R|Ro) if Pm C Ro-

(ii) P, C p(R).

Proof. In case m = 1 the conclusions (i), (ii) follow from (8.21) and the sub-
sequent discussion. Inductively, suppose the lemma is true for all m < k. Let
y=(a,z1,...,2k41) € Prps1(R|Ro); Ri+1 is the principal subspace associated
to y with respect to xpy1, x. Let P, C Xér) be the parallelopiped associated to
(a,21,...,2) € Pri(R). Thus Pyt1 = Uyejo1) T¢(Pk) where Ti: XéT) — Xér) is
the one-parameter family of translations 73(z) = z + t(xg+1 — zx), t € R. By hy-
pothesis Py+1 C W. In particular, for all ¢ € [0, 1] the cross-sections T;(Py) C W.
Let U C W be a neighbourhood of the segment J that joins p(a) to u = T1(p(a)).
Note that p(a), x, xx+1, u form the vertices of a paralleogram in Xlgr). Employing
the translation g(z) = z+p(a)—x, let R = g(Ry41), the translate of the principal
subspace Ry41. Thus u = g(zr11) € R, p(a) = g(zx) € R.

Applying (8.21), there is a path a; € R, ag = a, t € [0, 1], such that the path
p(a;) € RNU surrounds u. Employing the translations S; : XIST) — XéT), Si(z) =
2+ plat) — pla), t € [0, 1], the paths z = Si(x;), m? =xj, 1 < j <k, satisfy the
following properties:

(i) (ap,24,...,2%), t € [0,1], is a path in Prg(R). Indeed for each ¢ € [0, 1],
plar) —xf = pla) — a1, 2% —a%_, = xj —x;_1; hence p(ar), z], respectively
k. x%_ ), lie in principal subspaces, 2 < j < k.

ii) The path ¢, t € [0,1], lies in Ry and surrounds 1. Indeed, g(Rpy1) =

k +
R and g(z})) = g o Si(zx) = p(at). Since g(xk+1) = u and also the path
p(at) surrounds u, it follows that the path 2 € Rj41 surrounds ;.

Furthermore, let P} be the parallelopiped associated to (at, 2}, ..., z}) € Pri(R)
(PY = Py). For all t € [0,1], Pf = S;(P). For sufficiently small neighbourhoods
U =9OpJ C W, the path p(a;) in U lies close to the segment joining p(a),u and
hence the path z% = S;(x;) lies close to the segment joining x; to x; 4 (u—p(a)),
1 < j < k. Since u — p(a) = xp+1 — xp (the direction of the translation T})
it follows that one may choose U = OpJ C W sufficiently small so that each
P! C W ie. the union Ute[o,l] P} lies in W. Since P} is the parallelopiped
associated to y; = (as, 2t,...,z%) € Prp(R|Ry), it follows from the inductive
hypothesis that for all ¢ € [0, 1],

(iii) y; € Convi(p= L (W)|W) (yo = (a,x1,...,21)).
(iv) P; C p(R).
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Applying (iv) to a convergent sequence of neighbourhoods U; = Op;J, it follows
that Pyy1 C p(R). Furthermore, let W3 C W be an open convex neighbourhood
of the segment that joins xy, z+1. One may assume that the path x} lies in Wj.
Hence for each t € [0,1], the segment that joins a}, x4 lies in W. Employing
(iii) it follows that,

y € Convy(Convy,(p~ (W)|W)) = Convi (p~" (W)|W),

which completes the inductive step and the lemma is proved. O

Let y = (a,21,...,2m) € Pr,(R|Rg), whose corresponding parallelopiped is
P,,. Employing the analytic caracterization Proposition 8.5 of convex hull ex-
tensions, the element y comes equipped with an m-parameter family of paths
alvotm € RO (ty, ... ty,) € 0,1]™. Assuming that R is relatively dense in Ry,
the inductive arguments for the proof of Lemma 8.39 show also that the union
of all such families of paths a'»!m (associated to the given element y) contains
the parallelopiped P, in its closure.

The condition P,, C Ry imposes strong conditions on the affine geometry
of the open set Ry. For example, let y(t), t € [0,1], be a piecewise principal
path associated to an element y € Pr,,(R|Rq). Let N be a neighbourhood of the
image y([0,1]) in Ro. In general P,, ¢ N. This is illustrated by the following
examples in R?, which generalize easily to X() = J'(R?,R?). With respect to
coordinates (z,y) € R?, let 7y = kerdx, 7 = kerdy, be vertical and horizontal
tangent line fields in R2.

Examples. (i) Let R C R? be an open set which contains K = {(x,sinz) | 2 > 0}.
Let z,, = (a,v1,...,vy) € Pry,(R) (defined with respest to successive principal
subspaces (vertical or horizontal lines) with respect to 71, 73), where a = (0,0),
v; € K,1<i<m,and v, = (m,yn). Let P,, C R? be the parallelogram that
corresponds, as above, to 2, € Pr,,(R). One checks that the union J;° P, is
the half-space {(z,y) € R? | z > 0}.

(ii) Let L C R? be the circle of radius 7, center the origin. Let P,, be the
parallelogram associated to an element z = (a,v1,...,v,) € Pry,(R), a,v; € L,
1 <i<m, a=wv,, whose associated piecewise principal path z(t) represents a
degree one loop in R?\ {(0,0)}. Then P,, is a rectangle of dimensions 3r x 4r
(bounded, independent of m).

Theorem 8.40. Let p: R — Ry be a relatively dense relation with respect to an
open subset Ry C X . Then R is relatively ample with respect to Ry i.e. for
alln > 1, Conv, (R|Ro) = Pr,(R|Ro).

Proof. Let y = (a,x1,...,x,) € Pr,(R|Ro). Let h: [0,1] — Rq be the associated
piecewise principal path, h(0) = p(a); h(1) = z,. Let N C Ro be a neigh-
bourhood of the image h([0,1]) in Ro. In particular, y € Pr,(p~'(N)|N). The
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relative density hypothesis is quite strong as is shown by the following lemma
which proves the theorem, and which contrasts sharply with the the affine ge-
ometry of Examples (i), (ii) above.

Lemma 8.41. Let p: R — Ro be relatively dense with respect to an open subset
Ro C X, For all n and all data as above,

Pr,(p~ ' (N)|N) = Conv,(p~*(N)|N) C Conv,(R|Ro).

Proof. The case n = 1 follows from (8.21). Suppose inductively that the lemma
is true for all data at n = m — 1. Let y,, = (a,21,...,2m) € Pry(p H(N)|N).
Let W1 C N, respectively W C N, be an open convex neighbourhood of the
segment J; that joins p(a),z1, respectively an open convex neighbourhood of
the segment Jj that joins xp_1,xk, 2 < k < m. Let Ry, respectively Rj denote
the principal subspace associated to y that contains p(a),x1, respectively the
principal subspace associated to y that contains xp_1,xk, 2 < k < m. Let 0 =
to <t1 < --+ <ty = 1. There is a path a®* € p~1(W1), a(0) = a, s € [0, 1], such
that the path p(a®) € RN W surrounds x;. One may assume p(a’) € Wh.

Employing relative density one may assume p(a'?) is sufficiently close to x;
so that p(a’'), x1, z2 are the sides of a parallelogram in Wy i.e. yo = (a'', 1, x2) €
Pry(p~t(W3)|Ws). Employing Lemma 8.39 (with respect to the interval [t1,t5])
there are paths a® € p~Y(Wa),2} € Ra, t € [t1,t2], ' = 21, such that: (i)
the path 2! surrounds zo; (i7) for all ¢ € [t1,t2], p(a’),2} lie in a principal
subspace parallel to R;. One may assume also that p(a’?), xﬁz € W3. Proceeding
inductively in successive Wy on successive intervals [tx_1, tx], employing relative
density at each stage (cf. Lemma 8.39), one constructs paths a® € p~!(N),
a’ = a, zl € N, x% =ux, t € [0,1], 1 <k < m — 1, such that the following
properties are satisfied:

(i) For all t € [tg_1, tx], the subpaths p(a'), 2 zy, liein Wi, 1 <j <k <m.

(i) For all t € [0,tx], 2} = zk, 1 < k < m. The path 2}, ¢ € [ty, tg11] lies in
Ri1+1 N Wiy and surrounds zgy1, 1 < k < m — 1. One may assume that
p(atﬂ'),x? eEWit, 1<k<ji<m—1.

(iii) For all t € [0,1], 2} = (a,2%,...,2%) € Pry(p~*(N)|N). Furthermore, for
all t € [tk—htk],

2t € Prp(p ' (W) [Wh), 1<k<m.

(iv) For all ¢ € [ty_1,tx], let P} be the parallelopiped associated to z.. Then
Pl C Wj,. Consequently, employing Lemma 8.39, for all t € [ty_1,t;],
2t € Convy(p ' (Wi|Wh) 1<k <m.

Employing (iii) for all t € [0,1], 2!, ; € Pr,_1(p ' (N)|N). By induction, for
all t € [0,1], ¢, _, € Conv,y,—1(p~ ' (N)|N). Employing (ii), for each ¢ € [0, 1] the
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t

line segment joining x;,_ 4, z,, lies in W,, C N. Consequently,

Ym € Convy(Conv,,_1(p ' (N)|N)|N) = Conv,,(p ' (N)|N),

which completes the inductive step and the lemma is proved. O

Let attrtn, :v;-l""t"_j, 1 < j <n—1, be the n-parameter families of surround-
ing paths associated to y = (a,x1,...,2,) € Conv,(p~*(N)|N), in accordance
with Proposition 8.5. Employing property (iv) it follows in addition that each
surrounding path in these families of surrounding paths is contained at least one
of the open convex subsets Wi, C N, 1 < k < m. Accordingly, if each W}, is a
small ball with respect to a metric on X(") then all the surrounding paths take
place in these small balls. One therefore obtains the following useful refinement

of the lemma.

With respect to a metric d on X (B, (r) denotes the ball of radius r,
center z in this metric), let e € C(Ry, (0,00)) be a continuous positive function
such that for all z € Ro, d(z,0Rg) > €(z). Let p: R — Ro € X) be a
relation. For each m > 1, let Pr,,,(R,€) C Pr,,(R|Ro) denote the subspace of all
y = (a,z1,..., %) such that each segment J; lies in a ball B, (¢(z;)), 1 <i < m,
where Jp, respectively J;, is the segment in Ry that joins p(a),x1, respectively
the segment in Rq that joins x;_1,x;, 2 < i < m. Define the corresponding
iterated convex hull extensions as follows.

Convi(R,€) = Convi(R|Rg) N Pri(R,e€),

and inductively, Conv,,(R,e) = Convy(Conv,,_1(R,€),¢€). In particular, for all
m > 1, Conv,,(R,€) C Conv,,(R|Ry).

Corollary 8.42. Let p: R — Ry be relatively dense with respect to an open subset
Ro C X, For each n > 1 (in the above notation), Conv, (R, €) = Pr, (R, ¢).

Proof. Let y = (a,z1...,2,) € Pry(R,€). Thus (in the above notation) y €
Pr,(p~*(N)|N) and each segment J; is contained in a ball B, (e(z;)) C Ro.
Thus more particularly, y € Pr,,(p~*(N), €). We prove that for all n > 1,

Pr,(p ' (N),¢) = Conv,(p~*(N),€e) C Conv,(R,e). (8.23)

The Corollary follows from (8.23). To prove (8.23), let y € Pr,(p~*(N),€) as
above. Let W; be an open convex neighbourhood of the segment .J; in the ball
By, (e(z;)), 1 < i < n. Employing Lemma 8.41 and subsequent remarks, it fol-
lows that y € Conv,,(p~!(N)|N) C Conv,(R|Ro); in addition all the surround-
ing paths in the n-parameter families of surrounding paths associated to y in
accordance with Proposition 8.5 are contained in at least one of the subsets
W, C By, (e(;)), 1 < i < n. Consequently y € Conv,,(p~1(N),e€). O
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8.4.3. Strictly Short Immersions. Let (V,g), (W,h) be Riemannian manifolds;
dimV =n, dimW = q¢. A Cl-map f: V — W is strictly short if for all v € V
and all non-zero vectors 7 € T,,(V) (w = f(v) € W),

9o (T, 7) > hy (df (1), df (1)). (8.24)

Geometrically, (8.24) implies that the Cl-map f strictly decreases Riemannian
lengths of smooth curves on V. The map f is short if the inequality (8.22) is
replaced by >.

Let X =V x W — V be the product bundle. The affine bundle X(") — X
has fiber X,Sl) = L(R™",RY), b€ X. Let Ry € X be the open subset defined
by germs of C'-maps f which are strictly short. Let k' be the quadratic form
on T(V) induced by df: T(V) — T(W). Then f is strictly short if and only if
the quadratic form g — A’ is positive definite. It follows that for all b € X the
intersection in each fiber Ry N Xlgl) is open and convex.

Let RF be the k-mersion relation in X(*). Then RF is open, and in case k <
g, R¥ is relatively dense in XV, Indeed, in case k < ¢, R¥ is the complement of a
closed stratified subset ¥ ¢ X (1) which satisfies (8.22) (cf. the remarks following
(8.22)). Let R = Rp \ X. Thus R C Ry is the open subset that corresponds to
germs of C''-maps that are strictly short and have rank > k. Thus in case k < ¢,
R is relatively dense in Rg. Employing Theorem 8.40, R is relatively ample with
respect to Rg.

Theorem 8.43 (Gromov). Let f € CY(V,W) be strictly short. Suppose f is ho-
motopic to a C* k-mersion g: V. — W. Let N be a neighbourhood of the graph
of f in X. If k < q then there is a homotopy f, € CL(V.W), fo = f, t € [0,1],
such that,

(i) Forallt €[0,1], j1f: € T(Ro); j*f1 € T(R). Hence f is homotopic through
strictly short C'-maps to a strictly short k-mersion.

(ii) For all t € [0,1], the graph of f; lies in N'. Thus fi is a strictly short
k-mersion that is a fine C°-approzimation of f.

Proof. The homotopy connecting f, ¢ induces a bundle map a: T'(V) — T(W)
which covers f and is fiberwise of rank > k i.e. there is a section (same notation)
a € T'(R) such that pjoa = f € T'(X). Up to a homotopy obtained by rescaling
« one may assume that o € I'(R) lies in a small neighbourhood M of the zero-
section. In particular, M C Ry. Let (o, h) € I'(Pw ), where h connects (fiberwise)
a, j1 f through contractions to the zero-section. Since h(1) = j'f it follows that
(o, h) € T'(Poo) is holonomic. The theorem now follows from applying Theorem
8.37 (ii),(iv) to (a, h) € T'(Pso). O
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The application of Theorem 8.37(i) yields the stronger conclusion: there is
a homotopy «; € T'(R), ap = «, that solves the h-principle with respect to «:
a; = jlf; € T(R). Consequently Theorem 8.43 is a refinement of the classical
k-mersion theorem of Feit [12], and in particular a refinement of the classical
immersion theorem of Hirsch [21] in case k = n < ¢ (the immersion case), in the
context of strictly short data.

8.4.4. Relative h-Principle for Embeddings. Let X =V x W — V be the product
bundle, dimV = n, dimW = ¢, and n < ¢q. Let Ry € X be the open subset
defined by the immersion relation. Recall that a bundle map G: T(V) — T(W)
that covers a continuous map g: V' — W is equivalent to a section (same nota-
tion) G € T(XM) such that p} o G = g € T'(X). In particular, if G is a bundle
monomorphism, then the induced section G € T'(Rg). Let ® C Ry denote the
open subspace defined by germs of C' embeddings from V to W. Note that if
f:V — W is a C'-embedding and g: V — W is a C'-immersion which a fine
CC-approximation to f and such that, in local coordinates, for all = € V the
tangents spaces df,,dg, € L(R™,R?) are sufficiently close then g is an embed-
ding that is connected to f by a small C*-isotopy of embeddings (cf. Hirsch [21]
p. 36).

Theorem 8.44. Let p: R — Ro be a microfibration which is relatively dense
with respect to the immersion relation Rog C XU, Let f € CY(V,W) be a C'-
embedding, let o € T(R), and suppose there is a homotopy of bundle monomor-
phisms, Hy: T(V) — T(W), Hy = df, t € [0,1], such that the induced section
Hy =poa el (Roy). Let N be a neighbourhood of the graph of f in X.

Then there is a homotopy of formal solutions (au, fi), («o, fo) = (a, f), t € [0,1],
to the relation Rqo such that the following properties are satisfied:

(i) The homotopy fi: V — W is a Ct-isotopy of embeddings.
(i) The homotopy oy € T'(R) solves the h-principle for a: poay = jl f1 € T'(®).
(iii) For all t € [0,1], the graph of f; lies in N'. In particular, the embedding fi
is a fine CO-approximation of f.

Proof. The homotopy of bundle monomorphisms H induces a holonomic section
¢ = (a,ht) € I'(Ps), where hy = Hi—y € I'(Ro) (ho = H1 = poa € I'(Ry);
hi = j'f). Applying Theorem 8.37 to ¢ € I'(Pw), conclusions (i), (ii) obtain for
a C'l-homotopy of immersions f; rather than for a C*-isotopy of embeddings. To
obtain the refinement of a C''-isotopy of embeddings, one employs Corollary 8.42
inductively over charts as follows in the proof of Theorem 8.37. With respect to
a metric d on XM let e: Ry — (0, 00) be continuous such that for all z € X1,
d(z,0Rq) < €(2). Over a chart U on V let ¢ = (8,¢) € I'y(Ps) be holonomic
such that (1) = jlg € ®y, where g: U — W is a C''-embedding. As in the proof
of Theorem 8.37, employing a sufficiently fine piecewise principal approximation
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rel {0,1} to £(t), one may assume that the homotopy £(¢) induces a holonomic
section (same notation) ¢ € I'y(Pry,, (R, €)). Employing Corollary 8.42, it follows
that ¢ € I'y(Conv,, (R, €)). More precisely, employing (8.23), one may assume
that for each x € U, £(z) € Conv,,(p~*(N,), €), where N, is a neighbourhood of
the associated piecewise principal path ¢(z).

Recall the sequence of auxiliary neighbourhoods W¥ C N, of successive
principal segments in £(z), 1 < i < m, x € U. Employing Corollary 8.42, all of
the surrounding paths in the m-parameter families of surrounding paths involved
in /(z) € Conv,,(p~t(N,),€) lie in at least one of the neighbourhoods WZ.
Consequently, for a sufficiently small system of neighbourhoods W, the resulting
tangent spaces to the successive immersions that are obtained by the m convex
integrations of £ € 'y (Conv,, (R, €)) can be made arbitrarily close in L(R™, R?)
(in local coordinates). As explained above (employing Hirsch [21] p. 36), these
successive convex integrations over U therefore yield C'-embeddings which are
connected by a small isotopy of C'-embeddings. One concludes that there is
a homotopy of holonomic sections 1y = (8, 0;) € T'y(Conv,,(R,¢€)), g = 1,
Y1 € T(R), such that for all t € [0,1], ¢,(1) = jlg; € ®y ie. g; is an isotopy

of C'-embeddings on U. In particular, p o 3; = jlg;. An obvious induction
over charts of V, (employing the above refinements on C'-isotopies) proves the
theorem. Details are left to the reader. O

Following Gromov, we apply Theorem 8.44 to the study of totally real
embeddings. Assume W is a complex manifold, dimc W = ¢ (hence W has real
dimension 2¢). A bundle homomorphism H: T (V) — T(W) is totally real if the
complexified bundle homomorphism H¢: CT(V) — T(W) has complex rank
> min(dim V,dim¢ W). A Cl-map f: V — W is totally real if the complexified
differential d¢f: CT(V) — W is totally real.

Every real analytic map f: V — W extends to a holomorphicmap C f: CV
— W for some (small) complexification CV D V in CT(V). Totally real maps
extend to holomorphic immersions CT(V) — W in case n < ¢ and to totally
real submersions in case n > q.

Let R € XM be the total reality condition defined by germs of C'-totally
real maps from V to W. Thus R = X \ X, where ¥ is a closed stratified
subset such that RN has codimension > 2 for all principal subspaces R ¢ X (1)
that are not completely contained in . Consequently, the total reality relation
satisfies (8.22). Suppose n < ¢ and let Rg € X be the immersion relation.
Thus the relation (same notation) R = Ry \ X is open and satisfies (8.21) i.e. the
inclusion i: R — Ry is relatively dense in Ry. Thus R represents the subspace of
germs of C''-immersions which are totally real: the corresponding complexified
differentials have complex rank n. Applying Theorem 8.44 to the total reality
relation R, one obtains the following result.
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Theorem 8.45 (Gromov). Suppose n < q and let f: V — W be a Ct-embedding.
Let Hi: T(V) — T(W) be a homotopy of bundle monomorphisms, Hy = df,
t € [0,1], such that the induced section Hy € T'(R). Let N be a neighbourhood of
the graph of f in X. Then [ is isotopic through C'-embeddings to a C*-totally
real embedding f1: V — W such that the graph of fi is contained in N .

Corollary 8.46. There is a domain of holomorphy in C> which is diffeomorphic
to S3 x R?.

Proof. Following Gromov [18] p. 193, employing homotopy theory (S? is paral-
lelizable) one shows that the tangent map of the standard embedding f: S® — C3
is homotopic through bundle monomorphisms to the trivial totally real monomor-
phism h: T(S?) — T(C?) (C* = R® @ /—1R3). Applying Theorem 8.45, f is
isotopic to a totally real embedding g: S — C3, which one may assume to
be real analytic. One then analytically extends f to a small complexification
CS? = 5% x R? whose boundary is a S%-bundle of sufficiently small radius so
that the boundary is pseudo-convex. O



CHAPTER 9

SYSTEMS OF PARTIAL DIFFERENTIAL EQUATIONS

§1. Underdetermined Systems

9.1.1. Let p: X — V be a smooth bundle, fiber dimension ¢, dimV =n > 1,
and let R = F~1(0) ¢ X, where F: X(") — R* is continuous. A C"-section
f € I'"(X) is a solution to the relation R if the image 5" f(V) C R: for all x € V,
F(j"f(z)) = 0 € RF. The system of equations, F' = (Fy, Fy,... F},): X(") — R*

Fi(j f(z) =0 1<i<k, (9.1)

is a system of £ PDEs in the unknown C” section f € I'"(X). In case p: X =V x
R? — V is projection onto an open set V' C R", then (9.1) is a system of kK PDEs
in the unknown function f € C"(V,R?); I'"(X) = C"(V,R?). Evidently, in this
generality nothing much can be said about the existence of C" solutions to (9.1).
In this chapter the techniques of convex integration are applied to solve relations
‘R which satisfy simple convex hull conditions related to the theory of convex hull
extensions in Chapter VII. Typically, systems of PDEs which can be solved by
these methods are underdetermined i.e. systems (9.1) for which & < ¢ —1 (more
unknown functions than equations) and are non-linear. Generically determined
systems and all linear systems are systematically excluded i.e. these important
systems are beyond the scope of the results and methods of this chapter.

We emphasize here that a solution to a closed relation R ¢ X() is a
C" section f € I'(X), not a generalized solution (distribution etc.). With the
exception of the Nash C'l-isometric immersion theorem, the systems of PDEs
that are solvable by the methods of Convex Integration Theory are not the
kinds of systems studied in differential geometry and in applied mathematics.
On the other hand, as explained in Chapter X, Convex Integration Theory does
contribute to Relaxation Theory and related results in Optimal Control theory.

9.1.2. The general approach to solving closed relations R ¢ X (") was initiated by
Gromov [17], described also in Spring [37] and in Gromov [18] for the general the-
ory in the case of ample relations. The general idea can be seen from Theorem 9.1
where one replaces the closed relation R by a nearby system of open metaneigh-
bourhoods Met, R € X(") of “radius” e > 0. These nearby open relations are

D. Spring, Convex Integration Theory: Solutions to the h-principle in geometry and topology, Modern 165
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called metaneighbourhoods since R C Met, R, but in general R Q Met, R. These
metaneighbourhoods are constructed from the geometry of R, in particular from
the nowhere flatness conditions imposed on the relation R (cf. §9.3), and satisfy:
R =()eso Metc R.

Let (en)n>1 be a sequence of positive reals such that lim, .. €, = 0.
Beginning with a short map f for R, employing the h-Stability Theorem VII
7.2, a sequence of C"-sections f, € I'"(X) is constructed such that the image
J"fa(V) C Met,, R ie. f, solves the open relation Met, R, n > 1. In case
> €n < 00 One proves lim,, .o f, = f exists, f € I'"(X), and that f solves the
relation R. The main results Theorems 9.1, 9.16, are stated in terms of spaces
of strictly short maps, thus generalizing the corresponding theorems in Gromov
[18] which are based on ampleness assumptions.

We remark that prior to Convex Integration Theory there were no general
methods available in differential topology for solving closed relations (i.e. systems
of PDEs) in r-jet spaces. The covering homotopy methods introduced by Smale
[36] and employed in subsequent papers by Gromov [16], Hirsch [21], Phillips
[31] and others are designed to solve open relations in r-jet spaces but these
methods do not control derivatives of order < r — 1. It is this control of all lower
order derivatives (in fact all L-derivatives) in Convex Integration Theory that
allows one to prove the convergence of solutions f,, € I'"(X) of the open relations
Met. R, n > 1, discussed above, to a solution in the limit of the relation R. The
control of lower order derivatives is the analytic strength of Convex Integration
theory.

9.1.3. Let p', : X — XL be the affine R%bundle associated to a codimension
1 tangent hyperplane field 7 C T(V). Let p: R — X ™) be continuous. For each
base point b € X, X,Sr) is the R%-fiber over b. Recall that z € Conv,(Ry,a)
if there is a path a; € Ry, ag = a, t € [0,1], such that the image path p(a),
t € [0,1], surrounds the r-jet z. In the case of microfibrations p: R — X
Conv,(Ryp,a) is open in the fiber X IST), hence the property of surrounding z is
equivalent to strictly surrounding z. In general however (for example closed rela-
tions R € X)) the condition of strictly surrounding z is a further requirement
that is denoted as follows:

z € IntConv,(Ry, a),

if and only if there is a path a; € Ry, ag = a, t € [0,1], whose p-image p(a;),
t € [0,1], strictly surrounds the r-jet z. Let IntConv,(R) C R x X consist of
all pairs (a, z) such that z € IntConv,(Ryp;a), b = p', o p(a) € X+. There is a
natural projection map p: IntConv(R) — X, (a, 2) +— 2z € X("). The relation
IntConv,(R) is called the interior convex hull extension of R with respect to 7.
Evidently, IntConv-(R) C Conv,(R) i.e. a path that strictly surrounds an r-jet
a fortiori also surrounds that r-jet.
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Analogous to the iterated convex hull extensions of VIII §8.1, we define
iterated interior convex hull extensions of a relation p: R — X, Let 7, C T(V)
be codimension 1 tangent hyperplane fields on V, 1 < i < m, m > 2. Let
P X - Xf' be the affine R?-bundle associated to 7;, 1 < i < m. Define
IntConvy(R) = R; po = p: R — X, and inductively,

IntConv,;(R) = IntConv,, (IntConv;_1(R)), 1<j<m.

Thus IntConv;(R) C R x X x .- x X ((j + 1) factors). There is a natural
projection p;: IntConv;(R) — X, (a, 21, 22,...,2;) — 2; (projection onto the
last factor), 1 < j < m. Evidently IntConv,;(R) C Conv,;(R), 1 < j < m.

Assume that R is a metric space; B(a;r) denotes the open ball at a € R,
radius » > 0. Let p’,: X" — X< be the affine R%-bundle associated to a
codimension 1 tangent hyperplane field 7 C T'(V'). Let Conv$(R) C Conv,(R)
consist of all pairs (a, z) C Rx X (") such that there is a path a; € RyNB(a;e(a)),
ap = a, t € [0,1], whose image p(a;) surrounds z in the fiber XZST), b=p'opla) €
X1, Thus the path a; is confined to a ball of radius €(a). Similarly IntConv® (R)
is defined.

Let R € X be closed; p: R — X () is the inclusion map. Let 7 C T(V)
be a codimension 1 tangent hyperplane field on V. For the purposes of this
chapter a formal solution to the closed relation R ¢ X ("), with respect to the
bundle p} : X" — X1 associated to 7, is a pair (o, f) € I'(R) x I'"(X) such
that p', oo = j1f € I'(X1). Thus a, f agree on all L-derivatives of order
< r of the section f (in Chapter VIII a formal solution (a, f) to R satisfies
pl_yopoa=j""tf € T(X"=Y)). In particular, for each z € V, a(x), j" f(z)
both are in the principal subspace over b(z) = j+f(z) € X of the bundle
P X — X1 A formal solution (e, f) is holonomic if in addition a = 5" f i.e.
j"f € T(R), hence f solves the relation R. Following the notation of Chapter
VIII, F C T(R) x I'"(X) is the subspace of all formal solutions to the relation
R. H C F denotes the subspace of holonomic solutions.

A formal solution (a, f) of the relation R is strictly short if in addition
(e, f) € T(IntConv,(R)): for all x € V,

7" f(z) € IntConv, (Ry(y), a(x)), b(z) =p' oafz) € X+ (9.2)

Thus for each z € V the convex hull of the arc-component of a(x) in Ry
strictly surrounds j” f(x) in the R%-fiber Xlga). Note that in case R is ample
with respect to 7: for all (a,b) € Ry X XZET), Conv,(Rp,a) = XIST) = RY, then
every formal solution (a, f) of the relation R is strictly short. Furthermore if

(o, f) is strictly short then of course («, f) € I'(Conv,(R)) is short (strictly
surrounding implies surrounding).
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Recall IT §1 that a subset A of RY is nowhere flat if A meets each hyperplane
H,dim H < g—1, in a subset AN H that is nowhere dense in A. Nowhere flat
is an affine notion. The first main result of this chapter is as follows.

Theorem 9.1 C'-dense h-Principle. Let 7 C T(V) be a smooth, integrable,
codimension 1 tangent hyperplane field on V. Let R C X be closed and let
(v, f) € F be a formal solution to R which is strictly short i.e. condition (9.2)
is satisfied. Let N be a neighbourhood of the image jL- f(V) C X*.

Suppose that R satisfies the following geometrical properties with respect to the
affine R-bundle p’| : X - x4+

(i) The projection map p', : R — X+ is a topological fiber bundle whose fiber is

locally path connected (for example p'| is proper and R C X s a smooth
submanifold that is transverse to the Ri-fibers of p’, : X" — X+).

(ii) For each b € X+ the fiber Ry = RN X,Sr) is nowhere flat in X,ET) = R4.

Then there is a homotopy of formal solutions H: [0,1] — F, Hy = (au, ft),
t € [0,1], such that the following properties obtain:

(iii) Ho = (o, f); Hi € H ice. ay = j"f1 € D(X™).

(iv) (C*-dense principle) : For all t € [0,1] the image j* f,(V) C N.

(v) (Local Solvability) : For each x € V there is a local C"-solution to R over
Opx i.e. there is a C"-section g: Opx — X such that j"g: Opxz — R.

Conclusion (v) follows from the existence locally of strictly short formal solutions.
The proof of the theorem will be given after the requisite notion of metaneigh-
bourhood has been developed. We illustrate the theorem with an example based
on the system (9.1) where V is open in R™ and p: X = V x R? — V is the
projection map; I'"(X) = C"(V,R?). For all x = (u1,...,up—1,t) €V,

F(j"f(x)) = F(j= f(x),0] f(z)) = 0 € R”,

where 07 = 9" /Ot" is the pure derivative of order r in the t-coordinate; F: X (")
— RP? is a continuous function, and f € C"(V,R?) is the unknown C” function.
In this example 7 = ker dt, an integrable codimension 1 tangent hyperplane field
on V. Thus X" = X+ x R, the product bundle over X .

Let R = F~1(0) ¢ X(". The pair (a, f) € R x X() is a formal solution to
the relation R if a = (j1f, ) € T(R), where 8 € C°(V,R%): for all z € V,

F(j*f(x), 8(x)) = 0 € R”.

A formal solution (a, f) is holonomic if in addition o« = j"f € T'(R) i.e.
orf € C°(V,RY). Generically, in case F is a smooth function, R = F~
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locally is a smooth submanifold of codimension p which is transverse to the R?-
fibers of the bundle p’| : X (") — XL In this case the geometrical hypotheses of
the theorem on R require that the fibers of the bundle R — X are (¢ — p)-
manifolds of dimension > 1. Hence ¢ > p + 1 i.e. the above system of PDEs is
underdetermined: there are ¢ unknown functions f = (f,... fy) € C"(V,R%) and
p equations F' = 0 € RP, such that ¢ > p+1; in particular ¢ > 2. Furthermore the
geometrical hypotheses on R (local path connectedness and nowhere flatness) are
satisfied locally in the above generic situation. It follows from Theorem 9.1(v)
that generically an underdetermined rth order system of PDEs is solvable locally,
a remarkable result in non-linear PDE theory.

To illustrate the theorem, we choose F' so that the above generic bundle
properties are satisfied globally on V. To simplify the presentation, suppose
n = q = 2 and that V C R? is open. We consider the system: for all z = (u,t) € V

(f = (f1, f2) € C"(V,R?)),
(05 f1(2))? + (0] fo())” = A(j* f(2)), (9.3)

where A: X+ — (0, 00) is a continuous function. In this example, X" = X+ xR2,
where the R2-factor of this product corresponds to the derivative 97; F = A —
(p* + ¢%), (p,q) € R? (coordinates for the 9f-component in X"), and R =
F~10) ¢ X™. Evidently p", : R — X' is a circle bundle whose fiber over
b=jtf(r) € Xt is the circle: {(p,q) € R? | p?> + ¢®> = A(b)}. Thus the bundle
hypothesis (i) is satisfied. In addition, for all b € X+ the circle fibers R, C R?
are locally path connected and nowhere flat, hence hypothesis (ii) is satisfied.
Thus example (9.3) satisfies the hypotheses of the theorem.

A formal solution (¢, f) € F consists of a map f € C"(V,R?), and a
section a € T'(R), a(z) = (j:f(x), (p(x),q(z)) € X+ x R? such that for all
r €V, p?+q® = A(j* f(x)). Evidently the formal solution (c, f) is strictly short
if and only if for all x € V,

(05 f1(2))* + (9] fo(@))? < A f (). (9.4)

Indeed, for all z € V, (9.4) is necessary and sufficient for the existence of a path
in Ry, b = j* f(z), which strictly surrounds the derivative 9! f(z) € R2. Note
that strictly short formal solutions to the relation R exist (for example f is a
constant map).

Let (a, f) be a strictly short formal solution to the PDE (9.3). Applying

Theorem 9.1, there exists a map g € C"(V,R?) which solves (9.3) globally on V/
and such that g, f are C*-close.

9.1.4. Metaneighbourhoods. In this section the geometry of metaneighbourhoods
is developed in order to prove Theorem 9.1. Strictly speaking, as developed in
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Gromov [18], only families of in-paths (cf. §9.1.5) are required for the general
theory. However, metaneighbourhoods are part of the underlying geometry of
in-paths. We therefore employ both in-paths and metaneighbourhoods in the
development of the general theory. We begin with the geometry of metaneigh-
bourhoods in RY and then extend to affine R%-bundles. Let A C R? and let
e > 0; B(x;r) is the open ball of radius r at € R9. For each z € A, Arc.(A;x)
denotes the path component of z in AN B(x;¢€); Env.(A;z) denotes the interior
in R? of the convex hull of Arc.(A;z) (the notation “Env” indicates “enveloppe
convexe” in French). In terms of the interior convex hull extensions introduced
previously, Env,(A;a) = IntConv®(A4; a) with respect to the bundle over a point
R? — x.

In general Env (A;x) may be empty. However, in case A C RY is locally
path connected and nowhere flat then for all (z,¢) € A x (0, 00),

Env.(A;z) #0; 2z € Env(A;z).

Remark 9.2. The following observation is useful for the proofs in this section. Let
y € Env (A;z). There is a finite number of points z; € Arc.(4;x), 1 <i < m,
such that the convex hull of the set {z1,..., 2z} is a neighbourhood of y in RY.
Indeed, y is in the interior of a ¢g-simplex A? such that A? C Env.(A;x). Since
the vertices of A? are each in the convex hull of Arc.(A;x) it follows that there is
a finite number of points in Arc.(A4;x) whose convex hull contains A%, and thus
is a neighbourhood of y. In particular, and this is central for what follows, for
each y € Env (A;z) there is a continuous map g: [0,1] — Arc.(4;z), g(0) = =,
such that the path g(t) strictly surrounds y.

Suppose A C R? is closed, locally path connected and nowhere flat. Let
e: A — (0,00) be continuous. The e-metaneighbourhood of A in RY is the subset,

Met, A = U Env(,)(4; ).
T€EA

Employing Remark 9.2, Met, A is open in R?. A C Met. A, but in general Met, A
is not a neighbourhood of A. For example if A = S9=! C RY is the unit round
sphere, ¢ > 2, then A is locally path connected, nowhere flat; Met, A C DY is an
open annulus and (Met, A) N .S?~! = (). Evidently,

A= ﬂMeteA.

Let V be a neighbourhood of A in RY. There is a continuous function e: A —
(0,00) such that Met, A C N for all continuous functions p: A — (0, 00) such
that 1 < e. Furthermore if y < e then Met, A C Met, A.



§1. UNDERDETERMINED SYSTEMS 171

9.1.5. In-Paths. Throughout this section A C R? is closed, locally path connected
and nowhere flat. A continuous map x: [0,1] — R? is an in-path at a € A in
Met, A if: (i) z(0) = a; (i) for all t € (0,1], z(t) € Env(A;a) C Met. A. Let
x;(t), i € {1,2} be in-paths at a € A in Met, A. Employing the convexity of
Env.(A4;a) it follows that z4(t) = (1 — s)z1(t) + sxa2(t), s € [0,1], is a homotopy
of in-paths in Met, A.

Lemma 9.3. Lete: A — (0,00) be continuous. There is a continuous map «: A —
C°([0,1],R9) such that for each a € A, a(a) is an in-path at a in Met, A.

Proof. For each a € A let AY be a g-simplex with vertices {a, 21, 22,..., 2} in
R? where,
2i € Arceq)/2(Asa) 1<i<yq.

Since A is locally path connected there is a neighbourhood Opa C A such that
for all b € Opa, {b,2,...,2,} are the vertices of a non-degenerate g-simplex
and,

zi € Arce)(4;0) 1<i<gq.

Let y € A7 be the barycentre. For all b € Opa, y € Enve)(4;0). Let aq: Opa —
C°([0,1],RY) be the continuous map: for all (b,t) € Opa x [0,1], au(b)(t) =
(1 =1)b+ty € Env;)(A;0). Thus for all b € Opa, a,(b) is an in-path at b in
Met, A.

Let (p;: A — [0,1]);>1 be a partition of unity subordinate to a countable,
locally finite cover (Op a;);>1 of A such that each Op a; satisfies the above prop-
erties. Let a: A — C°(]0,1],RY) be the continuous map: for all z € A,

a(x) = 3 pi(w)a (z).

Thus for all # € A, a(x) = x, and since Env,(,)(A; x) is a convex set, the convex
combination of in-paths is an in-path i.e. a(x) is an in-path at  in Met. A. O

For each a € A the end point of the in-path a(a)(t) satisfies a(a)(1) €
Env.(q)(4;a) at t = 1. Setting I(a) = a(a)(1), the following corollary is proved.

Corollary 9.4. Let e: A — (0,00) be continuous. There is a continuous map
I: A — Metc A such that for all a € A, I(a) € Envq)(A;a).

9.1.6. The geometry of metaneighbourhoods in §9.3 is now extended to affine R4-
bundles. Let p: E — B be an affine R%-bundle over a base space B where (F, d)
is paracompact with metric d. Let R C E be a closed subspace that satisfies the
following properties (cf. the hypotheses on R in Theorem 9.1 with respect to the
affine bundle p’ : X" — X1):
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(p1) The restriction (same notation) p: R — B is a topological subbundle whose
fiber is locally path connected.

(p2) For each b € B the fiber R, = R N Ej is nowhere flat in E, = RY.

Let e: R — (0,00) be continuous. The e-metaneighbourhood of R in E is the
union of all the fiberwise metaneighbourhoods:

Met(R) = | J Met, Ry
beB

= U U Enve(ac)(Rb;x>'

beEB xERy

Employing the local product structure of the bundle p: R — B, Remark 9.2
generalizes to show that if the vertices of a ¢g-simplex A? C E}, are in the interior
of the convex hull of Arc.(,)(Rp; ), then A7 x Opb C Met. R. The following
lemma is easily proved.

Lemma 9.5. The e-metaneighbourhoods of R in E satisfy the following properties:

(i) For each e: R — (0,00) Met, R is open in E. Met, R C Met R if p < e.
(i) R =), Met, R.

(i) Let N be a neighbourhood of R in E. there is a continuous function e: R —
(0,00) such that Mete R C N.

A continuous map x: [0,1] — E is defined to be an in-path at a € R in Met, R
if z(t) is a fiberwise in-path: z(0) = a and for all t € (0, 1}, z(t) € Env,(q)(Ry; a),
b = p(a) € B (the convex hull is in the fiber E, = R?). Employing the local
product structure of p: R — B, Lemma 9.3 extends to prove the following
result.

Selection Lemma 9.6. Let ¢: R — (0,00) be continuous. There is a continuous
map a: R — C°([0,1], E) such that for alla € R, a(a): [0,1] — E is an in-path
at a in Met. R.

Proof. Let a € R, b = p(a) € E. Employing the local product structure, there
is a bundle neighbourhood Opa = N, x Opb C R, N, is path connected, and
sections z; € I'oyp(E), 1 <14 < g, such that for each v € Opa, p(u) =z € Opb,
{u, z1(x),...,24(z)} are the vertices of a ¢-simplex A? C E, and (cf. Lemma
9.3),

Let y € I'ppp(E) such that for all x € Opb, y(x) is the barycentre of AZ. Let
ag: Opa — CY([0,1], E) be the continuous map: for all u € Opa, p(u) = = €
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Opb, ag(u)(t) = (1 —t)u+ty(z) € Envey)(Re;u). Thus for all u € Opa, aq(u)
is an in-path at u in Met, R.
Let (p;: R — [0,1]);>1 be a partition of unity subordinate to a locally

finite cover (Op a;);cr of R, where each Op a; satisfies the above properties. Let
a: R — C°([0,1], E) be the map: for all u € R,

Z pz O‘aZ (u

i>1

Thus « is continuous and for all u € R, a(u) = wu. Since Env,)(Rs;u) is a
convex set, the convex combination of in-paths is an in-path i.e. for all u € R,
a(u) is an in-path at u in Met(R). O

For each u € R the end point of the in-path a(a)(1) € Env,)(R.;u) at
t =1, x = p(u) € B. Setting I(u) = a(u)(1), the first part of the following
corollary is proved.

Corollary 9.7. Let e: R — (0,00) be continuous. There is a continuous map
I: R — Met. R such that for all uw € R, I(u) € Envey)(Rpw);w). Furthermore,
there is a continuous family of paths h: [0,1] x R — R such that the following
properties are satisfied: for all u € R,

(i) h(0,u) = u; the path hi(u), t € [0,1], lies in the e-ball Ry N B(u;e(u)),
b=p(u) € B.
(ii) The path hi(u), t € [0,1], strictly surrounds I(u).

Proof. For each u € R there is a C-structure (h, H) at u such that the path h;(u),
t € [0,1], lies in the e-ball Ry, N B(u;€(u)), b = p(u) € B, and strictly surrounds
I(u). Employing the bundle p: R — B, a C-structure at a point u obviously
extends to a C-structure over Dpu C R. Since the space of C-structures is
contractible, arguing as in II Proposition 2.2, it follows that there is a global

C-structure (h, H) on R, which proves the lemma. Details are left to the reader.
O

Let f € F(R) and let g € C°(V, (0,1]) be a continuous map. Let [,: V — E
be the map, I,(z) = o(f(x))(g(z)), the point on the in-path a(f(z))(t) at the
parameter ¢ = g(x). In particular for all x € V,

Iy(x) € Enve) (Rpyiu); u= f(z) € R.

Let e: R — (0,00) be continuous. Let M, C R x Met, R consist of all pairs (a, y)
such that y € Env,)(Rs;a), b = p(a) = p(y) € B. There is a projection map
w: M. — R, (a,y) — a, and also a projection map p: M, — E, (a,y) — y € E.
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The point of introducing the relation p: M, — FE is that it is a microfibra-
tion, proved below, hence this relation is subject to the theory of convex hull
extensions, whereas (since R C E is closed) the inclusion i: R — E is not a
microfibration (except in the trivial case that R = F).

Lemma 9.8. The projection map p: M. — E is a microfibration.

Proof. Let f = (9,y): P — M., g € C°(P,R), y € C°(P,E), and F: [0,1] x
P — FE be continuous maps, P a compact polyhedron, such that for all u € P,
Fo(u) = y(u) € E. Let b=po F: [0,1] x P — B be the projection of the map F
into the base space B. Hence for all u € P,

FO(U’) € Enve(g(u))(Rb(O,u); g(u)) (96)

The bundle map p: R — B is a Serre fibration. Hence there is a continuous
lift H:[0,1] x P — R such that: (i) Hy = g; (it) po H = b. For each u € P,
Fo(u) is in the interior of a ¢g-simplex AY(u) which is a subset of the convex hull
(9.6). Since P is compact and Hy = g, employing the arguments for (9.5) in the
Selection Lemma (applied to Op g(u) for each u € P), it follows from the convex
hull condition (9.6) that there is a ¢ € (0, 1] such that for all (s,u) € [0,0] x P,

F(Sv U) S Enve(H(s,u)) (Rb(s,u); H(S7 u))
Setting G = (H, F): [0,0] x P — M., the lemma is proved. O

Proof of Theorem 9.1. The constructions and results of §9.1.4 to §9.1.6 are applied
to the affine R?-bundle p’ : X — X1 and to the closed relation R ¢ X,
(X d) is a complete metric space. B(z;7) denotes the open ball at z € X ("),
radius r > 0 in the metric space (X" d). Let N be a (smaller) neighbourhood
of the image j* (V) C X such that N7 C N. Also (X*,d’) is a complete metric
space.

Let e: R — (0,00) be continuous. Associated to the closed relation R C
X () is the microfibration p: M, — X(") (cf. Lemma 9.8). A section ¢ = (a, g) €
['(M.), « € T(R), g € I'(X), satisfies the property that for all 2 € V,

g(.’E) € Enve(a(w))(Rb(:c)7a(x))v b(.’E) = pi © Oé(l‘) = pi © g(x) € Xl'

The projection 7: M, — R, (a,y) — a, induces a projection (same notation)
m: (M) — T'(R), (a,9) — a € T'(R). A section ¢ = («,¢g) is holonomic if
the projection p o ¢ = g is holonomic: there is a C"-section f € I'"(X) such
that ¢ = j"f € T(X™)). Employing Corollary 9.7, there is a continuous lift
v: T (R) — I'(M,), @ — (o, I o «), where for each x € V, I(a(z)) is the end
point at ¢ = 1 of an in-path at a(z) in Met, R.



§1. UNDERDETERMINED SYSTEMS 175

Let (o, f) € F be a formal solution to R that is strictly short i.e. (9.2) is
satisfied. Employing Corollary 9.7 there is a continuous family of paths ps(z),
po(z) = a(z), s € [0,1], in the fiber Ry, b(z) = jLf(z) € X+, that strictly
surrounds the r-jet j" f(x) for all x € V.

Let h € C°(V,(0,1]) be continuous. Applying the lift I;, to the strictly
surrounding path ps(x) it follows that for each = € V, the path Ij(ps(x)) €
Met. R, s € [0,1], also (strictly) surrounds the r-jet ;" f(x), provided h > 0 is
sufficiently small. Let 8 = (a, I o «) € I'(M,). Thus for each € V there is
a path v4(x) = (ps(x), In(ps(x))) € M, vo(x) = B(x), s € [0,1], such that the
projection p(ys(x)) = In(ps(x)) surrounds j” f(z) in the fiber Xézg), provided
h > 0 is sufficiently small. Consequently, the formal solution («, f) € F for the
closed relation R induces a holonomic section (3,;"f) € I'(Conv, M,) for the
microfibration p: M, — X ("), where Conv, M, is the convex hull extension of
the relation M, with respect to the hyperplane field 7. In this way we pass from
a formal solution to the relation R to a holonomic solution of the convex hull
extension of the associated relation p: M, — X (), provided h > 0 is sufficiently
small.

Applying the h-stability theorem VII 7.2 to the holonomic section ¢ =
(8,77 f) € T(Conv, M,), there is a homotopy of holonomic sections H: [0,1] —
I'(Conv, M.), H, = (6t,7" ft), t € [0,1], such that the following properties are
satisfied:

(1) Hy = ¢; Hy € T(M,) i.e. (4 is holonomic: po = j"f; € D(X1).
(2) For all t € [0,1], the image 51 f;(V) C N;.

Let B = (o, g1) € T'(Me), t € [0,1]. Employing (1), it follows that: (i) ag = o
(ii) g1 = j" f1 € T(X™). Consequently, for all z € V (8, € T\(M,)),

J"f1(7) € Enve(a, (2) (Rp@); 1 (),  b(x) = it fi(z) € Xt (9.7)

It follows from (9.7) that for each x € V there is a path ps(z), po(x) = a1(z),
s € [0,1], in Ry(ey N B(po(z); €(po(z)) i.e. in a small ball of radius e(po(z)),
which strictly surrounds the r-jet j” f1(z). In this way the homotopy of formal
solutions (o, j" f+) to the relation R improves («, f) at ¢ = 0 which satisfies (9.2)
to the formal solution (a1, j" f1) at ¢t = 1 which satisfies (9.7) with respect to the
continuous function e: R — (0, 00). In particular, employing (9.7),

(3) Forall z € V, d(ax(z),j" f1(x)) < e(a1(x)).

The construction of the formal solution (a1, f1) to the relation R for which (9.7)
is satisfied is the first step of an iterative procedure of successive improvements
of formal solutions by means of the hA-Stability Theorem VII 7.2, in order to
produce in the limit a C"-solution of the relation R. The main inductive step in



176 IX. SYSTEMS OF PARTIAL DIFFERENTIAL EQUATIONS

this procedure is the following lemma. In what follows X (") x X (") is the product
metric space, for which the subspace M, C R x Met, R € X" x X (") has the
induced metric.

Inductive Lemma 9.9. Let ¢ > 0. Suppose (o, g) is a formal solution to R such
that the image j4-g(V) C N1, and such that for all z €V,

j"9(x) € Enve(Reyry, alz)),  b(z) = jg(x) € X (9.7)

Let € (0,€]. There is a homotopy of formal solutions Hy = (ay,g:) of the
relation R, Hy = (a, g), t € [0,1], such that the following properties are satisfied:

(1) Forallz €V, j" g (l‘) € Envu(Rb(x)>a1 (l‘)), b('I) = ngl (SC) eXxt.
(2) The image jLg1(V) C N;.
(3) For all (t,z) € [0,1] x V, d(a(x),as(z)) < (n+ 1)e(a(x)).

Proof. Let h € C°(V,(0,1]). Employing Lemma 9.7, there is a continuous lift
I: R — Met, R and a continuous family of paths p,(z) € Ry, po(z) = a(z),
s € [0,1], that strictly surrounds the r-jet j"g(x) for all z € V. Let 8 = (o, I}, ©
a) € I'(M,,). For h > 0 sufficiently small the lifted path I (ps(x)) also (strictly)
surrounds j"g(x). Hence for each z € V, the path vs(z) = (ps(x), In(ps(x))) €
M, vo(z) = B(z), s € [0, 1], satisfies the property that the projection p(vs(z)) =

I(ps(x)) surrounds j"g(z) in the fiber Xé&)j), provided h > 0 is sufficiently small.

Consequently, ¢ = (5,7"g) € I'(Conv, M,,).

Employing Lemma 9.8, the projection map p: M,, — X () is a microfibra-
tion. Applying the h-stability theorem VII 7.2 to the holonomic section ¢ =
(8,7"9) € T'(Conv, M,), there is a homotopy of holonomic sections G': [0,1] —
I'(Conv, M,,), Gy = (6t,j"gt), t € [0,1], such that the following properties ob-
tain:

(4) Go = ¢; G1 € I'(M,,) is holonomic: po 31 = j"g1 € I'(Met, R).

(5) For all t € [0,1], the image j1g:(V) C A.
Let B = (ou,ht) € T'(My), t € [0,1]. Employing (4), the following properties
obtain: (i) g = «; (i7) hy = j"g1 € F(X(’”)). Since 1 = (a1,7"g1) € T'(M,),
conclusion (1) is proved. Also (5) proves conclusion (2).
Employing (9.7), for all (s,x) € [0,1] x V, the above path p,(z) that surrounds
J" f(z) satisfies d(ps(z), a(x)) < e. Consequently for h > 0 sufficiently small, the
lifted path Ip,(ps(z)) satisfies d(Ij,(ps(x)), In(a(z))) < e. Employing the product

metric, it follows that the surrounding path ~,(z) € M, satisfies d(vs(z), 5(z)) <
e for all (s,z) € [0,1] x V. Thus (cf. VII §7.4) for all z € V,

jrg(x) € COHVG((MM)b(x);,@(:C», b(x) = jj_g(a:) € XJ_'
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Applying VII Complement 7.16, one can assume that the homotopy of sec-
tions (B¢, 7"g¢), t € [0, 1], satisfies the approximation: for all (¢,z) € [0,1] x V,
d(Be(x), B(z)) < (n+ 1)e. It follows from the product metric on M, that for all
x €V, d(as(x),a(x)) < (n+ 1)e, which proves conclusion (3). O

Returning to the proof of Theorem 9.1, let ) . a; < oo be a convergent
series of positive numbers. Starting with the formal solution (a1, f1) which sat-
isfies (9.7) for € < a;, employing successively the Inductive Lemma 9.9, there
is a sequence of formal solutions (a,, fm)m>1 to the relation R such that the
following properties are satisfied for all m > 1 and all x € V:

(1) The image ]Lfma/v) - Nl; d/(jlfm(x)ajlfm—}—l(x)) < ap.

(2) There is a homotopy of formal solutions,H! = (al,, ft) to R, t € [0,1],
such that (2, f2) = (am, fm); (@b, f1) = (ms1, frmy1); for all ¢ € [0,1],
G (V) C M

(3) For all t € [0,1], d(am(x),al (x)) < am.

(4) 3" fm(2) € Enva,, (Ry,, (2); @m(2)), bn(2) = 5 fin(z) € X

Employing properties (2), (4), it follows in particular that,
(5) Forall x € V', d(j" fin (), §" fint1(x)) < 2, + @mt1.

It follows from properties (1),(2),(5) above that (j* fm)m>1 is a Cauchy sequence
in T(XL); (5" fm)m>1 is a Cauchy sequence in T'(X()); (a)m>1 is a Cauchy
sequence in I'(R). Consequently, lim,, .o frn = g € I"(X) exists. Employing
(1), the image j1g(V) C N7 C N.

Furthermore from (4), for all € V and all m > 1, d(j" fn(2), () < am.
Since R is closed it follows that,

Jg= Jim_J"fn = lim_an(=a) €T(R)

Concatenating the sequence of homotopies (H!,)m>1, it follows that there is
a homotopy of formal solutions H; = (o, f) to the relation R, Hy = (o, f),
t € [0, 1], such that H; = (¢/,g) € I'(R) is holonomic: o = j"g € I'(R), which
completes the proof of the theorem. O

Corollary 9.10. Suppose in addition p: R — X" is ample. Then F consists of
strictly short solutions to R. Hence Theorem 9.1 applies to each formal solution
in F. In particular if (o, f) € F, then there is a homotopy of formal solutions
(at,{t)) eF, (apfo) = (o, f), t € [0,1], such that (ay, f1) € H i.e. an = j"f1 €
n(xy.

The point of the corollary is that a formal solution («, f) does satisfy
the strictly short condition (9.2) in case R is ample. Indeed, for all x € V|

Conv(Ry(q); () = Xéa) = R4
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Example 9.11. To conclude this section we illustrate Corollary 9.10 with an
example for which the relation R is ample. Let U C R? be open. (z,y) are
coordinates in R?. Consider the underdetermined PDE in the unknown C"-map

f=(f1,f2) € C"(U,R?) (0, = 0/0m),
F(Oy fi(x,y), 03 f2(2,y) = A" f(z,9)), (9-8)

where F' € C*(U,R) is real analytic, A is continuous, and such that F satisfies
the following properties:

(1) F has no critical points.

(2) Each level curve L. = {(z,y) € R? | F(z,y) = c} is connected and
Conv(L.) = R2. For example F(z,y) =z + y>.

Since F' is real analytic without critical points it follows that each level curve L.
is nowhere flat in R2. Let X = U x R? — U be the product bundle. Let R ¢ X?
be the closed relation defined by the equation, F(u,v)— A = 0, where (u,v) € R?
are coordinates in the d’-component in X (?). Evidently, P R — X1 isatrivial
bundle whose fibers are the level curves L.. Hence there is a section ¢ of the
bundlep’ : R — X +. Since the convex hull of each level curve L. is R?, it follows
that R is ample.

Let f € C"(U,R?). Employing the section ¢ there is a formal solution
(a, f) to the relation R. Let A/ be a neighbourhood of the image j* f(U) ¢ X*.
Applying Corollary 9.10, there is a homotopy of formal solutions (o, f;) to the
relation R, (ao, fo) = (o, f), t € [0,1], such that: (i) for all ¢ € [0,1] the image
gL fi(U) € N (i4) (au, f1) is holonomic: ag = j"f; € T(R) ie. f1 € C"(U,R?)
solves the equation (9.8) globally over U.

§2. Triangular Systems

9.2.1. The applications in the previous section §9.1.3 of convex integration to the
solving of underdetermined systems of PDEs may be generalized somewhat to
include special systems of non-linear PDEs, denoted here as triangular systems
of PDEs. Triangular systems have the merit that they may be determined or
overdetermined systems of PDEs. However, generic determined systems of PDEs
cannot be triangular. Hence generic determined systems of PDEs are not solvable
by the methods of convex integration theory. This contrasts sharply with the
results of the previous section §9.1.3 where the geometrical hypotheses on the
closed relation R € X () of Theorem 9.1, i.e. the bundle hypothesis and the
nowhere flat hypothesis on R, generically are satisfied locally over small charts
in the base manifold V. Thus, generically, underdetermined systems are solvable
locally (and are solvable globally if the geometrical hypotheses are valid globally),
such that the solutions satisfy approximation results on all |-derivatives.
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In this section we study the rth order triangular system (9.9) below (cf.
the example VIIT §8.3.1). This system is typical of general triangular systems in
jet spaces for which the methods of Convex Integration apply. Let V' C R™ be
open; x = (z1,Z2,...,T,) are coordinates in R™. Let p: X =V xR? — V be
the product R4%-bundle. We identify T"(X) = C"(V,R?). 9; = 0/0x;, 1 <i < n.
Fix an integer m, 1 < m < n. Associated to f € C"(V,R?) is the r-jet extension
of f: for all z € V,

i f(x) = (5 (2), 05, f (), 01 f(x)) € X1,

where the (complementary) jet j¢f(z) includes all the partial derivatives of f of
order < 7 except the pure derivatives 0] f(x), 1 < i < m. In particular, j°f(z)
includes j7~!f(x). We write X(") = X¢ x R™4, where X° denotes the space
of j*jets, and the jth factor R? corresponds to the derivative 97, 1 < j < m.
We consider the following system of PDEs on V for an unknown C"-map f €
C"(V,R9). For all x € V,

Fi(5°f (), 01 f(x)) = 0

Fy(j°f (@), 03 f(2), 01 f(z)) =0
(9.9)

Fn(G€f(2), 05, f (2), ..., 91 () = 0.

Here Fj: X7 = X¢ x R/7 — R% is continuous, 1 < j < m, and for each j,
1 <s; < g — 1. Each subsystem F; = 0 constitutes an underdetermined system
of s; < ¢ PDEs in ¢ unknown functions f = (f1, f2,..., fg). The system is
triangular in the sense that the derivative 9] occurs first in the jth equation
F; =0,1<j<m.

Let $7 = F;1(0) € X7, 1 < j < m. In case the closed relation S7 satisfies
the geometrical hypotheses of Theorem 9.1, it follows that each subsystem F; = 0
admits a global C"-solution provided there is a strictly short formal solution to
the relation S7, 1 < j < m. Theorem 9.11 below solves all the m subsystems of
(9.9) simultaneously for a global C” solution f € C"(V,RY), provided there is a
strictly short formal solution to the system (9.9) as defined below in §9.2.2.

Note that in case s; = ¢ — 1, 1 < j < m (the maximal case), then (9.9)
consists of (¢ — 1)m PDEs in ¢ unknown functions f = (fi,... f;) € C"(V,R9).
If m,q > 2, then (¢ — 1)m > ¢ with strict inequality if in addition ¢ > 3.
Consequently in case m > 2 the system (9.9) includes cases of determined and
underdetermined systems of PDEs.

9.2.2. Formal and Strictly Short Solutions. Topologically, the analysis of the
system (9.9) is as follows. X7 = X7=1 x R4, 1< j <m; X" = X" X0 = X¢,
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where the Re-factor corresponds to the derivative 8}7, 1<j<m. Let m: X7 —
X7=! be projection onto the first factor, 1 < j < m. The composition of these
projections induces a projection m;: X 5 X7, 0<j<m-—1.

Starting with an open set R C X% let R/ = ST Na L(RI71H), 1 <j<m.
Thus R? C X7 is a locally closed relation in the product R%-bundle 7: X7 —
X1 1<j<m.Let R=R™cC X" In case R = X°, then R/ = S7 C X7,
1 < j < m. The case that R® C X© is a small open set is required for the study
of local C"-solutions to the system (9.9).

There is a commutative diagram of projections, 1 < j < m — 1:

R b xm

ﬂji lm‘

RI e X7
A pair (p, f) € T(R) x I'"(X) such that my o ¢ = j°f € ['(RY) is called a formal
solution to the system (9.9) with respect to the relation R. Thus ¢, f agree on
all j°-derivatives globally on V. Explicitly, ¢ = (j°f, m,...,a1) € T'(R), where
aj € CO(V,R9), 1 < j < m, such that for all z € V,
Fi(j°f(2), aa(x)) =0
Fy(j°f (2), az(x), aa (x)) = 0

E,(5°f(z), am(x),...,a1(x)) = 0.
A formal solution (g, f) is holonomic if in addition ¢ = j"f € T(X™) i.e.
aj =0if € C°(V,R%),1 < j <m.F CTI(R)xTI"(X) denotes the subspace
of formal solutions; H C F denotes the subspace of holonomic solutions, with
respect to the relation R.

Let 7; = kerdz; C T(V), 1 < j < m. Thus 7; is an integrable, codimension
1, tangent hyperplane field on V, 1 < 5 < m. The bundle p’ : X Xj-
associated to 7; is a product X =X jl x R?, where the R?-factor corresponds
to the derivative 8}’, 1 < j < m. The bundle projection 7;: X — X7 induces
a bundle map which is an isomorphism on the R-fibers (which correspond to
the derivative 9;), 1 <j <m,

xr T xi

pil lﬂ (9.10)

Xt o, xi-1
J .
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In particular, the principal subspaces through points of R with respect to the
hyperplane field 7; are identified with the fibers of the bundle 7: R/ — RI~1,
1<j<m.

Recall the interior convex hull extensions of R associated to the sequence
(in reverse order) of hyperplane tangent fields 7,,,—; C T(V),0<j <m —1:

IntConv, (R) = IntConv,, (R) C R x X,

IntConv;(R) = IntConv,, _, , (IntConv;_1(R)) )
(9.11

i
CRx[[x", 1<j<m.
1=1

The order of the hyperplane fields in (9.11) reflects the fact that the corre-
sponding families of surrounding paths in IntConv,,(R) begin at the top of the
tower with respect to the fibration m: R = R™ — R™~! (associated to the first
equation F; = 0 in the system (9.9)). Subsequent families of surrounding paths
correspond to the fibrations 7: R™J+1 — R™~J associated to the equations
Fj=0,1<j<m.

Let a = (W, Qm, ... 1) € X 2 = (w,Ym, ...,y1) € X have the same
XO-component: mp(a) = m(z) = w € X°. Associated to the pair (a,z) is the
(m + 1)-tuple,

m—+1
v ={(a,2z1,29,-..,2m-1,%) € HX(T), (9.12)
1
such that z; = (W, Ym, -, Ym—j+1, Om—j, ..., Q1) € XM 1<j<m;z, =2z

For example, let (¢, f) € F be a formal solution of the closed relation
R c X, Setting a = ¢(x), z = j"f(z), w = j°f(x), for each z € V the above
construction associates to each pair (¢(x),j" f(x)), the (m + 1)-tuple,

m

v = (¢, 21,22,...2m) ET(R) x 1_[1“(‘)((7“))7

=1

where the auxiliary sections z; € T'(X()), 1 < j < m, are defined as follows: for
allz eV,

zj(x) = (J°f (@), 00, f(2), ..., Opji1 [ (@) (), . . -, (2)) € XM,
Thus 2, = j"f € T(X™). The sections ¢, z; differ only in the Ri-factor cor-

responding to the derivative 0),,. Successive sections z;, zj41 differ only in the
Rf-factor corresponding to the derivative 9y, _,, 1 <j <m —1.
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A formal solution (¢, f) € F to the relation R is called strictly short with
respect to the sequence of tangent hyperplane fields 7, ;, 0 < j < m—1, if in ad-
dition the following condition obtains: v = (¢, 21, 22, . . . 2m,) € ['(IntConv,,(R)).
This strictly short condition is clarified in Lemma 9.12 below.

Let € > 0. Employing the product metric on R x szl X 1< j <m,the
interior convex hull extensions IntConvj(R) are inductively defined with respect
to e-balls as in (9.12). An explicit analytic characterization of IntConv,,(R),
useful for analyzing the triangular system (9.9), is as follows.

Lemma 9.12. Let the pair (a,z) € R x X ) have the same X°-component as
above. An (m + 1)-tuple v = (a,z1,...,2m) € IntConv,,(R), zm = z, if and
only if v is of the form (9.12) with respect to the pair (a,z) and there is a
parametrized sequence of paths a;““"t"' eERL, 1 <k<j<m, (t1,.-..,tm) €
[0,1]™, (continuous in each wvariable, not necessarily jointly continuous) such

that the following properties obtain: for all (t1,ta, ..., tmy) € [0,1]™,

: tyeostm ti,...t t1,..5t5 ty

(1) @hrtm = (w,aght g oo, 0pt) ER.

iy tiyentio1,0 thyesti , 0,050 ‘
(i) o T =T I< k< j<m -1 a7 =y, 1< j<m.

(iii) The path ozj-“'“’tj*l’s, s €10,1], strictly surrounds y;, 1 < j < m.
Proof. The element v = (¢, z,) € IntConv,,(R) if and only if there is a path
ps € IntConv,,_1(R), s € [0,1],

ps = (a®,21,...,25,_1) € IntConv,,_1(R),

such that pg = (a, 21, . . . 21,—1) and whose projection p,,—1(ps) = 25,1, s € [0,1],
strictly surrounds z,, = z in a principal subspace associated to 7;. Hence the
r-jets 25 _4, zm differ only in the J7-component:

Z’fnfl = (w7ym7 s 7y27ai) s € [07 1]7

where the path a5, o = oy, s € [0, 1], strictly surrounds y; € R9.
The path ps = (¢*,25,_;) € IntConv,, (IntConv,,_2(R)) if and only if for all

»*m—1
s € [0,1], there is a path p,; € IntConv,,_2(R), t € [0, 1],
per = (@™, 200 .. 25" ) € IntConv,, 2(R),

such that p*® = ¢* € IntConv,,_»(R), and whose projection py,_2(ps ;) = zfﬁiz,

t € [0,1], strictly surrounds the r-jet z3 _; in a principal subspace associated to

To. Thus the r-jets 22;22, zy,_q differ only in the 05-component:
it it
z;—Qz(wvymv"'7y37a§ 7ai) te [Oa ]-]7
where the path ag’t, ag’o = a3, t € [0,1], strictly surrounds ys. An obvious

induction proves the lemma. [l
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Remark 9.13. Let ¢ > 0. Then v € IntConv;,(R) if in addition the following
conditions obtain with respect to the above parametrized family of surrounding
paths: d(ps,po) < € for all s € [0,1]; d(ps.,ps) < e for all (s,t) € [0,1]%,
etc. These conditions obtain if the parametrized family of paths in conclusion
(iii) above strictly surround y; in sufficiently small balls in R?. Suppose v =
(a,21,...,2m) € IntConv;, (R); zm = z. With respect to the product metric on
R x [[}]" X, employing (iii), it follows that d(a,z) < Cp,e, where the constant
C,, depends only on m and the metric d.

It is instructive to write the conclusions of the lemma in terms of the system
(9.9). Let (¢, f) be a formal solution to the system (9.9) which is strictly short:
v = (21, Zm) € T(IntConv,,(R)); zm = 4"f € T(X™). Fix z € V. Em-
ploying conclusion (i) of Lemma 9.12, there is an m-parameter family @t>tm €
R. Thus for all (t1,...,t;) € (0,17, 1 < j <m,

Fi(j°f(z),af') =0
Fy(jef(x),ab " alt) =0

Fo (5 f(x),alttm o/il) =0.
Employing (iii), the path «f, s € [0, 1], strictly surrounds 9] f(z) in a principal
subspace associated to 71; for each t; € [0,1], the path ab®, s € [0,1], strictly
surrounds 05 f(x) in a principal subspace associated to 72, and so on for m steps
to the statement that the path ol "'™=1% s € [0, 1], strictly surrounds 9}, f(x)
in a principal subspace associated to 7,,.

It is clear that triangular systems (9.9) are the natural class of systems
of PDEs for which the strictly short condition v € I'(IntConv,,(R)) applies.
Furthermore if (¢, f) is a formal solution to the system (9.9) it is a geometrical
question whether the strictly short condition obtains i.e. whether the requisite
family of strictly surrounding paths in Lemma 9.12 exist for each x € V. Thus
with respect to the system VIII Example 8.3.1, a small neighbourhood of the
constant functions in C°(U, R?) consists of strictly short maps.

Let v = (vg, Wy, ..., w1) € X" xR™? = X (") The following notation is employed
throughout this chapter. With respect to the projection m;: X — X7 let
mj(v) =v; € X7, 1< 45 <m. Thus v; lies in the fiber over v;_1, 1 < j < m:

v = (vj-1,w;) € X971 x RI = X7, (9.13)

Corollary 9.14. Suppose the projection map 7: RI — RI~1 is a topological bundle
whose fibers are ample: for each b € RI~1, the convex hull of each path component
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of the fiber R{; is Xg = R9, 1 < j < m. Then each formal solution (v, f) with
respect to the sequence (Tp—;), 0 < i < m — 1 is strictly short i.e. the required
strictly surrounding families of paths in Lemma 9.12 always ezist.

Proof. Let ¢ = (j°f,a1,...,q,) € T'(R). Since the fibers of 7: R! — RY are
ample, it follows that for each x € V there is a path (po(z),af(z)) € R},
b=j°f(z)(= po(x)), s € [0,1], such that af(z) = a1 (x), and such that of(z) €
R?, s € [0,1], strictly surrounds 07 f(z). Employing successively the bundles
m: R} — R/ 2 < j < m, the path af(x) lifts to paths af(x), s € [0,1],
af(x) = aj(z), 1 < j < m, such that for all s € [0,1]:

o (z) = (j°f(x),as,(2),...,05(z)) € R.

Similarly for each (s, z) € [0,1] x V, since the fibers of m: R? — R! are ample,
there is a path (5(z), a3’ (z)) € R2, b = @%(x), t € [0,1], such that a5 (x) =
a3(z), and such that a(z), t € [0,1], strictly surrounds 85 f(z). One lifts the
path a3*(z), t € [0,1], up to the successive bundles as before to obtain a 2-
parameter family of paths,

P>l (@) = (1°f (2), 03/ (@), ..., 03" (2), 07 (2)) € R,

such that ¢*0(z) = ¢®(z). An obvious induction proves the existence of a fam-

ily of parametrized paths a?""’tj () € RY, 1 < j < m, such that the path
t1,..,tj—-1,s . . tl,..‘,t-,l,O _ t1,..,t5 1

a; T (), s € 0, 1], strictly surrounds 05 f (x); o T (2) =T (@),

and such that for all z € V,

phetn () = (@), byt o) € R.

Consequently properties (i), (ii), (iii) of Lemma 9.12 are satisfied, from which it
follows that (¢, f) is strictly short. O

Lemma 9.15. For cach ¢ > 0 the projection pp: IntConv (R) — X is q
microfibration.

Proof. Let f: P — IntConv$,(R), F: [0,1] x P — X be continuous such that
pm o [ = Fy, where P is a compact polyhedron. Let f = (¢, 21,...,2y,), where
p € C°(P,R),

o(p) = (Y(P), am(p),...,1(p)) € R;  y(p) =m0 ¢(p) € X°,

and z; € CO(P, X)), 1 < i < m; 2, = Fy. Since f(p) € IntConv®, (R), em-
ploying Lemma 9.12, it follows that for each p € P, f(p) is the (m + 1)-tuple
associated to the pair (¢(p), F(0,p)).
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Let also b = mg o F : [0,1] x P — X° be the projection of F' into the base
space X°. In particular, b(0,p) = y(p) for all p € P. Since R® C X° is open,
employing the tower of bundle maps 7: R/ — R/7!, 1 < j < m, there is a
0 € (0,1] and a continuous map G: [0,d] x P — R, Gg = ¢, such that oo G = b
on [0, 4] x P:

G(u,p) = (y(u, p), o (u,p), ..., a1(u,p)) € R;  G(0,p) = ¢(p).

Employing (9.12), for all (u,p) € [0,d] x P let f(u,p) be the (m + 1)-tuple
associated to the pair (G(u,p), F(u,p)). Since G(0,p) = ¢(p) it follows that
f(0,p) = f(p) for all p € P. We show that for § > 0 sufficiently small, f(u,p) €
IntConv;,(R) for all (u,p) € [0,0] x P.

To this end, let F(u,p) = (b(u,p), wm(u,p),..., wi(u,p)) € X for all
(u,p) € [0,1] x P. Applying Lemma 9.12 to f(p) € IntConv;, (R), there is a
parametrized family of paths 04;1 """ " (p), such that:

(1) The path a;-l""’tj_l’s(p), s € [0,1], strictly surrounds w; (0, p).

(2) a0 p) = el (p), 1< k< j <m

(3) For all (tq,...,t,) €[0,1]™
= (

ptttn(p) = (y(), gkt (p), ot (D) € Rs - ¢ 0(p) = w(p).
In what follows the family of paths '*tm(p) is extended over [0,dy] x P x
[0,1]™ for 0y > O sufficiently small. This extension requires some care since the

......

component j-parameter family of paths aél 7(p), 1 < j < m, is not jointly
continuous on P x [0, 1]™.

Fix (p,t1,...,tm_1) € P x [0,1]™~!. Employing the tower of fibrations
it RI — RITH 1 < j < m, there is a §; € (0,6] such that for all (u,q) €
[0,01] x Op p, there is a family of paths ¢*(u,q) € R, s € [0, 1],

@S(uvq) = (b(uvq)7ain(u>q)7 .- '70419(“7(])) €ER,

such that the following properties are satisfied for all (u, q):

(1) ¢°(uq) = G(u,q); 9°(0,9) = *(q), s € [0, 1].
(ii) The path af(u,q) € R%, s € [0, 1], strictly surrounds the coordinate w (u, q)
of F(u,q) € X,

Similarly, there is a do € (0, 1] such that for all (u,q,r1) € [0,02] x Op (p,t1)
there is a family of paths ¢"*(u,q) € R, s € [0, 1],

71,8 71,8

" (u,q) = (b(u, q), apy*(u,q), - ., 05" (u, q), 01" (v, q)) € R,

such that the following properties are satisfied for all (u, ¢, r1):
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(ii)) @™ (u, q) = 0" (u,q); ©"*(0,q) = ©"*(q), s € [0, 1].

(iv) The path a5'®(u,q) € R4, s € [0,1], strictly surrounds the coordinate
UJQ(U, q) of F(uaq) € X(T)

An obvious induction proves the existence of a §; > 0 such that for all (u,q,r1,

o) € 0,65] x Op (p,ta, ... tj—1), 1 < j < m, there is a family of paths

prie T e (u,q) € R,

P ) = (b, @), G (), (),
AT )l () €R; 1< G <m,

such that the following properties are satisfied for all (u,q,r1,...,rj—1), 1 <j<m:

(v) @it O(u, ) = Tt (u, q).

(vi) For all s € [0, 1], ¢ "i-15(0,q) = @ 1 "i-15(q).

(vii) The path a;“”"rj_l’s(u, q) € R%, s € [0, 1], strictly surrounds the coordinate
w;(u, q) of F(u,q) € X,

Since P x [0,1]™~! is compact, it follows that there is a 6y > 0 such that
properties (v), (vil) are satisfied for all u € [0,d0] and all (¢,71,...,7m-1) €
P x [0,1]™"1. Employing Lemma 9.12, one concludes that the (m + 1)-tuple
f(u,p) € IntConv,,(R) for all (u,p) € [0,dy]. Furthermore, since f: P —
IntConv;,(R), it follows that f(u,p) € IntConv;, (R) for all (u,p) € [0,dp] x P,
provided that dg > 0 is sufficiently small, which completes the proof of the
lemma. U

With these preliminaries, the main result about triangular systems is the follow-
ing theorem.

Theorem 9.16. Let (o, f) € F be a formal solution to the triangular system (9.9)

that is strictly short. Let N be an open neighbourhood of the image j¢f (V) C X°.

Setting R* =N C X°, let R =71 (Rj_1)NS7, 1<j<m; R=R"cC X",

Suppose the locally closed relations R? C Fj_l(O) satisfy the following geometrical

properties, 1 < 3 < m.

(p1) The projection 7: R? — RV~ is a topological bundle whose fibers are locally
path connected.

(p2) For each b € R~ the fiber Ri =R'N Xg is nowhere flat in XZ = R

Then there is a homotopy of formal solutions H: [0,1] — F, Hy = (au, fi),

t € [0,1], such that the following properties obtain:

(i) Ho = (o, f); Hy € H ice. ay = j"f1 € T(X™).
(ii) For allt € [0,1] the image jfi (V) C N.
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The proof employs convex hull extension theory and is similar to the proof of
Theorem 9.1, with the additional technical complication that the closed relations
RJ are subsets of X7 instead of X("), 1 < j < m. The proof of the theorem will
be given after the development of some preliminaries about interior convex hull
extensions.

9.2.3. Throughout this section (X ("), d) is a complete metric space and the locally
closed relations R C F j_l(O) associated to the system (9.9) are assumed to
satisfy the geometrical properties (p;), (p2) of Theorem 9.16.

Employing the nowhere flatness properties (p2), the relation R C X7 ad-
mits the system of metaneighbourhoods Met, R7 and a continuous map I7: R/ —
Met, R7,1<j<m (cf. Corollary 9.4). In this section these results are extended
to the relation R C X (") associated to the system (9.9).

Let € > 0. Let M. = IntConv;,(R), the mth iterated interior convex hull ex-
tension defined with respect e-balls. In case m = 1 i.e. the system (9.9) reduces to
the system (9.1), then IntConv{(R) coincides with the relation M. C R x Met, R
employed in Lemma 9.8. Thus Lemma 9.15 generalizes the microfibration prop-
erty of M, that obtains for the system (9.1), to the corresponding microfibration
property of M, = IntConv,,(R) associated to the system (9.9).

Employing Corollary 9.7 to RY C X7 and to the bundle 7: X7 — X771
there is a continuous map I7: R? — Met, R, such that for all u € R?, I’ (u) €
Enve(Ri;u), b=mn(u) € R7"1, 1 < j < m. With respect to the notation (9.13),
let I: R — X be the continuous map, I(v) = (vo, T, ..., z1) € X) where,

I(vj) = (vj—1,25) € Enve(R], _,v;), 1<j<m. (9.14)

Thus for each j there is a path pj, p? = v;, s € [0,1], that strictly surrounds
Ij(vj) in a ball of radius € at v; in RI,1<5<m.

Let g = (g9; € C°(V,(0,1]))1<j<m be an auxiliary sequence of continuous
maps. Let ¢ € T'(R). Thus ¢; € [(R/), 1 < j < m. Recall that I} (¢;(z)) €
Env.(R’) is the point on the in-path at ¢;(z) € R’ at the parameter g;(z) €
(0,1]. Employing (9.14), associated to g is the section I, 0 € T'(X ("), such that
forallz € V,

Iy o p(x) = (po(@), ym(x),- .- 31 (x)) € X

. . , (9.15)

I (@j(x) = (pj-1(x),y;(z)) € Enve(R7), 1<j<m.
Lemma 9.17. Let € > 0 and let ¢ € I'(R). Employing (9.12) let v = (¢, ..., Ij0p)
be the (m + 1)-tuple associated to the pair of sections (p,14 0 ¢). For g, > 0

sufficiently small and if g; > 0 is sufficiently small with respect to gjt1,-- - Gm.,
1<j<m-—1, then v € I'(IntConv;,(R)).
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Proof. Employing Corollary 9.7, there is a continuous family of paths in e-balls at
pj(z) € R that strictly surround I) (p;(z)) € Enve(R7),1 < j < m (continuous
inx € V). For each ¢ € (0, €] this continuous family of strictly surrounding paths
can be chosen to be in §-balls provided g; > 0 is sufficiently small. Furthermore,
this family of paths lifts up the tower of fibrations, 7: R¥ — RF™1, j+1 <k < m.
In what follows the function g,, is fixed. To prove the lemma we indicate the
construction of parametrized families of strictly surrounding paths as required
by Lemma 9.12.

Starting with the top fibration of the tower, 7: R — R™~! (R = R™), for
each x € V,

I (pm(2)) = (Pm-1(2), ym(z)) € Met, R.

Since Met, R is open (in the restriction of the bundle 7: X™ — X™~1 to R™~1),
for each # € V there is a neighbourhood Op ¢, 1(x) in R™~! such that for
all z € Opm-1(x), (z,ym(z)) € Mete R. In particular, for each x € V the
coordinate y,,(z) is strictly surrounded by paths in the fibers R, for all z €
OPp m_1(x). Thus there is a cover of the image ¢,,,_1(V) in R™~! by open sets
OP pm—1(z) as above, x € V.

For each j, 1 < j <m—1,let (U,),ca be an open cover of the image ¢; (V)
in R7. With respect to the fibration 7: R/ — R/~ for each z € V,

17 (pj(x)) = (pj-1(x),y;(x)) € Met RY.

Since Met, R/ is open (in the restriction of the bundle 7: X7 — XJ7=1 to R/~1),
for each x € V there is a neighbourhood Op¢;_i(z) in R~ such that for
all z € Opy;_1(z), (2,y;(z)) € Mete R7. In particular, for each € V the
coordinate y;(z) is strictly surrounded by paths in the fibers RI for all z €
Op ¢j_1(z). Thus there is a cover of the image ¢;_1(V) in R7~! of open sets
above of the form Opy;_i(x), + € V. Furthermore, for g; sufficiently small
these strictly surrounding paths lie in an open set of the cover (U,),ca. Thus
the cover (U, ),eca induces a cover (V;),ep of the image p;—1(V) in RI~! by
open sets Op ;_1(x) as above, z € V.

Employing these open covers of the image ¢;(V) in R constructed induc-
tively as above, 1 < j < m—1, if g; is sufficiently small with respect to succeeding
functions gj41,...,9m, 1 < j < m — 1, then for each = € V there are (jointly)
continuous parametrized families of paths that strictly surround the coordinates
yj(z) of I, 0 p(x), as required in Lemma 9.12, whose lifts up the tower of fibra-
tions m: R? — RJ~! are contained in the corresponding open covers, 1 < j < m.
Consequently, I, 0 ¢ € IntConv,,(R). For g sufficiently small, it follows also that
I, 0 ¢ € IntConvy,(R). O

Corollary 9.18 (Parameters). Let ¢ > 0 and let ¢ € C°(Z,T(R)), where Z
is a compact (parameter) space. Employing (9.12), for each z € Z let ~(z)
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= (p(2),...,15 0 ¢(2)) be the (m + 1)-tuple associated to the pair of sections
(p(2),14 0 p(2)). For gm > 0 sufficiently small and if g; > 0 is sufficiently
small with respect to gji1,...,9m, 1 < j < m — 1, then the induced map
v € C%Z,T(IntConv¢,(R))).

Let (o, f) € T(R) x I'"(X) be a strictly short formal solution to the relation
R. Thus ¢ = (§°f,am,...,a1) € I(R), where a; € C°(V,R?), 1 < j < m.
Applying Lemma 9.12, there is a family of parametrized paths oz;“-l"“’t’“ (x),xz €V,
(t1,...,tm) €[0,1]™, 1 < k < j < m, such that the following properties obtain:
for all z € V and all (¢1,...,t,) € [0,1]™,

(i) ot (@) = (f (@), agy ot (), ..., of () € R,

(ii) oz?""’t’“‘l’o(m) = a?"“’tk_l(:v), 1<k<jy; ozg-"”’o(x) =a;(z), 1 <j<m.

(iii) The path aj-l""’tj_l’s(x) € R, s € [0,1], strictly surrounds 07 f(z), 1 < j <
m.

;“'"’tj (x), that sat?sfy
properties (i) to (iii) may be chosen to be continuous functions in C°([0,1)7 x
V,RT), 1<j<m.

Furthermore, let € > 0 and let y, respectively v, be the (m+1)-tuple associated to
the strictly short formal solution (p, f) as in (9.12), respectively the correspond-
ing (m+1)-tuple obtained by employing continuous families of strictly surround-
ing paths. If v € I'(IntConvy, (R)) then one can choose v¢ € I'(IntConv;, (R)).

Lemma 9.19. The above parametrized families of paths, o

Proof. For each z € V the family of paths o= (x) in R, satisfies the strictly
surrounding properties (iii) with respect to each of its R?-components, and
¢©%0(z) = ¢(z). Employing the successive strong deformation retracts [0, 1}/ —
(0,171, 1 < j < m (along successive coordinate directions) it follows that the
tower of strictly surrounding parametrized paths >t (x) is canonically ho-
motopic by a contraction to p(x). Hence 'tm(z) defines a (generalized) C-
structure based at (x). Employing the tower of fibrations 7: R/ — RI~1 1 <
j < m, for each z € V, this C-structure extends over Op x in V. Since the space
of C-structures is contractible, arguing as in II Proposition 2.2, it follows that
there is a global C-structure on V' based at the section ¢ € I'(R). Consequently
there is a continuous map (same notation) ¢: [0, 1]™ — T'(R), which satisfies the
above properties (i), (ii), (iii). In case v € I'(IntConv;,(R)), then the above C-
structure extensions over sufficiently small Op = respect the strictly surrounding
properties in e-balls. Hence one may assume also that v¢ € I'(IntConv;,(R)). O

Proof of Theorem 9.16. Let (¢, f) be strictly short. Let A] be a neighbourhood
of the image j¢f(V) in X° such that N7 C NV.
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Inductive Lemma 9.20. Let € > 0 and let (¢, f) be a strictly short formal solution
to the relation R whose associated section (cf. (9.12)) v = (¢, 21, -+, 2m-1,J"f)
e I'(M,).

Let 6 € (0,€¢]. There is a homotopy of formal solutions Hy = (p¢, ft) of the
relation R, Hy = (p, f), t € [0, 1], such that the following properties are satisfied:

(1) The associated section y1 to the formal solution (p1, f1) satisfies 71 €
'(Msy).

(2) The image j°f1(V) C N;.
(3) For all (t,x) € [0,1] x V, d(p(x), pi(x)) < m(n+ 1)e.
(4) Forallz €V, d(p1(x), " fi(x)) < C§ (C is an independent constant).

Proof. Recall the section I, o ¢ € T'(X()) associated to a sequence of auxil-
iary functions g = (g; € C°%(V,(0,1]))1<j<m. Employing (9.12), let 0 = (I, o
©,...,j"f), the (m + 1)-tuple of sections associated to the pair (p, f). Em-
ploying Lemma 9.19, there is a jointly continuous family of parametrized paths
pltetm(z) € R, (t1,...,tm) € [0,1]™, x € V, whose components satisfy the
strictly surrounding properties (iii) of the lemma with respect to the derivatives
8;7 f(x). Since these families of strictly surrounding paths are continuous, it fol-
lows that for g sufficiently small, the continuous lift I, o @™ (z) also satisfies
the strictly surrounding properties (iii) with respect to the derivatives 07 f(z)
for all z € V, 1 < j < m. Since v € T'(M,), for g sufficiently small, one may
assume that the above strictly surrounding properties associated to I, o ¢ft>tm
take place in corresponding e-balls.

Employing (9.12), for each (t1,...,tm) € [0,1]™ let p(t1,...,tm) be the
(m+1)-tuple associated to the pair of sections (@tr'm I op!tt-tm) Employing
Corollary 9.18 to the parameter space [0,1]™, it follows that for g sufficiently
small p € CY([0,1]™,T'(Ms)).

Let A= (p,...,Ij0p,..., 5" f) be the (2m+1)-tuple of sections obtained by
concatenating p(0,...,0) with o. It follows from the above strictly surrounding
properties of g, p that for g sufficiently small,

X € T'(Conve, (IntConv® (R))) = I'(Conve, (Mj)).

One now applies the proof of VIII Theorem 8.4 to the microfibration p,,: Ms —
X () and to the section f € T"(X) which is short with respect to A € I'(Conv?,
(Ms)). Thus applying the h-stability theorem VII Theorem 7.2 (cf. also Comple-
ment 7.16 for the e-ball restrictions) m-times, there is a homotopy of holonomic
sections \; € I'(Convs, (Ms)) of the form Ay = (¢4, ..., 5" fr) (a (2m + 1)-tuple),
ot € I(R), t € [0,1], such that the following properties obtain:
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(i) A

(ii) For all t € [0, 1], the image j¢f:(V) C N;.

(iii) For all (t,z) € [0,1] x V, d(¢(x), pi(z)) < m(n+ 1)e.

(iv) For all t € [0,1], mp 0 s = j°fs € T(XY) ie. ¢4, j"f: agree on all j°jets.
Indeed, each of the m~applications above of the h-stability theorem provides
a homotopy of holonomic sections with respect to all j*-jets (hence all j°-
jets) for the bundle p’] : X - XjL associated to 7;, 1 < j < m.

=X\ A\ € F(M(;)

Employing (i), (i1, f1) is a formal solution to R whose associated section 7; €
I'(Ms). Furthermore, from Remark 9.13, d(¢1(z),j" fi(z)) < C6 for all z € V,
where C'is an independent constant. Thus conclusion (4) is proved, and the proof
of the lemma is complete. O

Returning to the proof of Theorem 9.16, let > . a; < oo be a convergent se-
ries of positive numbers. The initial strictly short formal solution (¢, f) in general
does not satisfy the e-hypothesis of the Lemma 9.20. However the e-hypothesis
is required only to obtain the estimates in conclusions (3). One therefore applies
Lemma 9.20 to (¢, f) to obtain a homotopy of formal solutions to R such that
(1, f1) satisfies conclusions (1), (2), (4). In particular, for sufficiently small § > 0
one may assume that the formal solution (1, f1) satisfies the property that the
associated section v; € I'(Ms), where in addition Cd < a;.

Starting with the formal solution (1, f1) to the relation R and employing
successively the Inductive Lemma 9.20, there is a sequence of formal solutions
(@m, fm)m>1 to the relation R such that the following properties are satisfied for
all m > 1 and all z € V (the metric d on X(") induces a metric (same notation)
on the subspace X° = X% x {0} ¢ X(")):

(5) The image j¢fm (V) C N1; d(GC fin (), 56 frna1 (7)) < am.

(6) There is a homotopy of formal solutions H! = (¢!, ft) to R, t € [0,1],

such that (‘p?na fo ) (SOma fm) <<10m7 fl ) (‘pm—}—la fm+1>; for all t € [07 1]7
3 (V) C N

(7) For all t € [0,1], d(om,¥h,) < am.
(8> d(@m('x)vjrfm( )) < am-

Employing properties (7), (8), it follows in particular that,

(9) d(G" fin (@), 5" fmi1 () < 2am + am1-

It follows from properties (5), (7), (9) above that (j¢fy)m>1 is a Cauchy sequence
in T(X%); (57 fm)m>1 is a Cauchy sequence in T'(X™); (¢,,)m>1 is a Cauchy
sequence in T'(R). Consequently lim,, o f, = g € T(X ")) exists.

Let A=N; A =0 (A 1NSH), 1<j<m; A= A" Thus A C R/,
and A7 is closed in X7, 1 < j < m. Employing (6), H!, is a homotopy of formal
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solutions to R. It follows that for all m > 1,
00 o (V) = jfm(V) C Ny C A

Consequently for all m > 1, ¢, € T(A). Since A C X(") is closed it follows that
¢ =limy,—oo om € T(A).
Furthermore from (8), for all x € V and all m > 1, d(j" fo (), om(x)) < @, It
follows that,

Jg= lim_j"fu= lm_p, €T(4) CT(R).

Concatenating the sequence of homotopies (H!, ),,>1, it follows that there is
a homotopy of formal solutions Gy = (¢, ft) to the relation R, Gy = (¢, f),
t € [0, 1], such that G; = (¢’,g) € I'(R) is holonomic: ¢’ = j"g € I'(R), which
completes the proof of the theorem. O

Employing Corollary 9.14, one obtains the following corollary in the ample case.

Corollary 9.21. Suppose in addition w: S/ = FJ-_I(O) — X771 is a topological
bundle whose fibers are locally path connected and are ample. Let R = X©;
RI=n ' (RIHNSI,1<j<m R=R"C X", Then the closed relation
R C X satisfies the C*-dense h-principle, 0 < s < r — 1 : Explicitly, let
(o, f) € T(R)xI'*(X) such that plop = 55 f € T(X)). Let N be a neighbourhood
of the image j°f(V) in X(5)

There is a homotopy Hy = (¢4, fr) € T'(R) x I'"(X), t € [0,1], such that the
following properties are satisfied.

(1> Hy = (()07 f); p1=J"f1 € F(R)
(2) For allt € [0,1], the image j° (V) C N.

Proof. Since the bundles p7=': X(=1) — X() pe . X¢ — XD have con-
tractible fibers, up to a preliminary homotopy of the pair (¢, f) (employing also
the bundles 7: S — X771 1 < j < m) one may assume f € I'"(X) and in
addition that mp o o = j°f € T'(X°) i.e. (¢, f) € F is a formal solution to the
relation R. Since the fibers of the bundle 7: R/ — R/~! are ample, 1 < j < m,
employing Corollary 9.14, it follows in addition that (¢, f) is strictly short. Let
M be an open neighbourhood of the image j¢f(V) in X such that the projec-
tion pT~1op¢_ (M) C N. Applying Theorem 9.16 to the strictly short formal
solution (¢, f) and to the neighbourhood M, the corollary is proved. O

9.2.4. Regularity of Solutions. If R ¢ X () is a generic C*-smooth submani-
fold whose intersections with principal subspaces R ¢ X (") (dim R = ¢) have
positive dimension (this corresponds to underdetermined systems of PDEs with
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C*-smooth coefficients), then genericity implies nowhere flatness of the intersec-
tions with R and one expects R to admit C*-smooth holonomic sections V' — R
that correspond to C"*$-solutions V' — X of R. However convex integration
yields only C"-solutions that satisfy C"~!-density properties. Furthermore, no
regularity assumption on R improves the regularity of solutions in the above
sense. Indeed, Spring [38] provides counterexamples of C!-triangular systems of
order r which are solved by solutions of class C” but not by solutions of class
C™+1 subject to the required C"~'-density properties. The simplest example is
as follows (r = 1). Consider the following 1st order system (9, = 9/0t):

(aocfl)z + (8xf2)2 - A(l‘,y, f)
(ayf1)2 + (auf2)2 = A(iL’,y, f)

where f = (f1,f2): K — R?, K a rectangle in R?, and A is a C'-positive
function. The system (9.16) is triangular. Since A is a positive function, the cor-
responding tower of bundles (cf. §9.2.2) consists of circle bundle of “radius”
V/A. Furthermore these circle fibers are nowhere flat in their principal sub-
spaces R = R?. Associated to the system (9.16) is the space of short maps
S C CYHK,R?): h = (hy,hs) € S if,

(9.16)

(0:h1)? + (Oh2)? < A(z,y, h)

) ) (9.17)

(ayhl) + (ath) < A(z,y,h)
Let Sol,, p > 1, be the subspace of C'(K,R?) consisting of C?-solutions to the
1st order system (9.16). The following result is proved in Spring [38].

Theorem 9.22. Suppose the C'-function A satisfies the inequalities: there is a
constant m > 0 such that for all p € K x R2,

A(p) = m;  (9:A(p) £ 8, A(p))* = m. (9.18)

Then there is an open subspace W C S in the C°-topology such that W N Soly =
(0 i.e. short maps in W cannot be C°-approximated arbitrarily closely by C?-
solutions to the system (9.16).

The idea of the proof is as follows. The inequalities (9.18) are employed to
prove that a C?-solution to (9.16) must be an immersion of the rectangle K into
R2. One chooses W to be a suitably small neighbourhood of a C'-short map h
that restricts to an immersion with induced opposite orientations on two subrect-
angles K1, Ky. For example h is an immersion with folds. The theorem follows
from the fact that h cannot be approximated arbitrarily closely by immersions
of K into R2.
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This theorem contrasts sharply with the case p = 1. Indeed, let h € S and
let NV be a neighbourhood of the graph of 2 in X = K xR?. Since K is contractible
the tower of S'-bundles is trivial. Hence there exists a formal solution (a, k) to
the system (9.16). Applying Theorem 9.16(ii) (X° = X; j°h = jh) to the formal
solution (a, h), one obtains the result that A’'NSol; # ). Consequently, S = Sol;.
Analogous counterexamples are presented in Spring [38] in the case of rth order
systems, for all r > 1.

§3. C'l-Isometric Immersions

9.3.1. Let (V,g), (W,h) be Riemannian manifolds, dimV = n, dimW = g,
q > n+ 1, where g, h are Riemannian C%-metrics on V, respectively W. Thus
g, h are continuous fields of Euclidean structures g,, respectively h,, on T,(V),
x € V, respectively T,(W),y € W. A C'-map f: V — W is isometricif f*h =g
i.e. f pulls back the metric A on W to the metric g on V: for all x € V' and all
TeT,(V),

9a2(7,7) = hy (df (7), df (7). (9.19)

Note that (9.19) implies that the tangent map df is a fiberwise monomorphism;
thus f is a C''-isometric immersion.

Assume first that (W,h) = (RY,st), where st is the standard Euclidean
metric on R?. Thus in local coordinates (u1, ..., u,) on a chart U of V' (9.19) is
a system of 2n(n+ 1) 1st order non-linear PDEs in f = (f1,..., f;) € C'(U,RY)
(81 = 8/81%, 1 S 1 S n),

9i5 = 0if - O;f

k=n
Ofk Ofk l<i<j<n (9.20)
8ui 8uj

k=1

where g = " gijdu; du; is the metric tensor on U: g;; = (0;,0;). Let z =

itf(x) = (z,y = f(x),v1,...,v,) € JYU,RY). For vy,...,v,_1 € R? fixed,

the system (9.20) induces a quadratic algebraic system for the vector v, € R%:
Vi * Un = Gin 1<i<n—1,

21
Un * Un = Inn- <9 )

The solution of (9.21) for v, € RY is a round sphere S9~" in a codimension
(n — 1) hyperplane 7 in R?. In particular S9~" is everywhere flat in RY if and
only if n > 2. Thus in case n = 1 i.e. V = S! or RY, then S9! is nowhere flat
in RY.

Returning to the general case of (W,h), let X = V x W — V be the
product bundle. For each b = (z,y) € X let Is = Is, C Xél) = L(R",RY) be
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the induced isometric immersion relation with respect to the metric g, on R™:
z=(z,y,A) € Isy, A e L(R",RY), if and only if for all v € R",

9:(v,0) = hy(A(v), A(v)).

In particular A is a linear monomorphism. Let R € X be the closed subspace
defined by the isometric immersion relation: for all b € X, RN X él) = Is,. The
projection p}: R — X is a bundle whose fiber is the manifold of orthonormal
n-frames in R?. Let S C T'(R) x T''(X) be the subspace of strictly short formal
solutions to R, in the following sense. (a, f) € S if and only if ploa = f (f is the
0-jet component of «), and the induced quadratic form f*h on V satisfies g— f*h
is positive definite. Thus locally in a chart U, g — f*h = ¢3 + -+ + (2 where
l; is a 1-form on U, 1 < i < n. A geometrical analysis of this decomposition is
provided in Lemma 9.24. The principal result is as follows.

Theorem 9.23 (Gromov). The isometric immersion relation R C X satisfies
the C°-dense h-principle with respect to the space S of strictly short formal so-
lutions. Explicitly, let (o, f) € S. Let also N be a neighbourhood of the graph of
fin X.

Then there is a homotopy H; = (au, fi) € R x TY(X), Hy = (o, f), t € [0,1],
such that,

(i) a1 = j'f € T(R) i.e. f1 is a Ct-isometric immersion. In particular the
h-principle is satisfied for o € T(R).
(ii) (CY-density) For all t € [0,1], the graph of f; lies in N.

The original version of this theorem is due to Nash [30] in the case (W,h) =
(R4, st), ¢ > n+2,and f is a Cl-immersion. The refinements that include the
case ¢ = n + 1 are due to Kuiper [26]. This celebrated Nash-Kuiper Theorem
may be viewed as a precursor to Convex Integration theory (cf. Spring [39]
for historical remarks). The general formulation stated above is adapted from
Gromov [18].

The case of curves (dimV = 1) is a consequence of Theorem 9.1. Indeed,
in this case codimension 1 hyperplane fields on V' are points. Hence X+ = X =
V x W; j*tf =3°f € T'(X), and principal subspaces R = Xlgl) = RY. Employing
the remarks following (9.21), it follows that for each b € X the intersection RN R
is a sphere S9~! which is nowhere flat in R = RY. Furthermore, in case n = 1,
(g11(t) — f/(t) - f'(t))dt? is positive definite if and only if the derivative f’(t) lies
in the interior of the corresponding sphere fiber S9~! above i.e. the strictly short
condition (9.1) for («, f) is equivalent to («, f) € S above. Thus in the case of
curves (dim V' = 1), Theorem 9.23 is a corollary of Theorem 9.1.

The C°-dense property of Theorem 9.23(ii) is possible only because of the
C'-smoothness of the constructed isometric immersion f;: V — W. As explained



196 IX. SYSTEMS OF PARTIAL DIFFERENTIAL EQUATIONS

above in §9.2.4, convex integration of closed relations in spaces of 1-jets X (1)
yields solutions only of class C'* in general. Thus f; satisfies no curvature condi-
tions i.e. second order derivative conditions. Indeed, the C°-density conclusion
of Theorem 9.23(ii) is false in general for curvature reasons in case the isometric
immersion f; is required also to be of class C2. For example if g is a C''-metric of
constant curvature on S? then this metric cannot be realized by a C?-isometric
immersion of S? in a small neighbourhood of a round sphere of sufficiently small
radius in R3.

Proof of Theorem 9.23. Since p}: R — X is a bundle, up to a small perturbation
of f, employing VIII Theorem 8.43, one may suppose f is a C°°-short immersion.
Let A, B € X\") = L(R",RY), b = (z,y) € X. Let ga = A*hy, gz = B*h,, be the
induced quadratic forms on T, (V). In what follows we assume that pointwise h,,
is the standard Euclidean metric on T} (1W) = R? with respect to an orthonormal
basis. Let also z; = (b, A), 2o = (b, B) € X(!) and suppose z1, 25 € R, a principal
subspace in X él) associated to a codimension 1 hyperplane field 7 = ker ¢, where
£ is a non-zero 1-form on ODp z. The following lemma relates the geometry of z1,
73 in R to the algebraic condition g4 —qp = ¢? (in particular, g4 — gp is positive
semi-definite of rank 1).

Lemma 9.24. Suppose B € L(R™,R?) is injective. Then qa — qp = £? if and only
if there is a (¢ — n + 1)-dimensional hyperplane @ C R such that:

(i) 7 is orthogonal to A(T(z)) = B(r(x)) C R.

(ii) z1 lies in a round sphere ST™™ in7t; zo € BT~ "1 the ball bounded by SI~"
in w. In particular, A € L(R™,R?) is injective.

Proof. Since A(7(x)) = B(r(x)) C RY, it follows that for an adapted basis B of
R™ with respect to 7(z), we can write (in matrix form) A = (v1,...,v,-1,0),
B = (v1,...,05—1,w) where v;,v,w € R1, 1 < i < n—1. Let (uy,...,u,) be
coordinates in the adapted basis B. Thus,

n

dA — 4B = Z(azn - bzn)duz duna

i=1

where a;, = v; v, by = v;-w, 1 <6 <n—1; app =00, byy = w-w. Employing
linear algebra, g4 — qp = ¢? is positive semi-definite of rank 1 if and only if
in = bin, 1 <i<n-—1,and an, > by, > 0. Let 1 C R be the codimension n — 1
hyperplane defined by the linear equations (£ € RY), a;, = v;-§, 1 <i<n—1.
Then z; lies in the round sphere S~ C 7 of radius r = V/@nn, and 22 lies in the
ball B4~"*! c 7 bounded by S97". O

Let Convi € XM x X1 denote the subspace of pairs (21, 22), 21 = (b, A),
zo = (b,B) as above where z1,20 € R, a principal subspace associated to



§3. Cl-ISOMETRIC IMMERSIONS 197

7 = ker/(, B is injective, and g4 — qp = 2. More generally let Conv, (R) C
Pr,»(R) denote the subspace of m-tuples (zg, 21, . .., 2m) such that zg € R, and
(2i-1,2) € Conv{, 1 <4 < m. In particular, if z; = (z,y, 4;), 0 <4 < m, then
9e = Aj hy, and the linear maps A; are all injective.

Lemma 9.25. For all m > 1, Conv,l (R) C Conv,(R).

Proof. The case m = 1 is trivial since there is a path z{ € S, t € [0, 1], that
surrounds z;. Furthermore the metric on 7,,(V') induced by z; is g(x) (constant
metric)). Let (2o, 21,22) € Convy (R). Let 21,22 € Ry, the principal subspace
associated to a hyperplane field 71 = ker ¢;. There is a path z! in the sphere
S{™" C R; that surrounds zs. Let 29,21 € R, and let R' be the translate of
R to 2t in Xél) by the translation 2z — z + (2§ — 21), t € [0,1]. The path 2}
lifts to a path z§ in the corresponding S9~"-bundle such that for all ¢ € [0, 1],
(26, 28) € Convy, and z§ € R N R’. In particular, the path z} induces the
constant metric g, on T, (V). Consequently for all ¢ € [0,1], (z§,2%) € Convy,

which proves (2o, 21, 22) € Conva(R). An obvious induction proves the lemma.
U

Remark 9.26. Let Z € XU be the immersion relation. Note that all the surround-
ing paths constructed above in Conv;" (R) are in Z. Furthermore if (20, ..., z,) €
ConV;(R) then the associated principal path joining zg, z,,, is homotopic in
R U Ry rel the end points to the straight line that joins zg, 21.

Following Gromov, a useful description of Comvir starts with z = (z,y, A) €
7 such that g, — A*h, = 2, for a non-zero 1-form on T, (V). Setting 7 = ker ¢,
let R be the associated principal subspace through z. Then one chooses zy €
RN R =S9". Thus zy induces the metric g, and (2o, z) € Conv; .

This description generalizes also to construct elements of Conv," (R). Sup-
pose g, — A*hy, = (3 4+ --- + (2, where each ¢; is a non-zero 1-form on T, (V).
There is an element,

(20,21, - .-, 2m = 2) € Conv;’ (R),

zi = (x,y,Ai) € T, zo € R, such that A*h, = g, (Ajhy = g ) satisfies, g;—1—g; =
E?, 1 < i < m. In particular for each i, 7; = ker ¢;; R; is the principal subspaces
through z; with respect to 7;, and z;_1 € R; lies in the round sphere S} "
such that Afh, = g;—1. Furthermore, let a € I'(R). Since the fibers of R — X
are Steifel manifolds, there is a path in R, that joins a(z), zg. Consequently,
Y = (a(x),21,...2m) € Conv, (R) C Conv,,(R).

Returning to the proof of Theorem 9.23, let Rg € X1 be the subspace of
germs of C'l-maps which are strictly short with respect to the metric g on T'(V)
(cf. VIII §8.4.3). Then Ry is open and for all b € X, Ry N Xlgl) is convex. With
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respect to a metric on X1 let M, be an open e-neighbourhood of R in Z. There
is a fiberwise projection p: M. — R. In local coordinates let z = (z,y, A) € R.
Thus g, = A*h(y) on T, (V). For t > 0, let z; = (2,y,tA) € X, The associated
quadratic form g! = (tA)*h, satisfies g, — g% = (1 — t?)g, is positive definite
on T,(V) for all t € (0,1). Hence there is a 6 > 0 such that z; € Rg N M,
for all ¢t € (0,0). One concludes that for each open U C V there is a smooth
section p € I'P(RoNM.,), phop = j°fu € Ty(X), such that g— gy, respectively
gy — f*h, are positive definite quadratic forms on T'(U), where g, is the metric
on T(U) induced by . Up to a small homotopy of o one may assume pop = ay.

Let U C V be open and assume g, — f*h = (3 + --- + (2, where each
7; = ker ¢; is a smooth integrable codimension 1 hyperplane field on T'(U). Lifting
ay to ¢ and employing the tower of sphere bundles associated to Conv, (R) C
Pr,,(R), the construction as above of ¢ € Conv, (R) yields a section (2, =
3 fu), 1 = (0, 21,y 2m—1,5  fu) € T (Conv,,(M.)). Applying VIII Theorem
8.4, there is a homotopy of strictly short formal solutions (¢, fi) to M. N Ry
over U, (¢o, fo) = (¢, fr), t € [0,1], such that p; = jlf; and which satisfies
the required C°-density properties. Projecting ¢; into R, there is a homotopy
(at, ft) € S over U such that jlf; € Ty (M. NRy).

Proceeding inductively on a covering of V' by charts one constructs a homotopy
(at, ft) € S, (a0, fo) = (a, f), t €[0,1], such that j'f; € T'(M.NRp). This in-
ductive construction over a covering of V' by charts (W;);>1, (U;)j>1, W; C U;
for all j, constructs for each index j a small lift of o to ¢, € I'y, (M,) in order
to maintain the positive definiteness of the induced form g,; — f;_1h on T(Uj),
where f;_1 € I''(X) is constructed in the previous inductive step. We may as-
sume gp, — fi1h = 02 4+ ...+ (2 as above, n = dim V. The construction of fi
proceeds in n steps (cf. the proof of VIII Lemma 8.13) where the n successive
convex integrations of the formal solution (y;, f;—1) take place in a nested se-
quence of subcharts of U;, and are rel OpdU; (matching up at the boundary).
After these n steps one also applies a relative version of VIII Theorem 8.43 (cf.
Remark 9.26 for the construction of paths in Po.(ZNRo|Ro)) to obtain a strictly
short C'-immersion. In particular, after n steps f; is a strictly short C'! immer-
sion; the image j* f;(IJ_; (W;)) C McNRy; f; matches up with f;_1 on V' \ U;.
Choosing a nested sequence of neighbourhoods (M, );>1 whose intersection is
R, and following the proof procedure of Theorem 9.1, one constructs a concate-
nated homotopy (o, f) that satisfies all the conclusions of the theorem. Details
are left to the reader. O

In case f: V — W is a strictly short C'-immersion or embedding then one
can construct a section « € T'(R) such that (o, f) € S. Indeed, the fiber of the
bundle p}: R — X is the Stiefel manifold of all orthonormal n-frames in RY,
which itself is a deformation retract of the manifold of all n-frames in R%. One
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chooses « to be the deformation retract of the associated section induced by f
on bundle of n-frames in R%. The following result is left as an exercise.

Theorem 9.27. Each strictly short Ct-embedding f: V — W, dimW > dimV/,
admits a C'-isotopy of embeddings to an isometric embedding which is a small
approzimation of f in the fine C°-topology.

Complement 9.28 (Relative Case). Suppose in addition there is a closed set K C
V such the ax = j'fx € Tk (R) and such that over V\ K, (a, f) € S. Then
there is a homotopy rel K, (ay, f;) € T(R) x TY(X), (o, fo) = (o, f), t € [0,1],
such that oy = j1fi € T(R) i.e. f1 is a Cl-isometric immersion.

The h-principle for C'-isometric immersions, including the relative case
above, extends to parametric h-principles. In particular, one has the following
corollary, Gromov [18] p. 16, concerning the famous Smale inversion of S? in R3.

Corollary 9.29 (Gromov). The inversion of S* C R?® can be realized by a reqular
homotopy of C*-isometric immersions.



CHAPTER 10

RELAXATION THEORY

§1. Filippov’s Relaxation Theorem

10.1.1. In this chapter we briefly examine the relationship between Convex Inte-
gration theory and the Relaxation Theorem, due to A.F. Filippov [13], in Optimal
Control theory, and we prove a general C"-Relaxation Theorem 10.2. In broadest
terms the underlying analytic approximation problem for both the Relaxation
Theorem and for Convex Integration theory is the following. Let A C R and let
f:10,1] — RY be a continuous vector valued function which is differentiable a.e.
(almost everywhere), such that the derivative f’(¢) € Conv A a.e., where Conv A
denotes the convex hull of A in RY. Let also € > 0. The problem is to construct
a continuous map ¢: [0,1] — R, differentiable a.e. such that: (i) the derivative
g'(t) € Aa.e; (ii) for all t € [0,1], ||f — g|| < e. Simply put, the problem is to
CP-approximate the continuous map f: [0,1] — RY, whose derivatives lie in the
convex hull of A a.e., by a continuous map g whose derivatives lie in the set A
a.e.

In terms of Convex Integration Theory, the topological interest lies in the
smooth version of this problem: A C R? is open and connected, and the functions
f, g are required to be of class C'. This smooth version of the problem is solved
in chapter III in various degrees of generality, beginning with III Theorem 1.4,
the One Dimensional Theorem, and culminating in IIT Theorem 2.1, the C*-
Approximation Theorem, which applies to smooth maps f: [0,1]" — R? and
includes a relative theorem and an approximation result in the C"~!-topology,
r > 1. These theorems originated in Gromov’s seminal paper Gromov [17] pub-
lished in 1973. Historically, the Nash C'-isometric immersion theorem, Nash
[30] (1954), may be considered an early topological precursor to the technique
of convex integration (cf. Spring [39] for a brief historical account).

This C'-version of the problem is not discussed in the literature of Optimal
Control theory since applications of the Relaxation theorem involve functions
with discontinuous derivatives. Thus in the Relaxation Theorem, A C R? is
compact, not necessarily connected, and for technical reasons the functions f, g
are assumed to be absolutely continuous. In this form the solution to the problem
was obtained by A.F. Filippov [13] (1967). Work on this problem in optimal
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control theory goes back even further to earlier papers by Wazeski [41] and
others. More precisely, Filippov considers the following problem of differential
inclusions:

2'(t) e F(t,z(t)); tel, (10.1)

where I = [c,d] is a compact interval; F' is a set-valued map whose domain a
ball B in R"*! with values that are compact sets in R™. The curve z(t) in R"
is assumed to be absolutely continuous. In particular, x(t) = z(c) + fot z'(s)ds
and the above differential inclusion is understood throughout to be satisfied a.e.
The theory of differential inclusions has a longer history, including earlier papers
by Wazewski [41], A. Marchaud [27], S.K. Zaremba [42], and more recently the
books, Aubin and Cellina [2], Aubin and Frankowska [3], and the survey article,
Blagodat-Skikh and Filippov [4].

Following Filippov, the set valued map F' is assumed to be Lipschitzean
with constant k: a(F(x), F(y)) < k|lz — yl|, for all z,y € B, where « is the
Hausdorff distance on subsets of R"™. For the purposes of this chapter we state a
somewhat simplified version of Filippov’s Relaxation Theorem, proved in Aubin

and Cellina [2].

Relaxation Theorem 10.1. Let F' be a set-valued map, domain a closed ball B =
{z € R" | ||z — a|| < r}, with values the compact subsets of R", such that F is
Lipschitzean with constant k. Let I = [=T,T] and let x: I — B be a solution
(i.e. absolutely continuous) to the differential inclusion :

2'(t) € Conv F(z(t)); x(0) = a. (10.2)

such that for all t € I, x(t) lies in the interior of B. Let € > 0. Then there is an
absolutely continuous function y: I — B, such that,

Y'(t) € F(y(t); v(0) =a.
and such that for all t € I, ||z(t) — y(t)|| <e.

Rather than proving the theorem, we discuss the proof in terms of Convex
Integration Theory. The proof of the Relaxation Theorem depends critically
on the construction of a quasi-solution to the differential relation (10.2). An
absolutely continuous function z: I — B is a quasi-solution to the differential
inclusion (10.2) if for all t € I, ||2(t) — z(t)|| < ¢, and such that:

d(2'(t), F(2(t))) < Me, (10.3)

for a suitable constant M and sufficiently small § > 0. For the purposes of the
proof of the Relaxation Theorem 10.1, M = k/(2¢*T —1). In topological terms, a
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quasi-solution solves the open relation 2/(¢) € Op F(z(t)) a.e., where Op F(z(t))
denotes a small open neighbourhood of F(z(t)) in R™. Thus a critical part of
the proof of the Relaxation Theorem involves the passage from a differential
inclusion into compact sets, x'(t) € F(x(t)), to a differential inclusion into an
open set, 2/(t) € Op F(z(t)). This passage to an open set clarifies an important
methodological point. From the point of view of Convex Integration Theory, the
expected hypothesis in Theorem 10.1 is that 2/ (¢t) € IntConv F'(z(t)) i.e. 2/(t) lies
in the interior of the convex hull of the compact set F'(x(¢)). Since the convex hull
of an open set in RY is open, it follows that the interior convex hull hypothesis
is not required for the construction of a quasi-solution to the open differential
inclusion 2/(t) € Op F(z(t)).

It is with respect to this open differential inclusion that the proof of the
Relaxation Theorem has elements in common with the proof of the One Dimen-
sional Theorem III 1.4. In the terminology of control theory, the One-dimensional
Theorem constructs a C!-quasi-solution to a differential inclusion into an open,
connected set. From this point of view the One-Dimensional Theorem is a type
of C'-Relaxation Theorem with parameters. Furthermore, a close examination
of the measure-theoretic construction of quasi-solutions in the Relaxation The-
orem reveals a close resemblance to the construction of C''-solutions to open,
connected relations in the One Dimensional Theorem. Indeed, the critical use of
the rapidly oscillating functions 6. : [0,1] — [0, 1] in the proof of the One Dimen-
sional Theorem has its counterpart in the construction of quasi-solutions in the
proof of the Relaxation Theorem.

The rest of the proof of the Relaxation Theorem involves the construction
of a suitably convergent sequence of quasi-solutions (z;(t));>1 to a converging
sequence of open relations, 27(t) € Op;F(2;(t)), j > 1. It is here that the Lip-
schitz properties of the set-valued map F enter in the proof in order to ensure
the analytic convergence of the sequence of quasi-solutions. Details are found in
Aubin and Cellina [2], based on Filippov [13], who also proves the existence of
short time C''-solutions to differential inclusions in case the compact set-valued
map F' satisfies some additional geometrical properties.

From point of view of Convex Integration Theory, Filippov’s convergence
arguments, based on the Lipschitz conditions on the set-valued map F', constitute
a completely new convergence technique that is independent of the convergence
arguments based on the nowhere flat conditions that are employed in chapter IX
to solve closed differential relations in spaces of r-jets.

Another approach in Optimal Control theory to solving differential inclu-
sions (10.1) is to consider set-valued maps whose values at each point are Lie
algebras generated by certain families of vector fields on the underlying manifold.
The theory of reachable sets is the basic invariant object for these Lie determined
systems. Cf. Jurdjevic [25] for this approach.
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§2. C"-Relaxation Theorem

10.2.1. In this section Theorem 10.1 is generalized to rth order partial differential
inclusions, » > 1. The proof of the main result, Theorem 10.2, is based on the
PDE theory of IX Theorem 9.1. Let V' be a smooth n-dimensional submanifold
of R, n > 1, possibly with corners in case 9V # (). For example, V is open in
R" or V = []_,la;,b;], an n-rectangle in R™. Let also W C RY be a smooth
g-dimensional submanifold. Recall the space J"(V, W) of r-jets of germs of C"-
maps from V to W. In order to avoid complications in case the manifolds V, W
have boundary, we recall here the standing assumption in chapter I that (by
adding small collars across the boundary) maps in C"(V, W) will be assumed
to extend across 9V and to lie in the interior of W. Let (u1,...,un—1,t) be
coordinates on R". Let 7 = ker dt be the integrable codimension 1 tangent field
on R™. Recall also the product decomposition associated to the restriction of 7
to V:
J(V,W) = J-(V,W) x RY,

where the R9-factor in this product decomposition corresponds to the pure rth
order derivative 9f. In what follows the map p' : J"(V,W) — JH(V,W) is
projection onto the first factor and s: J"(V,W) — V is the source map. Let
f e C"(V,W). Employing the above product decomposition, for all z € V,

7 (@) = (57 f(2), 0] f(x)) € J"(V, W).

where j1f(x) includes all the derivatives of order < 7 except 97 f(z). Let
F: JH(V,W) — P(RY) be a set-valued map whose values are path connected
closed subsets of R?. The path connected hypothesis is imposed only to simplify
notation so that convex hulls as employed in Theorem 10.1 coincides with convex
hulls of path components as employed in Convex Integration Theory. Associated
to F'is the partial differential inclusion: for all z € V,

0; f(x) € F(j* f(x)) (10.4)

where f € C™(V,W) is an unknown C"-map. Note that in case n = 1, and
V = [a, b], a closed interval, then the partial differential inclusion (10.4) assumes

k
the form: for all ¢ € [a,b] (2 (t) = %(t)),

() e F(t,x(t), 2 (t), 2D @),..., 2D (1)), (10.5)

where x € C"([a,b],R?) is a parametrized C"-curve in R%. In case r = 1, the
differential inclusion (10.5) reduces to the differential inclusion 2’ (t) € F(t, x(t)),
which is related to Filippov’s Relaxation Theorem in the case of classical C'-
solutions and the set values of F' are path connected compact sets.
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Returning to the partial differential inclusion (10.4), let R < J"(V, W) be
the graph of the set-valued map F:

R= |J {&xFlcIwv,w). (10.6)
2€JL(V,W)

Thus R is a differential relation on the space of r-jets J"(V, W) whose fibers
R. = F(z) are path connected and closed for all z € J*(V, W). Recall that I'(R)
is the space of sections of the source map s: R — V. Amap f € C"(V, W) solves
the relation R if j7(f) € T'(R). Equivalently, for all z € V, 9 f(z) € F(j1 f(z))
i.e. f solves the partial differential inclusion (10.4). If F' is continuous then R is
a closed differential relation.

Formal Solutions. Employing the notation of IX §9.2.1, a formal solution
to the relation R is a pair («, f) where a € T'(R), f € C"(V, W), such that for all
z €V, jtf(x)=p] oae JEH(V,W) ie. the continuous section « agrees with f
on all |-derivatives. In terms of the partial differential inclusion (10.4), (o, f) is
a formal solution if o = (j* f, 3) where 3 € C°(V, W) is such that for all z € V,

Blx) € F(j*f(x)).

Evidently f solves the differential inclusion (10.4) if and only if 5 = 0 f i.e.
a = j"f € I'(R). Thus the existence of a formal solution to the relation R is a
necessary topological condition for the existence of a C"-solution to the partial
differential inclusion (10.4).

A map f € C"(V,W) is strictly short for F if for all z € V,
o f(x) € IntConv F (51 f(x)). (10.7)

Thus f is strictly short if the derivatives 9] f(x) lie in the interior of the convex
hull of the path connected closed set F(j*f(z)) for all z € V. Since the set
values of F' are path connected, the above strictly short condition is equivalent
to the strictly short condition in IX §9.2.1 applied to formal solutions («, f) i.e.
the section o € T'(R) plays no role in determining strictly short maps in the path
connected case. Applying IX Theorem 9.1, one has the following solution to the
partial differential inclusion (10.4).

C’-Relaxation Theorem 10.2. Let R C J"(V, W) be the relation (10.6) associated
to the set-valued map F'. Suppose R satisfies the following geometrical properties
with respect to the product R%-bundle p, : J"(V,W) — JH(V,W):

(i) The projection map p', : R — J+(V,W) is a topological fiber bundle whose
fiber is locally path connected (for example R is a smooth submanifold of
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J"(V,W) that is transverse to the Ri-fibers of the bundle p'| : J"(V,W) —
JH(V.W)).

(i) For each z € J*(V,W), the fiber R, is nowhere flat in {z} x R = RY.

Let (o, f) be a formal solution to the relation R such that f is strictly short. Let
N be a neighbourhood of the image j+f(V) in J-(V,W).
Then there is a homotopy of formal solutions (ay, ft), t € [0,1], to the relation
R, (a0, fo) = (o, f), such that the following properties obtain:
(iii) a1 = j"f1 € T(R). Hence f1 solves the partial differential inclusion (10.4).
(iv) (C*-dense principle) : For all t € [0,1], the image j- (V) C N.
Thus the map f; € C"(V, W) solves the partial differential relation (10.4) and
is a C--approximation to the given short map f € C"(V,W). The fiber bundle
hypothesis on R implies that the set-values F(z) € R?, z € J-(V,W), are
homeomorphic to the fiber.

Let the manifold V' C R" be an n-rectangle. Since V' is contractible it follows
that bundles over V' are trivial. Hence for each f € C"(V, W) there is a section
a € T'(R) such that (c, f) is a formal solution i.e. the formal solution hypothesis
is redundant in the n-rectangle case. The following corollaries therefore obtain.

Corollary 10.3. Suppose in addition V- C R™ is an n-rectangle. Let f € C"(V, W)
be strictly short with respect to F' as in (10.7): for all x € V,

o f(x) € IntConv F (51 f(x))

Let N be a neighbourhood of the image i+ f(V) in J=-(V,W). There is a map
g € C™(V,W) which solves the partial differential inclusion (10.4) and such that
the image j""tg(V) C N.

Corollary 10.4. Suppose V' = [a,b]. Let z(t) be a C"-parametrized curve in W,
r > 1, which is strictly short with respect to F': for all t € [a, ],
M (t) € IntConv F(t, z(t), 2'(t), ..., 2"~V (t)).

Let € > 0. There is a C"-parametrized curve y(t) in W such that for all t € [0,1]:
() Iy () =« (@) <e foralls, 0<s<r—1
(ii) ¥y (t) € F(t,yt),y'(t),...,y " (t)) i.e. y(t) solves the differential inclu-
sion F.

In case r > 2, the one-variable Corollary 10.4 is new. The extensive literature on
the Relaxation Theorem in Optimal Control theory, [2], [3], [4], does not discuss
rth order differential inclusions for r» > 2.
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